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Series introduction

Cambridge International AS & A Level Mathematics can be a iife-changing course. On the one hand, itis a
facilitating subject: there are many university courses that either require an A Level or equivalent qualification in
mathematics or prefer applicants who have it. On the other hiand, it will help you to learn to think more precisely
and logically, while also encouraging creativity. Doing mathematics can be like doing art: just as an artist needs to
master fier tools (use of the paintbrush, for example) and understand theoretical ideas (perspective, colour wheels
and 30 on), so does a mathematician (using tools such as algebra and calculus, which you will learn about in this
course). But this is only the technical side: the jov in art comes through creativity, when the artist uses her tools

to express ideas in novel ways. Mathematics is very similar: the tools are needed, but the deep joy in the subject
comes through solving problems.

You might wonder what a mathematical ‘problem’ is. This is a very good question, and many people have offered
different answers. You might like to write down your own thoughts on this qucstion, and reflect on how they
change as you progress through this course. One possible idea is that a mattiematical problem is a mathematical
question that you do not immediately know how to answer. (If you do know how to answer it immediately, then
we might call it an ‘exercise’ instead.) Such a problem will take time to answer: you may have to try different
approaches, using difterent tools or ideas, on your own or with othiers, until you finally discover a way into it. This
may take minutes, hours, days or weeks to achieve, and your sense of achievement may well grow with the effort it
has taken.

In addition to the mathematical tools that you wil! learn in this course, the problem-solving skills that you

will develop will also help you throughout life, whatever you end up doing. It is very common to be faced with
problems, be it in science, engineering, mathematics, accountancy, law or beyond, and having the confidence to
systematically work your way through them will be very useful.

This series of Cambridge International AS & A Level Mathematics coursebooks, writien for the Cambridge
Assessment International Education syllabus for examination from 2020, wil! supnort you both to learn the
mathematics required for these examinations and to develop your mathematical problem-solving skills. The new
examinations may well include more unfamiliar questions than in the past. and having these skills will allow you
to approach such questions with curiosity and confidence.

In addition to probicm solving, there are two other key concepts that Cambridge Assessment International
Education have intioduced in this syllabus: namely communication and mathematical modelling. These appear
in various forms throughout the coursebooks.

Communication in speech, writing and drawing lics at the heart of what it is to be human, and this is no less

true in mathematics. While there is a temptation to think of mathematics as only existing in a dry, written form
in textbooks, nothing could be further from the truth: mathematical communication comes in many forms, and
discussing mathematical ideas with colleagues is a major part of every mathematician’s working life. As you study
this course, you will work on many problems. Exploring them or struggling with them together with a classmate
will help you both to develop your unaerstanding and thinking, as well as improving your (mathematical)
communication skills. And being able to convince someone that your reasoniig is correct, initially verbally and
then in writing, forms the heart of the mathematical skill of ‘proof”.
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Series introduction

Mathematical modelling is wirere mathematics meets the ‘real world’. There are many situations where people need
to make predictions or to understand what is happening in the world. aind mathematics frequently provides tools
to assist with this. Mathcimaticians will look at the real world situatiou and attempt to capture the key aspects

of it in the form of ¢quations, thereby building a model of reality. They will use this model to make predictions,
and where possiblc test these against reality. If necessary, they will then attempt to improve the model in order

to make better predictions. Examples include weather prediction and climate change modelling, forensic science
(to understaid what happened at an accident or crime scene), modelling population change in the human, animal
and plant kingdoms, modelling aircraft and ship behaviour, modelling financial markets and many others. In this
course, we will be developing tools which are vital for modelling many of these situations.

To support you in your learning, these coursebooks have a variety of new features, for example:

B Explore activities: These activities are designed to offer problems for classroom use. They require thought and
deliberation: some introduce a new idea, others will extend your thinking, while others can support consolidation.
The activities are often best approached by working in small groups and then sharing your ideas with each other
and the class, as they are not generally routine in nature. This is one of the ways in which you can develop problem-
solving skills and confiderice in handling unfamiliar questions.

B Questions labelled as g“), m or @: These are questions with a particular emphasis on ‘Proof”’, ‘Modelling’ or
‘Problem solving’. They are designed to support you in preparing for the new style of examination. They may or
may not be harder than other questions in the exercise.

B The language of the explanatory sections makes much more use of the words ‘we’, “‘us’ and ‘our’ than in previous
coursebooks. This language invites and encourages yon: {0 be an active participant rather than an observer, simply
following instructions (‘you do this, then you do thai’). It is also the way that professional mathematicians usually
write about mathematics. The new examinations may well present you with unfamiliar questions, and if you are
used to being active in your mathematics, yon will stand a better chance of being able to successfully handle such
challenges.

At various points in the books, therc are also web links to relevant Underground Mathematics resources,

which can be found on the free vndergroundmathematics.org website. Underground Mathematics has the aim

of producing engaging, rich materials for all students of Cambridge International AS & A Level Mathematics
and similar qualifications. These high-quality resources have the potential to simultaneously develop your
mathematical thinking skills and your fluency in techniques, so we do ericourage you to make good use of them.

We wish you every success as you embark on this course.

Julian Gilbey
London, 2018

Past exam paper questions throughout are reproduced by permission of Cambridge Assessment International Education.
Cambridge Assessment International Education bears no responsibility for the example answers to questions taken from its
past question papers which arc contained in this publication.

The questions, example answers, marks awarded and|or comments thai appear in this book were written by the author(s). In
examination, the way marks would be awarded to answers like these may be different.
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How to usggth

viii

Throughout this book you will notice particular features that are designed to help your learning.

This section provides a brief overview of these features.

This book covers both Pure Mathematics 2 and Pure Mathematics 3. One topic (5.5 The trapezium rule) is

only covered in Pure Mathematics 2 and this section is marked with the icon
covered in Pure Mathematics 3 and these are marked with the icon

list anid in the relevant sections of the book.

In this chapter you will learn how to:

m formulate a simple statement involving a rate of change as a differential cquation

m find, by integration, a general form of solution for a first order differeniial equation in which the
variables are separable

use an initial condition to find a particular solution

interpret the solution of a differential equation in the context of a problem being modelled by the

equation. f

Learning objectives indicate the important
concepts within each chiapter and help you to
navigate through the coursebook.

@ KEY POINT 8.4

The formul> for ntegration by parts:
l‘ dv du
u —dy=u—|v—dx
J - dx J. dx

N
Key point boxes contain a
summary of the most important
methods, facts and formulae.

double angle formulze W

Key terms are important terims in the topic that you
are learning. They are tiighlighted in orange bold. The
glossary contains clear definitions of these key terms.

EXPLORE 6.1

Anil is trying to find the roots of f(x) = ‘ tan x| =0 between 0 and 27 radians.
He staics:

f(3.1) > 0 and f(3.2) > 0. There is no change of sign so there is no root of | tan x| = 0
tetween 3.1 and 3.2.

| Mika states:

y= \tan x\ and it meets the x-axis where x = © radians so Anil has inade a
calculation error.

Discuss Anil and Mika’s statements. k

Explore boxes contain enrichment activities for extension
work. These activities promote group-work and peer-
to-peer discussion, and are intended to deepen your
understanding of a concept. (Answers to the Explore
questions are provided in the Teacher’s Resource.)

.Chapters 7-11 are only
. The icons appear in the Contents

| What you shonld be able to do

‘Where it comes from Check your skills

IGCSE"/ O Level Mathematics ~ Perform iong division on numbers | 1 Using long division, calculate:

and find the remainder where a 4998 = 14
necessary.
b 10287 =27
c 4283+32
IGCSE/ O Level Maihematics | Sketch straight-line graphs. 2 Sketch the graph of y = 2x - 5.

A

Prerequisite knowledge exercises identify prior learning
that you need to have covered before starting the chapter.
Try the questions to identify any areas that you need to
review before continuing with the chapter.

WORKED EXAMPLE 1.3

Solve |x + 3] +]x + 5| = 10.
Answer
[x+3|+]x+5]=10 Subtract | x + 5| from both sides.

Split the equation into two parts.

N\

Woiked examples provide step-by-step approaches to
answering questions. The left side shows a fully worked
solution, while the right side contains a commentary
explaining each step in the working.

Solving trigonometric inequalities is not in the
Cambridge syllabus. You shiould, however, have the
skills necessary to tackle these more challenging
questions. -

Tip boxes contain helpful
guidance about calculating
or checking your answers.
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How to use this book

(@ FAST FORWARD

You might need to look |
back at Chapter 3

You need to have studied the skills in Chapter § before
attempting questions 13 and 14.

before attempting

question 11.
LN

Y

Rewind and Fast forward boxes direct you to related
learning. Rewind boxes refer to earlier learning, in case
you need to revise a topic. Fast forward boxes refer to
topics that you will cover at a later stage, in case you
would like to extend your study.

9 DID YOU KNOW?

The relationship between the Fibonacci numbers and the goldern ratio
produces the golden spiral.

This can be seen in many natural settings, one of which 1s the spiralling
pattern of the petals in a rose flower.

From a tight centre, petals flow outward fii o spiral, growing wider and
larger as they do so. Nature has made the bes use of an incredible
structure. This perfect arrangement of pctals is why the small, compact
rose bud grows into such a beautiinl flower.

\

Did you know? boxes contain interesting facts showing
how Mathematics relates to the wider world.

hecklist of learning and understanding

Integration formulae

T ot em Lo
.

J =L av=Linfax]+e
a

1
o [Lav—mlx|+e —

j )i = %"n(a.\ b+

_[ il ) ez l—cos(ux+b)+c ‘

At the end of each chapter there is a Checklist of
learning and undeistanding. The checklist contains a

. j cosxdy = sinx +¢

. J sinx dx = —cosx +¢

summary of the concepts that were covered in the chapter.

You can use this to quickly check that you have covered
the main topics.

0O —

Extonsion material

goes beyond

the syllabus. Itis

highlighted by a red Web link boxes contain
line to the left of links to usefu! resources
the text. on the internet.

S

Try the Equation or identity?( II) resource on the

Underground Mathematics website

@ 4 qxpandm

Throughout each chapter there are multiple exercises
containing practice questions. The questions are coded:

These questions focus on problem-solving.
These questions focus on proofs.
These questions focus on modelling.

You should not use a calculator for these questions.

@006

These guestions are taken from past
examination papers.

The End-of-chapter review contains exam-style questions
covering all topics in the chapter. You can use this to check
your understanding of the topics you have covered. The
number of marks gives an indication of how long you should
be spending on the question. You should spend more time
on questions with higher mark allocations; questions with
only one or two marks should not need you to spend time
doing complicated calculations or writing long explanations.

END-OF-CHAPTER REVIEW EXERC| 7 ‘ l

1 Expand (1-2x)* in ascendine powers of x, up to and including the term in x°, simplifying the coefficients. [4]

2 Expand 31— (6x) in ascending powers of x up to and including the term in x>, simplifying the coefficients. [4]

Cambridge Ir ional A Level Math ics 9709 Paper 31 Q1 June 2011

3

3 Expand (2 - x){1+2x) 2 in ascending powers of x, up to and including the term in x,
simplifving the coefficients. 14]
Cambridge International A Level Mathematics 9709 Paper 31 Q2 November 2016

1+3x . . . . . e .
X in ascending powers of x up to and including the term in x, simplifying the coefficients. [4]

Cambridge I ional A Level

ics 9709 Paper 31 Q2 June 2013
1
J1+3x

5 Expand in ascending powers of x, up to and including the term in x, simplifying the coefficients. [4]

This exercise is for Pure Mathematics 3 students only.

1 Relative to the origin O, the position vectors of the points A and B are given by

-5 _ (1
0| and OB=| 7
3 2

a Find a vector equation of the line AB. Bl

oi=

b Theline AB is perpendicular to the line L with 1o or equation:
4 m
r=| 2 |+u s
-3 9

Cross-topic review exercises appear after
several chapters, and cover topics from across
the preceding chapters.
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Algebra

In this chapter you will iaa:n how to:

understand the rmcaning of | x | sketch the graph of y = | ax + b| and use relations such as

|a| = | b| & a’ =b* and |x - a| <b & a-b<x<a+b iv the course of solving equations
and inequalitics

divide a polynomial, of degree not exceeding 4, by a linear or quadratic polynomial, and identify
the quotient and remainder (which may be zero)

use e factor theorem and the remainder theorena.
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PREREQUISITE KNOWLED 7" @
—_— ‘ -

Where it comes from What you should be able to do | Check your skills
IGCSE®/ O Level Mathematics | Perform long division on numbers | 1 Using long division, calculate:
and find the remainder where a 4998 =14
necessary.
b 10287 +27
c 4283 +32
PGCSE / O Level Mathematics | Sketch straight-line graphs. 2 Sketch the graph of y = 2x — 5.

Why do we need to study algebra?

You have previously learnt the general formula, x =

—b +Jb* - dac
2a
equations. Versions of this formula were known and used by the Babylonians nearly

, for solving quadratic

4000 years ago.

&) WEB LINK

It took until the 16th century for mathematicians to discover formulae for solving cubic
equations, ax’ + by’ + cx +d = 0, and quartic equations, ax* + bx” + cx? + dx + e = 0. Explore the Polynomials
(These formulae are very complicated and there is insufficient space to include them here and rational functions
but you might wish to research them on the internet.) station on the
Underground
Mathematicians then spent many years trying to discover a general formula for Mathematics website.
solving quintic equations, ax® + bx* + ¢x® + dx? + ex + f = 0. Eventually, in 1824, a

mathematician managed to prove that no generai formula for this exists.

In this chapter you will develop skills for factorising and solving cubic and quartic
equations. These types of equations have various applications in the real world. For
example, cubic equations are used in thermodynamics and fluid mechanics to model the
pressure/volume/temperature behaviour of gases and fluids.

You will also learn about a new type of function, called the modulus function.

1.1 The modulus Tunction

The modulus of a imumber is the magnitude of the number without a sign attached.
The modulus of 3 is written | 3 |
|3] =3 and |-3| =3.

It is important to note that the modulus of any number (positive or negative) is always a
posiiive number.

The modulus of a number is also called the #hsolute value.

The modulus of x, written as | X |, is defined as:

B xif x=0
|x|— —xif x<0

Copyright Material - Review Only - Not for Redistribution



Chapter 1: Algebra

EXPLORE 1.1

You are given thesc cight statements:

1 |a+b!--!a|+|b|
2 |a-h[=|a|-|b]|

3 Jab| =[a| x|s]

4 %=|a|+|b|,ifb¢0

5 |a|2:a2

6 |a|n = a", where 7 is a positive integer
7 |a+b|$|a|+|b|

8 |a—b|S|a—cl+ic—b|

You must decide whether a statement is

( Always true i | Sometimes true ) ( Never true )

* Ifyou think that a statement is either always true oi never true, you must give a clear explanation to justify

your ansSwer.

* If you think that a statement is sometiines true you must give an example of when it is true and an example
of when it is not true.

The statement |x| = k,where k=0, means that x = k or x = —k.

This property is used to solve equations that involve modulus functions.

If you are solving equations of the form | ax + b| = k, you can solve the equations using
ax+b=k and axv+b=-k

If you are solving harder equations of the form | ax + b| = ¢x + d, you can solve the
equations using

ax+b=cx+d and ax+b=—-(cx+d)

When solving these more complicated equations you must always check that your answers
cats s : @ FAST FORWARD
satisfy the original equation.

You will see why it is
necessary to check your
answers when you learn
how to sketch graphs
of modulus functions
in Section 1.2.
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WORKED EXAMPLE 1.1

Solve:
a |2x-1]=3 b lx—4|=2x+1
Answer
a |2x-1]=3
2x—=1=3 or 2x-1=-3
2x =4 2x = -2
! x=2 x=-1
CHECK: [2x2-1| =3V and [2x(-)-1]| =3/
The solutionis: x = -1 or x =2

b |x—4]=2x+1
x—4=2x+1 or x—4=—-2x+1)

x=-5 3x=3
x=1
CHECK: |-5-4|=2x(-5)+1x and |1-4|=2x1+1V

- The solution is: x = 1
N EXPLORE 1.2

Using |a|2 = a® you can write > —b” as |a|2 —|b|2.

Using the difference of two squares you can now write:

a*=b* = (|a| = j} | +[2])

Using the previous statement, explain how these three important resuits can be obtained:

(The symbol < means ‘is equivalent to’.)
. !ai =|b| o a? =bh

, |a|>|b| < a? > b2

! © a|<|b| & @ <bif b#0.
L

Worked example 1.2 shows you how to solve equations of the form |cx + d| = | ex + f|

Q o .

To solve equations of the form |cx +d | = | ex+ f | we can use the rule:

|a|=|b| s at=b

Copyright Material - Review Only - Not for Redistribution



WORKED EXAMPLE 1.2

Chapter 1: Algebra

Solve the equation |3x + 4| = | x+5 |
Answer

Method i

|3x + 4| =|x+5]

3x+4=x+5o0r3x+4=—(x+5)
| 2x =1

or 4x = -9

\'_l Y_—g

x=5 X ==
CHECK~’3X1+4’—’1+5’ / |3><(_2
' 2 2 )’ 4

. 1 9

Solution is: X:E()r ,y;_z

Method 2
|3x +4| =|x+5]

(Gx +4)? = (x +5)?
9x2 +24x +16 = x> + 10x + 25
dx~ +14x-9=0
Cx-DEx+9)=0

X ==

2

or x =-—

Ao

9
+4|=|-=+5
Jeol5

v

Use|a| =|b| s a? = b

Factorise.

WORKED EXAMPLE 1.3

Solve |x + 3] +|x+5! =10.

Answer
|x+3|+lx+5]=10
|x+3|=10-|x+5|
X+3=10—|x+5] -----------
x+3=|x+5[-10 --------- - ()
Using equation (1):
T+ x+|x+5[=0
|x+5| =7-Xx
x+5=7-x or x+5=-(7-Xx)
2x =2 0:=-12

x=1

or

Subtract | X+ 5| from both sides.

Split the equation into two parts.

Split this eguation into two parts.

0 = --12 is false.

Copyright Material - Review Only - Not for Redistribution
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Using equation (2):
| X+ 5| =x+13 Sulit this equation into two parts.

x+S5=x+130or x+5=—-(x+13)

0=2 or 2x=-18 0 = 8 is false.
x=-9
The solutionis x =1 or x = -9.
1 Solve.
a |4x-3|=7 b [1-2x|=5 3’“5‘2‘:4
d £+2‘=3 x*t2_2xi_, fo|2x+7]=3x
3 3 5
2 Solve.
2x+1) _ 3x-1] _X+2
2 x=2|" x+5‘_1 ¢ ‘2 x—3‘ >
d [3x-5|=x+1 e x+|x+4/=8 f 8—|1-2x|=x
2 Solve.
- a |2x+1]=|x] b |3-2x|=|3x| ¢ [2x-5|=]1-x|
d |3x+5]=|1+2x]| e |x-5]=2]x+1| f 32x—l|=’%x—3‘
4 Solve.
a |x?-2|=7 b |5-x*|=3-x ¢ |x?+2x|=x+2
d |x2—3|=2x+1 e |2x2—5x‘=4—x f |x2—7x+6|=6—x

5 Solve the simultancous equations.
a x+2y=5§ h 3x+y=0
x+251y=6 y:|2x2—5|
6 Solve the equation 5|x— 1|2 +9|x— 1| -2=0.
7 a Solve the equation x? — 5|x|+6=0.
b Use graphing software to draw the graph of y = x> — 5 | x| +6.
¢ Name the equation of the line of symmetry of the curve.

8 Solve the equation |2x + 1| +|2xv 1! =3.

@ 9 Solvetheequation|3x—2y—11i+21/31—8x+5y=0.
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YA

1.2 Graphs of y =|f(x)| where f(x) is linear

Consider drawing the graph of y = | X | v =

First draw the line y = x.

a
S
LY

Then reflect, in the x-axis, the part of the line that is below the x-axis. R

'l!'! ‘Bi D EXAMPLE 1.4
a —

x — 1|, showing the points where the graph meets the axes.

1 | .
0 x — 1 1n an alternative form.
|

Sketch the graph of y = ‘

N | —

Use your graph to express

Answer

. < 1
First sketch the graph of v = 5 %= L. y,
The line has gradicnt é and a y-intercept of —1.

You then reflect in the x-axis the part of the line that is below the x-axis. 1

1 .
The graph shows that ‘5 x — 1| can be written as: \ > >

Lol ifx=2 el
| 2
| 12

—(lx—l)ifx<2
| 2

In Worked example 1.1, we found that there were two roots, x = —1 and x = 2, to the VA

x—l‘:

y=PRx-1

equation |2x - 1| =3. \ 4 /

These can also be found graphbically by finding the x-coordinates of the points ot >

<
Il
o8}

intersection of the graphs of y = | 2x — 1| and y =3 as shown. T

=Y

Also in Worked example 1.1, we found that there was oniy one root, YA i
x = 1,10 the equation | x — 4| = 2x + 1. 61 o

This root can be found graphically by finding the x-coordinates of \5\ p= -4
the points of intersection of the graphs of y =|x — 4| and 4

y =2x+1 asshown.

|

<

) i
o
w
.
o
o
~J -
0
O -
=Y
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o

Sketch the graphs of each of the following functions showing the coordinates of the points where the graph
meets the axes. Express each function in an alternative form.

a y=|x+2| b y=|3-x] c y:‘S—%x
a Complete the table of values for y=|x—3|+ %

1
o1 [2]3]4afs5]¢
5 3 |

b Drawthegraphofy:|x—3|+2 for 0 < x<6.

¢ Describe the transformation that maps the graph of y = | x| onto the graph of y = |x - 3| + 2.

Describe fully the transformation (or combination of transformations) that maps the graph of y = | x| onto
each of these functions.

a y=|x+1|+2 b y=|x—5|—2 o y=2—|x|
d y=[2x|-3 e y=1-|x+2| f y=5-2|x|

Sketch the giraphs of each of the functions in question 3. For cach graph, state the coordinates of the vertex.

f(x) =

5—2x|+3 for 2<=x=<8§

Find the range of function f.

a Sketch the graph of y =2 | X - 2| +1 for -2 < x < 6, showing the coordinates of the vertex and the
y-intercept.

b On the same diagram, sketch the graph of y = x + 2.

¢ Use your graph to solve thec equation 2 | X - 2| +1=x+2.

a Sketch the graph of y = i X — 2| for =3 < x < 6, showing the coordinates of the vertex and the y-intercept.
b On the same diagram, sketch the graph of y = | 1-2x |

¢ Use your graph to solve the equation | X — 2| = | 1-2x |

a Sketch the graph of y =|x+1|+|x-1].

b Use your graph to solve the equation | X+ 1| + | X — 1| =4,

1.3 Solving modulus inequalities

Two useful properties that can be used when solving modulus inequalities are:

la|<be-b<a<b and |a|=bea<-b or a=b

The following examples illustrate the different methods that can be used when solving
modulus inequalities.
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WORKED EXAMPLE 1.5

Solve |2x—5| < 3.

Answer

Method 1: Using algebra

[2x-5|<3
-3<2x-5<3
2<2x<8
I<x<4
Method 2: Using a graph VA p=x -]
5.
The graphs of y = | 2x — 5| and y = 3 intersect at the points 4 and B.
4.
2x -5 if x=24 2 y=3
|2x-5| = A B
-(2x -5 x <21 21
At A4, the line 3 = —(2x — 5) intersects the line y = 3. H
- o 1 33 3 5x
2x+5=3 _1
2x =2
x=1

| At B, the line y = 2x — 5 intersects the line y = 3.

2x—-5=3
2x =8
x=4
To solve the inequality |2x = il < 3 you must find where the graph of the function y = | 2x — 5| is below the graph
of y=3.

Hence, 1 < x < 4.

WORKED EXAMPLE 1.6

Solve the inequality |2x —1| =|3 - x|

Answer

Method 1: Using algebra

|2x-1|=[3-x| Use |a| =|b| & a*> = b
2x-1?>=03-x)
4x> —4x+1=9 — 6x + x?
3x2+2x-8=0 Factorise.
Bx-4)(x+2)=0
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A
Critical values are —2 and P
4 /
Hence, x<-2or x = 3 A

Method 2: Usizug a graph

The graphs of y = | 2x—1
the points 4 and B.

and y = | 3- ,\‘| intersect at

2x-1 ifx=1
|2x 1| = |
-2x-DHif x<—
2x-1)1f x >
J,\'73 if x=3
|3-x|=|x-3|= "
|~(x-3)if x<3
At A4, theline y = —(2x - 1) intersects the line y = —(x — 3).
2x—-1=x-3
x=-2
At B, the line y = 2x — 1 intersects the line y = —(x — 3).
2x —1=—(x-3)
3x =4
4
\' =
3

To solve the inequality |2,\' - 1| = | 3- ,\‘| you inust find where
the graph of the function y = | 2x — 1| is above the graph

of y= | 3- \|

Hence, x<-2orx=

W |

o J

g

W A U O 9 0=
L < T 7

/G

10

The graphs of y = | 1| and y =2 | X - 4| are shown on the grid.
Write down the solution to the inequality | X — 1| >2 | x—4 |

2 a On the same axes, sketch the graphs of y = | 2x — 1| and y=4 —|x - 1|.
b Solve the inequality |2x - 1| >4 —|x - 1|.
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3 Solve. (You may use either an algebraic method or a graphical method.)
a [2x+1]=3 b [2-x|<4 ¢ [3x-2|=7

4 Solve. (You may use either an algebraic method or a graphical method.)

a |2x-3|=x-2 b [3+x|>4-2x ¢ |x-7|-2x<4
5 Solve. (You may use either an algebraic method or a graphical method.)

a |x+4|<|2x| b |2x-5>]3-x] ¢ |3x-2|<|1-3x]

d |x-1|>2|x-4 ¢ 3|3-x|=[2x-1] f|3x-5|<2|2-x]

6 Solve |2x+1|+|2x-1|>5.

1.4 Division of polynomials
A polynomial is an expression of the torm

A, X" + a, X"+ a, o x"? L+ arx? + ax! + a
where:

® Xxisa variable

nis a non-negalive integer

the coefficients a,, a,_1, a,-2, ..., a4, a;, a are constants
a, 1s called the leading coefficient and «,, # 0

ay 1s called the constant term.

The highest power of x in the polynomial is callea the degree of the polynomial.

For example, 5x° — 6x? + 2x — 6 is a polynomial of degree 3.

In this section you will learn how to use long division to divide a polynomial by another
polynomial. Alternative methods arc possible, this is shown in Worked example 1.10.

9 DID YOU KNOW? o

Polynomial functions can bhe used to predict the mass of an animal
from its length. )

i

WORKED EXAMPLE 1.7

| Divide x*+2x> -11x+6 by x-2.

Answer
Step 1:
2
A Divide the first term of the polynomial by x:
x=2) 1227~ 11x + 6 e oo Y
5B = 5 SAg)
x3 —2x2

Multiply (x — 2) by x%: x?(x = 2) = x> = 2x2.
4x* —11x
Subtract: (x3 +2x?) — (x% = 2x2) = 4x2.

Bring down the —11x from the next column.
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Step 2: Repeat the process

x>+ 4 0 ,
. Zm\;g Divide 4x2 by x: 4x? + x = 4x.
x3 = 22 Multiply (x — 2) by 4x: 4x(x —2) = 4x? — 8x.
4x7 = 1l Subtract: (4x? — 11x) - (4x2 — 8x) = —3x.
4x% — 8x
B Bring down the 6 from the next column.
- 3x+6

i Step 3: Repeat the process
|

x2+ 4x -3
x=2)x% +2x7 —11x +6
X3 —2x?
4x? — 11x Divide —3x by x: —3x + x = -3.
4x? - 8x Muitiply (x — 2) by =3: =3(x —2) = —3x + 6.
AV Subtract: (=3x + 6) — (<3x +6) = 0.
-3x+6

0

Hence, (x3 +2x2 —1lx+6) = (x —=2) = x2 + 4x - 3.

N —

Each part in the calculation in Worked example 1.7 has a special name:

(P +2x2 - 1x+6)+(x—2) = (x> +4x - 3)
+ + \
dividend divisor Guotient

There was no remainder in this calculation so we say that x — 2 is a factor of x* + 2x” — i 1x + 6.

WORKED EXAMPLE 1.8

Find the remainder when 2x* — x + 52 is divided by x + 3.

Answer

There is no x% term in 2x> — x + 52 so we write it as 2x° + 0x% — x + 52.

Step 1:
2x? . 3 . 3. 942
. 3)2“\‘3 0 — 12 Divide the first term of the polynomial by x: 2x° = x = 2x°.
233 + 62 Multiply (x + 3) by 2x?: 2x?(x + 3) = 2x3 + 6x°.
—6x? — X Subtract: (2x> + 0x?) — (2x3 4 0x?) = —-6x2.

Bring down the —x from tiic next column.
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Step 2: Repeat the process

Zx,2 — b6x
X432 407 - x+52 Divide —6x? by x: —6x2 + x = —6x.

2x7 + 6x? .
=X ) Muliinly (x + 3) by —6x: —6x(x + 3) = —6x> — 18x.

- 6x"— Xx

Qiil o — 2 _ _(_ 2 _ =
6x? — 18 Subtract: (=6x~ — x) — (=6x~ — 18x) = 17x.
17x + 52 Bring down the 52 from the next column.

| Step 3: Repeat the process

2x2— 6x+17
X+ 3)2x3 +0x2— x+52
2x3 + 6x2
—6x> - X
— 6x2 — 18y Divide 17x by x: 17x + x = 17.
17x + 52 Multiply (x + 3} by 17: 17(x + 3) = 17x + 51.
”’”51 Subtract: (17x +52) — (17x + 51) = 1.

The remainder is 1.

The calculation in Worked example 1.8 can be wriiten as:

2x}—x+52)=(x+3)x (2x2 - 6x+17)+ 1
1 3 1 1

dividend divisor  quotient remainder

The division algorithm for polyreinials is:

dividend = divisor X quotient + remainder

1 Simplify each of the following.

a (XFP+5x2+5x-2)+(x+2) b (X3 =8x?+22x-21)+(x-3)
c BxX*-7x?+6x-2)+(x-1) d 2x =3x2+8x+5)+(2x+1)
e (5x°-13x>+10x-8)+(2-x) f (6x*+13x-19)+(1-x)
2 Find the quotient and remainder for each of the following.
DID YOU KNOW?
a (XFP+2x2+5x—4)=-(x+1) b (6x3+7x*-6)+(x-2)
The number 1729 is the
3 2 1 _ _ 3 — 2 — = QL
c Bx+x"=2x+1)+(2x-1) d 2x’-9%x"-9)+(2-x) smallest number that
e (X452 -2x-D=(x*+2x+1) foGx*=2x2-13x+8)=(x?+1) can be expressed as the
LN . o\ sum of two cubes in
3 Use algebraic division to show these two important factorisations. two different ways.

a x* - ==y +xy+?) b x*+ 7y =(x+y)(x?=xp+?)
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4 a Usealgebraic division to show that x — 2 is a factor of 2x3 + 7x7 — 43x + 42.
b Hence, factorise 2x3 + 7x> — 43x + 42 completely.

5 a Usealgebraic division to show that 2x + 1 is a factor of 12x* + 16x? — 3x — 4.
b Hence. solve the equation 12x> + 16x> —3x —4 = 0.

6 a Uscalgebraic division to show that x +1 isa factor of x* — x? +2x + 4.

3ox?2+2x+4=0.

—b £ \b* — dac

2a

b Hence, show that there is only one real root for the equation x

7 The general formula for solving the auadratic equation ax> +bx +¢ =0 is x =

There is a general formula for soiving a cubic equation. Find out more about this formula and use it to solve
2x3 —5x2 - 28x+15=0.

1.5 The factor theorem
In Worked example 1.7 you found that x* +2x? —11x + 6 is exactly divisibie by x — 2.
(B +2x2 —1lx+6) - (x=2)=x>+4x -3
This can also be written as:
X 4+2x2 = 1lx+6 = (x =2)(x*> +4x-3)
If a polynomial P(x) divides exactly by a linear factor x - ¢ to give the polynomial Q(x), then
P(x) = (x = ¢) Q(x)

Substituting x = ¢ into this formula gives P(¢) = 0. This is known as the factor theorem.

0) R

‘ If for a polynomial P(x), P(c) = 0 then x — ¢ is a factor of P(x).

For example, when x = 2,
X A2x2 —1Ix+6=(2P3 +2(2 -112)+6=8+8-22+6=0
Therefore (x —2) isa factor of x* +2x? —11x +6.

The factor theorem can be extended to:

[ If for a polynomial P(x), P (gj = 0 then ax -5 is a factor of P(x).
I a

For example, when x = %,

2V 2V (2 § 8
3x3 —2x2 -3 +2=3(— —2(—) —3(—j+2=————2+2=0
T 3) 3 3 979

Hence 3x —2 isa factor of 3x3 —2x% — 3x + 2.
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WORKED EXAMPLE 1.9_ 4

Use the factor theorem to show that x — 3 is a factor of x3 + 2x? — 16x + 3.

Answer
L % 2 1y )
Let f(x) = x* +2x7 —16x + 3 If f(3) = 0, then (x — 3) is a factor.
f3) = (3> +2(3)> -16(3) + 3
=27 +18—48+3

| =0

Hence x — 3 isa factor of x3 +2x% —16x + 3

(A x3+x2—3x+1_‘ ) (B 2x3 +7x2 +x =10 ) '\ C 3x3+7x2-4 )

(D 6x3+x7»-i7x+10) (E 6x* + x3 —8x% — x4 :/' ( F 3x3+x2-10x-38 )

Discuss with your classmates which of the expressions have:

1 x-—1 asafactor

2 x+2 asafactor

3 2x -1 asafactor.

WORKED EXAMPLE 1.10

a Given that 3x2 + 5x — 2 isa factor of 3x> + 17x% + ax + b, find the value of « and the value of b.

b Hence, factorise the polynomial completely.

Answer
a Let fix)=3x>+17x> + ax + b.
Factorising 3x? + 5x — 2 gives (3x — 1)(x - 2).
Hence, 3x — 1 and x + 2 are also factors of f(x).

Using the factor theorem, f(%) =0 and f(-2) = 0.
J

1 : 1y 1Y I
fl = | =0 gives 3| = -$-1/L— +al - |+b=0
3 3 3 3
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f(-2) = 0 gives 3(-2) +17(=2)> +a(-2)+b =0
24+68-2a+b=0
20-b=44 ------------(2)

(D) +3x(2) gives 7a =126
a=18

Substituting in (2) gives b = 8.

Hence, a =18 and b = 8.

b Method 1: Using long division
c+4

3x2 +5x = 2)3x3 + 17x2 + 1Sx - 8

3x3 4+ 527 — 2x

12x2 +20x -8
12x2 +20x -8
0

Hence, 3x3 +17x2 +18x -8 = (3x? +5x = 2)(x + 4)
=Bx-1D(x+2)(x--4)

“ Method 2: Equating coefficients

If 3x2 +5x—2 isafactor, 3x> +17x% + 18x — 8 can be written as

3x3 +17x% +18x — 8 = (3x? -:5\/—2%(('.x +d)
-

coefficient of x> is 3,50 ¢ =1 since 3x1=3 constant term is -8, s0 d =4 since -2 X 4 = -8

Hence, 3x% +17x* +18x -8 = 3x — D)(x + 2)(x + 4)

U
WORKED EXAMPLE 1.11

Solve x' + 4x2 —19x + 14 = 0.

A aswer

Let f(x) = x>+ 4x% —19x + 14.

The positive and negative factors of 14 are 1, £2, £7 and +14.
f(1) = (1) +4(1)> =19(1) + 14 = G, so x —1 is a factor of f(x).

The other factors of f(x) can be found by any of the following methods.
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Method 1: Trial and error

f(2) = (2)* +4(2)> = 19(2) +14 = 0, so x —2 isa factor of f(x)
f(=7) = (=7)° ~4(=7)> =19(-7)+14 = 0, s0 x+7 isa factor of f(x).
Hence, {(x) = (x = D)(x =2)(x+7).

Method 2: Long division

x2 +5x - 14
| x0T+ 4x? —19x + 14
X3 — x2
5x2 —19x
5x% — 5x
— ldx+14
— l4x+14
_0

Hence, f(x) = (x - )(x>+5x—14)
=(x-D(x=-2)(x+7)

Method 3: Equating coefficients
Since x —1 isa factor, x> + 4x? —19x + 14 can be written as:

| P+ 4x? —19x +14 = (x - 1)(ax? + bx +¢)

coefficient of x3is 1,50 a = | since I x 1 =1 constant term is 14, so ¢ = —14 since -1 x —14 =14

X3+ 4x% —19x +14 = (x = 1)(x? + bx — 14)
Equating the coefficients of x? gives 4 = —1+5b,s0 b = 5.

Hence, f(x) = (x - 1)(x? +5x —14)
=(x=-D(x=2)(x+7)

The soluticas of the equation x> +4x?> —19x+14=0 are. x=1, x=2 and x = -7.

EXERCISE 1E

1 Use the factor theorem to show that x +1 is a factor of x* — 3x* —4x? + 5x + 5.
2 Use the factor theorem to show that 2x — 5 is a factor of 2x° — 7x? + 9x - (0.

3 Given that x +4 isafactor of x* + ax? —29x + 12, find the value of ¢

Given that x — 3 is a factor of x* + ax? + bx — 30, express a in terms of b.

5 Given that 2x2 + x — 1 is a factor of 2x° — x2 + ax + b. find the value of ¢ and the value of b.

060 60
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@ 6 Giventhat x —3 and 2x +1 are factors of 2x> + px? + (2¢ — Dx + ¢:
a Find the valuc of p and the value of ¢.

b Explain why x + 2 is also a factor of the expression.
7 Itisgiven that x +a isa factor of x* + 4x? + 7ax + 4a. Find the possible values of a.

@ 8 a Itisgiventhat x +1 isa common factor of x° -+ px+¢ and x* + (1— p)x? +19x — 2¢.
Find the value of p and the value of ¢.

b When p and ¢ have these values, faciorise x* + px +¢ and x* + (1 - p)x> +19x — 2¢g completely.

@D 9 Giventhat x—1 and x+2 are factors of x* - x3 + px> — Ilx + ¢:

a Find the value of p and the value of ¢.

b When p and ¢ have these values, factorise x* — x3 + px? — 11x + ¢ completely.
10 Solve.
a x’-5x2-4x+20=0 b x*+5x>-17x-21=0
¢ 2xP=5x>-13x+30=0 d 3 +17x>+18x-8=0
e V427 -7x?-8x+12=0 foo2xt -1 +12x2+x-4=0
o 11 You are given that the equation x> + ax? + bx + ¢ = 0 has three real roots and that these roots are
“ consecutive terms in an arithmetic progression. Show that 2a3 + 27¢ = 9ab.

(Q 12 Find the set of values for k for which the cquation 3x% +4x3 = 12x% + k = 0 has four real roots.

1.6 The remainder theorem
Consider f(x) = 2x% —5x? = 2x + 12.

Substituting x = 2 in the polynomial gives f(2) = 2(2)° — 5(2)> = 2(2) + 12 = 4.

When 2x* —5x? = 2x +12 isdivided by x — 2, there is a remainder:

2x2 - x- 4
x=2)2x7 - 552 - 2x + 12
2x3 - 4x°

- x?-2x

- X2 +2x
—4x+12
—-4x+ 8
4

The remainder is 4. This is the same value as f(2).
f(x) = 2x* = 5x% = 2x + 12 can be written as:
f(x)=(x=2)2x> —x—4)+ 4

In general:

If a polynomial P(x) is divided by x — ¢ to give the polynomial Q(x) and a remainder R, then:
P(x)=(x-¢c)Q(x)+ R
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Substituting x = ¢ into this formula gives P(c) = R.
This leads to the remainder theorem.

The remainder theorem:

If a polynomial P(x) is divided by x — ¢, the remainder 1s P{c).

The remainder theorem can be extended to:

If a polynomial P(x) is divided by ax — b, the remainder is P (2 )
a

WORKED EXAMPLE i@

Use the factor theorem to find the remainder when 4x3 — 2x* + 5x — 8 is divided by x + 1.

Answer

Let f(x) = 4x> —2x% +5x -8

| Remainder = f(—1)

=4(=1)} = 2(=1)> +5(-1) -8
=—4-2-5-8

=-19

WORKED EXAMPLE 1. ~.'

f(x) = 6x° + ax> + bx — 4

When f(x) is divided by x — 1, the remainder is 3.
When f(x) is divided by 3x + 2, the remainder is —2.

Find the value of « and the value of b.

| Answer
f(x) = 6x> +ax?> + bx — 4
When f(x) is divided by x —1 the remainder is 3, hence (1) = 3.

6(1)* + a(1)> +b(1)-4=73
a+h=1----c-ceme-- (1)

When f(x) is divided by 3x + 2 the remainder is —2, hence f[— % ) =2,
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2 2
6(—1) +a(—3\ +,5/—:)—4=—2
3 - 3) |73

20 -3b =17 ------------ 2)

2x (1) = (2) gives 5b = —15
b=-3

Substituting b = =3 in equation (1) gives a = 4.

a=4 and b =-3.

1 Find the remainder when:
a 6x3+3x*-5x+2 isdivided by x -1
b x3+x?—1Ix+12 isdivided by x +4
¢ x*+2x? -5x2 - 2x+8 isdivided by x +1

d 4x3 - x*—18x +1 isdivided by 2x -1

2 a When x* —3x? +ax -7 isdivided by x + 2, the remainder is —=37. Find the value of a.

- b When 9x3 + bx — 5 is divided by 3x + 2, the iremainder is —13. Find the value of b.
20

3 f(x)=x*+ax?+bx-5
f(x) has a factor of x —1 and leaves a remainder of —6 when divided by x + 1.
Find the value of ¢ and the value of
4 The polynomial 3x? + ax* + bx + 8, where a and b are constants, is denotad by f(x). It is given that x +2 is

a factor of f(x), and that when f(x) is divided by x —1 the remainder is 15. Find the value of ¢ and the
value of b.

5 The function f(x) = ax® + 7x* + bx — 8, where @ and b are constants, is such that 2x + 1 is a factor. The
remainder when f(x) is divided by x +1 is 7.
a Find the value of ¢ and the value of b.
b Factorise f(x) completely.

6 The polynomial x* + 6x% + px — 3 leaves a remainder of R when divided by x +1 and a remainder of ~10R
when divided by x — 3.
a Find the value of p.
b Hence find the remainder when the expression is divided by x — 2.

7 The polynomial x? + ax? + bx + 2, where a and b are constants, is denoted by f(x). It is given that x —2 isa
factor of f(x), and that whean f(x) is divided by x +1 the remainder is 21.
a Find the value of ¢ and the value of b.

b Solve the equation f(x) = 0, giving the roots in exact form.
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Chapter 1: Algebra

8 The polynomial 2x’ + ax? + bx + ¢ is denoted by f(x). The roots of f(x) = 0 are -1, 2 and k.
When f(x) is divided by x — 1, the remainder is 6.

a Find the value of k.
b Find the remainder when f(x) is divided by x + 2.

@D 9 P =2x+4x? +6x3 +...+100x%
Find the remainder when P(x) is divided by (x —1).

q& 10 P(x) =3(x+D(x+2)(x+3)+a(x+D(x+2)+b(x+ 1)+ ¢

It is given that when P(x) is divided by each of x +1,x+2 and x + 3 the remainders are —2,2 and
10, respectively. Find the value of a, the value of b and the value of c.

The modulus furciion

® The moduius function | xl is defined by:
xif x=0
|xj =4
—xif x <0

The aivision algorithm for polynomials

= P(x) = D(x) x Qkx) + R(x)
+ 4+ + 4+

dividend = divisor x quotient + remainder
The factor theorem

@ If for a polynomial P(x), P(c¢) = O then x — ¢ is a factor of P(x).

. b .

® If for a polynomial P(x), P (—) = 0 then ax — b is a factor of P(x).
a

The remainder theorcin

® If a polynomiai P(x) is divided by x — ¢, the remainder is P(¢).

. S . . b
® If a polyromial P(x) is divided by ax — b, the remainder is P (— )
a
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END-OF-CHAPTER REVIEW E \' RCISE 1

H W N =

9

10

11

12

13

14

®,

Solve the equation |2x - 3| = | S5x + 1|.

Solve the inequality |5x - 3| =7.

Solve the inequality |2x - 3| <|2 - x|.

Solve the equation |x2 - 14| =11

The polynomial ax?® —13x? — 41x — 2a, wiere a is a constant, is denoted by p(x).
a Given that (x —4) is a factor of p(x), find the value of a.

b When « has this value, factorise p(x) completely.

The polynomial 6x* —23x? — 32x + 15 is denoted by f(x).

a Show that (x —5) isa factor of f(x) and hence factorise f(x) completely.

b Write down the roots of f(| x|) =0.

The polynomial x* —3x% + ax + b is denoted by f(x). It is given that (x + 2) is a factor of f(x) and that
when f(x) is divided by (x — 1) the remainder is —6. Find the value of ¢ and the value of b.

The polynomial x* —5x? + 7x — 3 is denoted by p(x).

a Find the quotient and remainder when p(x) is divided by (x> —2x —1).
b Use the factor theorem to show that (x — 3) is a factor of p(x).

The polynomial 4x* + 4x? — 7x? — 4x + 8 1s denoted by p(x).

a Find the quotient and remainder when p(x) is divided by (x> —1).

b Hence solve the equation 4x* + 4¢3 —7x? —4x +3 = 0.

The polynomial x* —48x% —21x — 2 is denoted by f(x).

a Find the value of the constant k for which f(x) = (x? + kx + 2)(x? — kx - ).
b Hence solve the equation f(x) = 0. Give your answers in exact form.
The polynomial 2x* + 3x> = 12x? — 7x + a is denoted by p(x).

a Given that (Zx —1) is a factor of p(x), find the value of «.

b When ¢ has this value, verify that (x + 3) is also a tactor of p(x) and hence factorise p(x)
completely.

The polynomial 3x3 + ax? — 36x + 20 is denoted by p(x).

a  Given that (x —2) is a factor of p(x), find the value of a.

b When « has this value, solve the equation p(x) = 0.

The polynomial 2x* + 5x> — 7x + 11 1z denoted by f(x).

a Find the remainder when f(x) is divided by (x —2).

b  Find the quotient and remainder when f(x) is divided by (x? — 4x + 2).

The polynomial ax?® + bx? — x +12 is denoted by p(x).

a Given that (x--23) and (x + 1) are factors of p(x), find the valiic of ¢ and the value of b.

b When a and / take these values, find the other linear factor of p(x).
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The polynomial 6x> + x? + ax — 10, where « is a constant, is denoted by P(x). It is given that when
P(x)is divided by (x + 2) the remainder is —12.

2 ¥ind the value of @ and hence verify that (2x + 1) is a factor of P(x). 131

b  When « has this value, solve the equation P{x) = 0. 4]

The polynomial 2x* + ax? + bx + 6 is denoted by p(x).
a Given that (x +2) and (x — 3) aie factors of p(x), find the value of ¢ and the value of b. [4]

b When a and b take these values, factorise p(x) completely. 131
The polynomials P(x) and Q(.x) are defined as:

P(x)=x*+ax’>+b and Q(x)= x> +bx? +a.
It is given that (x - 2) is a factor of P(x) and that when Q(x) is divided by (x + 1) the remainder is —15.

a Find the value of a and the value of 5. [5]

b When a and b take these values, find the least possicle value of P(x) — Q(x) as x varies. 12]

The polynomial 5x3 —13x? +17x — 7 is denoted by p(x).
a Find the quotient when p(x) is divided by (x — 1), and show that the remainder is 2. [4]

b Hence show that the polynomial 5x3 —13x% +17x — 9 has exactly one real root. 131

The polynomial 4x* + kx? — 65x + 12 is denoted by f(x).

a Given that (x +2) isafacior of f(x), find the value of k. 12]
b When £k has this value. soive the equation f(x) = 0. [4]
¢ Write down the roots of f(x?) = 0. 1

The polynomial 2.° — 5x? + ax + b, where a and b are constants, is denoted by f(x). It is given that when
f(x)is divided by (x + 2) the remainder is 8 and that when f(x} is divided by (x —1) the remainder is 50.

a Find the value of a and the value of 5. [5]

b When a and b have these values, find the quotient and remainder when f(x) is divided by x> —x +2. [3]

The polynomial 2x* — 9x? + ax + b, where a and b are constants, is denoted by f(x). It is given that (x +2)isa
factor of f(x), and that when f(x) is divided by (x +1) the remainder is 30.

a Find the value of a and the value of 5. I5]
b When a and b have these values, soive the equation f(x) = 0. [4]
The polynomial x* + 3x? + 4x 42 is denoted by f(x).

i Find the quotient and remainder when f(x) is divided by x> + x —1. 4]

ii  Use the factor theorem to show that (x + 1) is a factor of f(x). 2]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q4 June 2010
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@ 23 The polynomiai 4x3 + ax? + 9x + 9, where a is a constant, is denoted by p(x). It is given that when p(x) is
divided by (2x —1) the remainder is 10.

i  rind the value of @ and hence verify that (x — 3) is a factor of p(x). [3]

i When « has this value, solve the equation p(.x) = 0. [4]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q5 November 2011

Q% 24 The polynomial ax?® — 5x? + bx + 9, where a and b are constants, is denoted by p(x). It is given that (2x + 3)
is a factor of p(x), and that when p(x) 1s divided by (x + 1) the remainder is 8.

i  Find the values of ¢ and b. I5]

i When « and b have these values, factorise p(x) completely. [3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q4 June 2013
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In this chapter you will iaa:n how to:

understand the relationship between logarithms and indices, and usc tiie laws of logarithms
(excluding chauge of base)

understand the definition and properties of e* and In x, including their relationship as inverse
functions and their graphs

use logarithms to solve equations and inequalities in wiich the unknown appears in indices

use logarithms to transform a given relationship to linear form, and hence determine unknown
coustants by considering the gradient and/or intercept.




Cambridge International AS & A Leve

N

N\
@gamematics: Pure Mathematics 2 & 3

e S
—_— ‘ -

Where it comes from What you should be able to ds Check your skills
IGCSE / O Level Mathematics Use and interpret positive, 1 Evaluate.
negative, fractional and zero a 52
indices. ,
b 83
c 7°

2 Solve 32 = 2.

IGCSE / O Level Mathematics Use the rules of indices.

-4

0

2x

3 Simplify.

What is a logarithm?

At IGCSE / O Level we learnt how to solve some simple exponential equations. For
example, 32¥ = 2 can be solved by first writing 32 as a power of 2. In this chapter we will
leain how to solve more difficult exponential equations such as a* = b where there is no
obvious way of writing the numbers ¢ and b in index form with the same base number.
In order to be able to do this we will first isarn about a new type of function called the
logarithmic function. A logarithmic fuirction is the inverse of an exponential function.

At IGCSE / O Level we learnt about exponential growth and decay and its applications

to numerous real-life problems such as investments and population sizes. Logarithmic
functions also have real-life appiications such as the amount of energy released during an
earthquake (the Richter scaie). One of the most fascinating occurrences ot logarithms in
nature is that of the logarithmic spiral that can be observed in a nautiius shell. We also see
logarithmic spiral shapes in spiral galaxies, and in plants such as sunfiowers.

2.1 Logarithms to base 10
Consider the exponential function f(x) = 10*.

To soive the equation 10¥ = 6, we could make an estimnate by noting that 10° = 1 and
10! == 10, hence 0 < x < 1. We could then try valucs of x between 0 and 1 to find a more
accurate value for x.

The graph of y = 10* could also be used (¢ give a more accurate value for x when 10~ = 6.

VA _ 10x

J = 10%

10 !

8 /

6

|

H 1

24 i
/
T —TT—T 'V' —>
-0.5 0 0.5 0.78 1 x
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calculus in Chapters 4,
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Chapter 2: Logarithmic and exponential functions

From the graph, x = 0.78.

There is, however, a function that gives the value of x directly:

If 10¥ = 6 then x = log 6.

log; 6 is read as ‘log6 to base 10”.

log is short for logarithm.

On 2 caiculator, for logs to the base 10, we use the@ or key.

So1f 10* =

then x =log;6

x = 0.778 to 3significant figures.

@ KEY POINT 2.1 ~ \J ~
The rule for base 10 is:

If y =10* then » = logjy »
This rule can be described in words as:

log;o y is the power that 10 must be raised to in order to obtain y.
For example, log;,100 =2 since 100 = 102
y = 10* and y = logjy x are inverse functions.
We say that y = 10" & x = log;o y.

This is read as: y = 10" is equivalent to saying that x = logjy y.

EXPLORE 2.1

1 Discuss with your classmates why each of these two statements is truc.

( log;o 10~ =x grx eR ) ( 10%°¢0 % = x for x_?i)

2 a Discuss with your classmates why each of these two statements is true.

' 10g1010 =1 ’ ( lOgl()] -_—0)

b Discuss what the missing numbers should be ia this table of values, giving
reasons for your answers.
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WORKED EXAMPLE 2.1

a Convert 10 = 58 to logarithmic form.

b Solve 10¥ = 58 giving your answer correct to 3 significant figures.

Answer
a Method 1
10¥ =58

Step 1: Identify the base and index ——— base = 10, index = x

Step 2: Start to write in log form ——> x =logy ?

Step 3: Complete the log form —> x =log;( 58
10 =58 & x = log( 58
Method 2
10* = 58
log)o10* = log;58 Take logs 10 base 10 of both sides.
x = log;p58 Use log, 10* = x.
3] 10* =58
[ x =log;(58
x =1.76

WORKED EXAMPLE 2.2

a Convert logjpx = 3.5 to exponential form.

b Solve log;, ¥ = 3.5 giving your answer correct to 3 significant figures.

Answer
a Method 1

1 DZ10 X = 3.5

Step 1: Identify the base and index -—> base = 10, index = 3.5

Step 2: Start to write in exponentia! form —» 1032 =2

Copyright Material - Review Only - Not for Redistribution
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always on its own and
the base goes at the
base of the logarithm.

In log form the index is
always on its own.



Chapter 2: Logarithmic and exponential functions

Step 3: Complete thie exponential form ——> x =103
loglox =35 x= 103‘5
Method 2
log;o x = 3.5 Write each side as an exponent
of 10.
1010g,U X _ 1035
x =10%3 Use 10080 ¥ = .
b IOgl(‘, x=3.5
Y = 103.5
x = 3160
Find the value of:
a log;n 16000 b log;,0.0001 ¢ log;,1000/10.
Answer
a log;y10000 = log;,10* Write 10000 as a power of 10, 10000 = 10%.
—4
b log,0.0001 = log;, 10~ Write 0.0001 as a power of 10, 0.0001 = 107
=4
¢ log;o 100010 = log;, 1033 Write 1000+/10 as a power of 10.
=99 100010 = 10° < 10°5 = 10°%,

1 Convert from exponential form to logarithmic form.

a 107 =100 b 10* =200 ¢ 10* =0.05

2 Solve each of these equations, giving your answers correct to 3 significant figures.

a 10" =52 b 10* =250 ¢ 10 =048

3 Convert from logarithmic form to exponential form.

a log10000 =4 b logx=12 ¢ logyx=-0.6

4 Solve each of these equations, giving your answers correct to 3 significant iigures.

a logox=1.88 b log,,x =2.76 ¢ logyx=-14
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/) 5 Without using a calcuiator, find the value of:

a log, 100 b log, 0.0001 ¢ log(10410)
Try the See the
; - 100
d logo(316) e logo(100310 f lo ( ) power resource on
glo( ! glo( ) g0 V1000 the Underground

6 Given that the function f is defined as f : x — 10* — 3 for x € R, find an Mathematics website.

expression for f~!(x).

@ 7 Civen that p and ¢ are positive and that 4(logz;, p)*> +2(log;y ¢)* = 9, find the
greatest possible value of p.

2.2 Logarithms to base a

In the last section you learnt about logarithms to the base of 10.

The same principles can be applied to define logarithms in other bases.

If y=a"* then x = log, v

1

log,a =1 og,1=0

log, a* = x alogy = x

The conditions for log, x to be defined are:

@ a>0and a#1
IN) x>0

We say that y = a* & x = log, ».

WORKED EXAMPLE 2.4

Convert 5° = 125 to logarithmic form.
Answer
Method 1
5 =125
Step 1: dentify the base and index — basc =5, index =3
Step 2: Start to write in log form — 3=logs? In log form the index is
! . always on its own and
| Step 3: Complete the log form — 3 =logs125 the base goes at the
53 =125 & 3 =logs 125 base of the logarithm.
Method 2
5 =125
logs 5° = logs 125 Take logs to base 5 of both sides.
3 = logs 125 Use logs 5* = x.
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WORKED EXAMPLE 2.5

Convert logz x = 2.5 to exponential form.

Answer
Method 1
logs x =2.5
Step 1: Identify the base and index — base = 3, index = 2.5
| Step 2: Start to write in exponential form > 3% =7 Q
Step 3: Complete the exponential form —> 325 = x
55 In log form the index is
logyx =25 3 =x

always on its own.

Method 2
logz x = 2.5 Write each side as an exponent of 3.
310g1 x =325 Use 310g3 R
x = 3%
WORKE,D “‘ MPLE 2.6
Find 1he value of:
| a log, 16 b log3é
Answer
a log,16 = log, 2* Write 16 as 2 power of 2, 16 = 2%,
=4
1 . 1 1 5
b log;— =log;3 - Wiite — as a power of 3, — = 37,
9 9 9
= - r/_
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WORKED EXAMPLE 2.7

3% )
Simplify lozcg,x(\/—)__C )'

Answer
Ix _2 3
log\[ S log\,( X3 ) Write ﬂ as a power of x.
- X

__2
3

1 Convert from exponential form to logarithmic form.

a =25 b 2*=16 c 3—5=g13 a z-lozm%
e 8 =15 f xV=6 g a’"=c h x¥ =7
2 Convert from logarithmic form to exponential form.
a log,8=3 b logz8l=4 ¢ Joggl=0 d log4= %
€ 10g32=% f log,y=4 g log,1=0 h log,5=y
3 Solve.
a logy,x=3 b logzx=2 ¢ loggx=0 d log,49 =2
4 Solve.
a logz(x+5)=2 b log,(3x-1)=5 ¢ log,(7-2x)=0
5 Find the value of:
a logy27 b logs36 ¢ log,2 d log,0.125
. 2
e lOg“\(TIEJ f log5(5J§) g log{\—/j—j h log{g)
6 Simplify.
a log, x3 b log,Jx c logx( x2\/§) d log, x_l“
1Y \ by x? ’
e logx( Fj f logX( \/x75/| g logx( ﬁ) h logx[ ﬁ)

7 Given that the function fis defined as f: x > 1+ 1log,(x —3) forx e R, x > 3,
find an expression for f~!(x).

@ 8 Solve.

a log,(logs x) = -1

b logs237" = x?
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Without using a calculator, arrange these logarithms in ascending order.

Add some¢ wore logarithms of your own in the correct position in your ordered list.

1 Piya and Hamish are asked what they think log,q 12 + log;y 4 simplifies to.

| Prya says that: logip 12 +10g1p 4 =log:o(12 + 4) =logp 16
Hamish says that: log,, 12 +logp 4 =i00,0(12 X 4) =log,, 4&

Use a calculator to see who is correct and check that their rule works for other
pairs of numbers.

2 Can you predict what log;, 12 — log;p4 simplifies to?

Use a calculator to check that you have predicted correctly and check tor other
pairs of numbers.

2.3 The laws of logarithms

If x and y are both positive and ¢ >0 and « # 1, then the following laws of logarithms can

be used.
Multiplication law Divisicn 'aw Power law
log,(xy) = log, x +log, y logaL5) = log, x —log, y log,(x)™ =mlog, x
y
Proofs:
Multiplication law Division law Power iaw
log,(xy) x log,(x)™
log 1 loga| =
= loga(aoux % aOg‘,y) _ loga((al"g“x)'")
— log, x + log, vy log, x
log,(a ) _ loga( alog . ) = log, (a™ 108 *)
=log, x +log, y a= = mlog, x

— IOga(GIOg" x - log, y)

= log, x — log, y

Using the power law, loga(l) =log, x7!
X

= —log, x
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Another useful rule to remember:

Use the laws of logarithms to simplify these expressions.

a logy,3+1log,5 L log;8—log; 4 ¢ 2logs2+logs3
Answer
a log,3+1log,5 b log;8—logs4 ¢ 2logs2+logs3
= log,(3x5) _ log{ §j = logs 2% + logs 3
= log, 15 4 = logs(4 % 3)
= log;2 = logs12
Guven that logy p = x and log, ¢ = y, express in terms of x and/or y
5 2 . 64
' a log, p° —logsq b iogy/p +5logs g c logy ol
Answer
5 5 64
a logy p° —logyq” b log,/p +5logs3q ¢ logy o
=5logy p—2logyq 1 5
g \ = = log, p + = log, = o
Sy -2y 7 084 p 3 08449 log44° —logy p
15 =3-x
=—x+=y
2 3°
1 Write as a single logarithm.
a log,7+log,11 b log;20 —logs4 ¢ 3logs2 —logs4
d 2log;8—5log;2 e 1+2log,3 f 2-logs2
2 Write as a single logaritiim, then simplify your answer.
a log,40 —1log,5 b logs20 + loge 5 ¢ log, 60 —1log,5
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3 Simplify.
a 3logs2+ 1 iog; 36 - logs 12 b %1og38+%nog318—1
- <
. . ](J"_)' 8
4 Express & and 0.25 as powers of 2 and hence simplify -—= .
logs 0.25
5 Simplify.
log, 27 b log; 128  logz25 logs 1000
log, 3 log; 16 " log; 0.04 logs 0.01

6 Given that logg y = logg(x — 2) — 2 log; x, express y in terms of x.
7 Given that logs(z — 1) — logsz z = 1+ 3 logs y, express z in terms of y.

8 Given that y = logs x, find 12 terms of y:

a x b logs(25x) C logs(%) d log,.125
9 Given that x = log, p and y = log, ¢, express in terms of x and/or y:

a log(64p) b 1og4(§\,

C Py d log, p* —log, (4\/5 )

10 Given that log, x = 7 and log, y = 4, find the value of:

X Jx
ses(3) e ) o ()
@ n
—log, 5 log; 2 — log, 5
/
/
/
/
-
Qﬁ 2log, 5 — 3logs 2 WEB LINK
Try the Summing to
The number in the rectangle on the side of the triangle is the sum of the numbers one and the Factorial
at the adjacent vertices. fragments resources
on the Underground
For example, x + y = — log, 5. Mathematics website.

Find the value of x, the value of y and the value of z.

2.4 Solving logarithmic equations

We have already learnt how to solve simple logarithmic equations. In this section we will
learn how to solve more complicated equations.

Since log, x only exists for x >0 and for ¢ >0 and « # 1, it is essential when solving
equations involving logs that all roots are checked in the originai equation.
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WORKED EXAMPLE 2.10

Solve:
a 2logg(x+2) =logg(2x +19) b 4log,2-log,4=2
Answer
a 2logg(x+2)=1logg(2x+19) Use the power law.
logs(x +2)* = logg(2x +19) Use equality of logarithms.
' (x+2)2 =2x+19 Expand brackets.

X2 +4x+4=2x+19
x2+2x-15=0
(x=3)(x+5)=0

x=3o0orx=-5
Check when x = 3: 2logg(x +2) = 2logg 5 = logg 25 is defined
logg(2x +19) = logg 25 is defined.
So x = 3 is a solution, since both sides of the equation are defined and equivalent in value.
Check when x = =5: 2logg(x + 2) = 2logg(—3) is not defined.

So x = =5 is not a solution of the original equation.

Hence, the solutionis x = 3

b 4log,2-log,4=2 Use the power law.

log, 2% —log, 2> =2 Use the division law.
log, 242 =2
log, 2% =2

log 4=2 Convert to exponential form.
x- =4
x=12
Since logarithms only exist for positive bases, x = -2 is not a solution.

Check when x = 2: 4log,2 —log, 4 =4—210g,2
=4-2

So x = 2 satisfies the original equation.

Hence, the solutionis x = 2
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Solve.
a logs.c+logs3 =logs30
¢ logy(2—x)+1logy,9=2log,8

Solve.
a logip(2x+9)—-logy5=1
¢ logy(5-2x)=3+logy(x+1)

Solve.
a log, x +logy(x—1) =l1o0g, 20

¢ 2logzx—logz(x—2)=2

Solve.
a log,40-log,5=1
¢ log,25-21log,3=2

Solve.
a (log;x)>-8log,x+15=0
¢ (logsx)* +logs(x*) =10
Solve the simultaneous equations
a xy=28l1

log,y=3

¢ logy(x—y)=2log,x
logs(x+y+9)=0

~

Given that logo(x%y) = 4 and loglo(x—

<

log; 4x —logs 2 = logy 7
loglo(x - 4) =2 10g10 5+ lOglg 2

log; 2x —logs(x —1) =2
logs(2x —3)+ 2 logs 2 = 1+ logs(3 — 2x)

logs(x — 2) + logs(x —5) = logs 4x
3+ 21logy x =log,(3—10x)

log, 36 +1log, 4=2
2log,32=3+2log, 4

(logyo x)2 - 10g10(X2) =3
4(log, x)*> — 2 logy(x?) =3

4% =2
3logyo y = logjo x + logyg 2

logy x = 2 log;y y
?9,’{10(2)&' - 17_)/) =2

j = 18, find the value of log;y x and of log y.
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2.5 Solving exponential equations

At IGCSE / O Level you learnt how to solve exponential equations whose terms could
be converted to the same hase. In this section you will learn how to solve exponential

equations whose ternis cannot be converted to the same base.

| workeDEX@gEz

Solve, giving your answers correct to 3 significant figures.
2 52x+1 =7
i Answer
a 52.\'+] =7
log 5>**! = log7
(2x +1)log5 =log7

2xlog5 + log5 = log7
~_log7—1log5
- 2log5

x = 0.105 to 3 significant figures.
b 32x _ gx+S
log3** = log4**
2xlog3 = (x+5)log4
2xlog3 = xlog4 + S5log4

x(2log3 —1log4) = Slog4
. 5log4
T 2log3—log4

x = 8.55 to 3significant figures.

b 32x — 4x+5

Take logs to base 10 of both sides.
Use the power rule.
Expand the brackets.

Rearrange to find x.

Take logs to base 10 of both sides.
Use the power rule.
Expand the brackets.

Collect x terms on one side.

Divide both sides vy (2log3 — log4).

WORKED EXAMPEER.12

A’

Answer
2(32%)+7(3%)=15=0

2y +7y-15=0
Qy-3)y+5=0
y=15o0ory=-5

When y =1.5
3¥=1.5
xlog3 =logl.5
v=108L3 360
log3

Solve the equation 2(32%) + 7(3%) = 15, giving your answers correct to 3 significant figures.

Use the substitution y = 3*.

Factorise.

Take iogs of both sides.
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y=-5

3¥=-5 ‘T'nere are no solutions to this equation since 3*

is always positive.

Hence, the solution is x = 0.369 to 3 significant figures.

10

11

Solve, giving your answers correct to 3 significant figures.

a 5°=18 b 2¥=35 c 3¥¥=38 d 2% =25

e 32%5 — 20 f o3 =gl g 5 = 74 h 41-3x — 332
i2v=205%) | 4 =703 k 291 =3(5") L 52%7°) =403
a Showthat 2**' + 6(2*7!) = 12 canbewrittenas 2(2%) + 3(2%) = {2.

b Hence solve the equation 2**' + 6(2*~") = 12, giving your answer correct to
3significant figures.

Solve, giving your answers correct to 3 significant figures.

a 2%242% =22 b 3 =314 ¢ 2%y 502% Tty =24
d 5%+5 =5 e 47=4 ¥ f 3 -237%)=5
Use the substitution y = 2% to solve the equation 2>* + 32 = 12(2%).

Solve, giving your answers correct to 3 significant figures.

a 5-55%+6=0 b 22 +5=6x2"

c ¥ =6x3"+7 d 4% +27 =12(4%)

Use the substitution u = 2¥ to solve the equation 22¥ — 5(2°*1) + 24 = 0.

Solve, giving yenr answers correct to 3 significant figures.

a 22¥-2vl_35=90 b 3% 3% =10

c 25" -5 =16 d 421 =174%)-15

Solve, giving your answers correct to 3 significant figures.

a 4°+2-12=0 b 316%)-10(4)+3=0

c 4 +15=42"") d 2(9%)=3"+27

For each of the following equations find the value of X correct to 3significant figures.
a =7 h 7% =(2.7) g c 42 =3
Solve the equation x>3 = 20x'?, giving your answers in exact form.

Solve, giving your answers correct to 3 significant figures.

a |4°-8|=2 b [2(3*)-4|=8

¢ 3|2v-5|=2¢ d [3v+4]|=[3"-9|
e |52%)+3]=[52")-10] |2 il =27 +12]
g f“:6@“ﬁ+m h M”=5@“U+m
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@ 12 Given that 2**! x 327 = 8% x 3°-2* find the value of:
a 6" b x

Try the To log or not
to log? resource on
the Underground
Mathematics website.

@ 13 Solve the equation 8(8"! — 1) = 7(4* — 2¥*1).

2.6 Solving exponential inequalities

To solve 1nequalities such as 2*¥ >3 we take the logarithhm of both sides of the inequality.
We can (ake logarithms to any base but care must be taken with the inequality symbol
whern doing so.

e If the base of the logarithm is greater than 1 then the inequality symbol remains the same.

e If the base of the logarithm is between O and 1 then the inequality symbol must be
reversed.

This is because y = log, x is an increasing function if ¢ >1 and it is a decreasing

function when 0 <a <1.

Hence, when taking logarithnis to base 10 of both sides of an inequality the mequality
symbol is unchanged.

It is also important to remember that if we divide both sides of an 1bequality by a negative
number then the inequality symbol must be reversed.

WORKER EXAMPLE 2.13

Solve the inequality 0.6 < 0.7, giving your answer in terms of base 10 logarithms.

Answer
0.6 <0.7 Take logs te base 10 of both sides, inequality
symbol is unchanged.
log 0.6 <log 0.7 Use the power rule for logs.
x log 0.6 <log 0.7 Divide both sides by log;, 0.6.
log 0.7 . . . . .
¢ > Tos 0.6 log 0.6 is negative so the inequality symbol is

reversed.

x > 0.698 (correct to 3 significant figures)
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WORKED EXAMPLE 2.14 Q

Solve the inequality 4 x 3%*°! > 5, giving your answer in terms of base 10 logarithms.
Answer
4x 3> 1>5 Divide both sides by 4.
32l > % Take logs to base 10 of both sides and use the
| 5 power rule.
(2x - 1) log3 > lOgZ Expand brackets.
(210g3) x —log3> log% Rearrange.
logé + log3
X 7410‘, ; Simplify.
oo 15
e 4
' log9

\.,/
EXERCISE

1 Solve the inequalities, giving your answer in terms of base 10 logarithms.

a 2¥<5 b 5¥=7 c (%) >3 d 0.8°<0.3
\
2 Solve the inequalities, giving youi answer in terms of base 10 logarithms.
3-x
a 87°<10 b 37 >20 ¢ 2x5<3 d 7x(%) >4
3 Solve 5% >2% giving your answer in terms of logarithms. 15
iog —)
0 4 Prove that the soiaiion to the inequality 32! x 2!73¥ =5 is 1 = Lig
log( §)
@ 5 In this question you are not allowed to use a calculator.

You are given that log;y4 = 0.60206 correct to 5 decimal places and that
100.200 <2.

a Find the number of digits in the number 4'%°.

b Find the first digit in the number 4!°°.
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2.7 Natural logarithms

There is another type of logarithm to a special base called e.
The number e is an irrational number and e = 2.718.
The function y = ¢* is called the natural exponential function.

Logarithms to the base of e are called natural logarithms.

In x is used to represent log, x.

y "
A y=e P
/
/
/
Sy=x
/
/
/
7
/1 ,/ y=In X
7 .
/,O !
/
/

The curve y = Inx is the reflection of y = e in theline y = x.

y=liix and y=e" areinverse functions.

All the rules of logarithms that we have learnt so {ar also apply for natural logarithms.
We say that y = e* < x = log, y.

O

The Scottish mathematician John Napier (1550—1617) is credited with
the discovery of logarithms. His original studies involved logarithms to

0 DID YOU KNOW?

the base of l
e

The number e is also known as Euler’s number. It is named after Leonhard Euler (1707-1783), who
devised the following formula for calculating the value of e:
1 1 1 1 1

e=1+-+ + + + +...
I 1x2 1x2x3 1x2x3x4 1x2x3x4x5
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The number ¢ is a very
important number in
Mathematics as it has
very special properties.
You will learn about
these special properties
in Chapters 4 and 5.




Chapter 2: Logarithmic and exponential functions

1 Use a calcnlator to evaluate correct to 3 significant figures:

a ¢ b 27 c 8 d e

2 Use a calculator to evaluate correct to 3 significaunt figures:

a In3 b Inl4 c In0.9 d In0.15

@ 3 Without using a calculator, find the value of:

1 In9 1

a ehn? b e?2 c Selo¢ d e 2
4 Solve.
a e"r=5 b Ine* =15 c M =04 d e =3

5 Solve, giving your answers correct to 3 significant figures.

a e" =18 b e* =25 c o*1=8 d e 3=16
6 Solve, giving your answers in terms of natural logarithms.

a e =13 b ¥ =7 S g ey
7 Solve, giving your answers in terms of natural logarithms.

a e*>10 b e*2<35 ¢ Sxer«l
8 Solve, giving your answers correct to 3 significant figures.

a Inx=5 b lnx=-4 ¢ In(x-2)=6 d In2x+1)=-2
9 Solve, giving your answers correci to 3 significant figures.

a In3-x?)=2Inx b 2In(x+2)-Inx=InQ2x-1)

¢ 2In(x+1)=In(2x+3) d InCx+1)=2Ilnx+In5

e In(x+2)-lnx=1 f mQ2+x>)=1+2Inx

10 Express y in terms of x for each of these equations.

a 2ln(y+D)—-Iny=In(x+y) b In(y+2)-lny=1+2Inx

11 Sclve, giving your answers in exact form.
a e 42 -15=0 b e -5"+6=0

c 6e>-13e*-5=0 d e -2le*=4
12 Given that the function fis defined as f : x > 5¢* +2 for x € R, find an expression for f~!(x).

13 Solve 2In(3 —e?¥) = 1, giving your answer correct to 3 significant figures.

® 60

14 Solve the simultaneous equations, giving your answers in exact form.

a 2lnx+Iny=1+in5 b e¥t = 2e2¥

In10x —iny=2+1In2 e2¥ty = e oy

@ 15 Solve In(2x +1)<In(x +4).
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2.8 Transforming a relationship to linear form

When we collect experimentai data for two variables we often wish to find a
mathematical relationship connecting the variables. When the data plots on a graph lie
on a straight line the relationship can be easily found using the equation y = mx + ¢,
where m is the graaient and c is the y-intercept. It is more common, however, for the
data plots to lie on a curve.

Logarithms can be used to convert some curves into straight lines.

This iz the case for relationships of the form y = kx" and y = k(a*) where k, a and n are
constants.

Logarithms to any base can be used but it is more usual to use those that are most commonly
available on calculators, which are natural logarithms or logarithms to the base 10.

WORKED EXAMPLE 2.15

Convert y = ae*, where « and b are constants, into the form ¥ = mX + c.

Answer

y = ([C/)'\'

Taking natvial logarithms of both sides gives:
Iny = In(ae?)
Iny =Ina+Ine”
Iny =Ina+ bx

Iny =bx+Ina

Now compare Iny = bx +Ina with ¥ = mX + ¢:

A 1 )
Inv)=> + Ina

R

'=m X+ ¢
The non-linear equation y = «c”™ becomes the linear equation:

Y =mX +c¢,where ¥ =Iny, X =x, m=>b and ¢ = Ina

It is important to note:

@ The variables X and Y in Y = mX + ¢ must contain only thc original variables x and y.
(They must not contain the unknown constants ¢ and 4 .)

e® The constants m and ¢ must contain only the original unknown constants ¢ and b. (They
must not contain the variables x and y.)

\
WORKED EXAMPLE 2.16

The variables x and y satisfy the equation y = a (e‘bxz), where a and b are lny A

constants. The graph of Iny against x? is a straight line passing through the (055, 0.84

points (0.55, 0.84) and (1.72, 0.26) as shown in the diagram. %089 L 06

Find the value of ¢ and the value of b correct to 2 decimal places. (172020
5
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WORKED EXAMPLE 2.17

Answer

y=axeh

Taking natural logarithms of both sides gives:
Iny = In(a x ™)
Iny =1Ina+Ine?
Iny =Ina - bx?

Iny=-bx?>+1Inu

Now compare Iny = —b x*> + Ina with Y = inX + c:

:-—b x3) + Ina
T o1t ot

Y =m X + ¢

0.26 — 0.84
1.72 - 0.55

~.b=0.50 to 2 decimal places
Using Y = mX + ¢

Gradient = m = = —-0.4957 ...

0.84 = -0.4957... x 0.55+ ¢

c=1.1126...
“Ilna=1.1126...
q = el1126...

Hence @ = 3.04 and b = 0.50 to 2 decimal places.

X =0.55Y =0.84 and m = —0.4957 ...

Chapter 2: Logarithmic and exponential functions

o DID YOU KNOW?

When one variable on
a graph is a log but the
other variable is not a
log, it is called a semi-
log graph. When both
variables on a graph
are logs, it is called a
log-log graph.

— W

10
1596

20
983
-

40

605

80
372

5
2593

The table shows experiinental values of the variables x and y.

a By plotting a suitable straight-line graph, show that x and p are related by the equation y = k x x", where

k and n are constants.

b Use your graph to estimate the value of k£ and the value of n.

Answer

a y=kxx"
In(k x x")

Iny =Ink +Inx"

Iny

Iny=nlnx+1Ink

Take natural logarithms of both sides.
Use the multiplication law.

Use the power law.
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Now compare Iny = nlunx +Ink with ¥ = mX + ¢:
(In )= n(nx)+Ink
B N A

Y =m X + ¢

Hence the graph of Iny against Inx needs to be drawn where:
e gradient=n

e Intercept on vertical axis = Ink

[able of values is

| L6l [ 2.30 { 3.00 | 3.69 [ 4.5%
7.86 | 7.38 | 6.89 [ 641 | 5 924‘

n T T T T > Inx
0 1 2 3 4 5

The points form an approximate straight line, so x and y are related by the
equation y = k x x".

5.92-7.86
4.38-1.61
In k& = intercept on vertical axis

b n = gradient = -0.70 to 2 significant figures.

Ink =9
k =¢°

k = 100 to 2 significant figures.

The distributions of « diverse range of natural and man-made
phenomena approximately follow the power law y = ax’. These
include the size of craters on the moon, avalanches, species
extinction. body mass, income and populations of cities.

Copyright Material - Review Only - Not for Redistribution



Chapter 2: Logarithmic and exponential functions

1 Given that # and b are constants, use logarithms to change each of these non-linear equations into the form
Y = mX -+ ¢. State what the variables X and Y and the constants m and ¢ represent. (Note: there might be
more than one method to do this.)

a y=e&t b y=102" c y=a(x") d y=ab)
\Qe a=e" fox? =38 g xa’=b h  y=a(e™)
2 The variables x and y satisfy the equation y = a X x", where ¢ and n are Iny

constants. The graph of Iny against Inx is a straight line passing through A

the points (0.31, 4.02) and (1.83, 3.22) as shown in the diagram. Find the value

- & (0.31,4.02)
of a and the value of n correct to 2 significant figures. \
(1.83,3.22)

> Inx

3 The variables » and y satisfy the equation y = k x "2 where k and n
are constants. The graph of Iny against x is a straight line passing through
the points (1, 1.84) and (7, 4.33) as shown in the diagram. Find the value of k (7,4.33)
and the value of n correct to 2 significant figures.

(1, 1.84)

A 4

o

4 Variables x and y are related so that, when log, y is plotted on the vertical axis and x is plotted on the
horizontal axis, a straight-line graph passing through the points (2, 5) and (6, 11) is obtained.

a Expresslog;, y in terms of x.
b Express y in terms of x, giving your answer in the form y = a x 10%*
5 Variables x and y aic related so that, when Iny is plotted on the vertical axis and Inx is plotted on the
horizontal axis, « straight-line graph passing through the points (2, 4) and (5, 13) is obtained.
a Express iny interms of x.
b Express y in terms of x.
6 The variables x and y satisfy the equation 52 = 3>**! By taking natural logarithms, show that the graph

of Iny against Inx is a straight line, and find the exact value of the gradient of this line and state the
coordinates of the point at which the line cuts the y-axis.

7 The mass, m grams, of a radioactive substance is given by the formula m = mye™", where ¢ is the time in days
after the mass was first recorded and m, and k are constants.

The table below shows experimental values of ¢ and m.

10 20 30 | 40 50
409 | 335 | 274 | 225 | 184

a Draw the graph of In m against 7.
b Use your graph to estimate the value of m, and k.

¢ The half-life of a radioactive substance is the time it takes to decay to half of its original mass. Find the
haii*life of this radioactive substance.
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8 The temperature, 7 °C, of a hot drink, # minutes after it is made, can be modelled by the equation
T =25+ ke ™™, where k and n are constants. The table below shows experimental values of r and T'.

52.8 | 48.7 | 45.2

a Convert the equation to a form suitable for drawing a straight-line graph.
h Draw the straight-line graph and use it to estimate the value of k£ and n.
c¢ Estimate:

i  theinitial temperature of the drink

ii the time taken for the temperature to reach 28 °C

iii the room temperature.
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The rules of logaritiims
If y=a* then x =log, y.
log,a =1, log,1=0, log,a* = x, g%~ = x

Product rule: log,(xy) = log, x + log, y
Division rule: log, [ )_Y)J =log, x —log, y
Power rule:  log,(x)” = mlog, x

Special case of power rule: log, ( %) = -log, x
Natural logarithms
Logarithms to the base of ¢ are called natural logarithms.
e=2718
In x is used to represent log, x.
If y=¢* then x=1Iny.

All the riles of logarithms apply for natural logarithms.

Transforiaing a relationship to linear form

@ Logarithms can be used to convert relationships of the form y = kx” and y = k(a*), where

N

Chapter 2: Logarithmic and exponential functions

QOQ*

K, a and n are constants, into straight lines of the form ¥ = mX + ¢, where X and Y are

functions of x and of y.

49
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® 10

END-OF-CHAPTER REVIE ;‘«' RCISE 2
A \UN =
1 Solve the inequality 2* > 7, giving your answer in terms of logarithms. 2]
2 Giventhat Inp =2Ing —In(3 + ¢) and that ¢ > 0, express p in terms of ¢ not involving logarithms. [3]
3 Solve the inequality 3 x 2°¥*? <8, giving your answer in terms of logarithms. [4]
@ 4 Use logarithms to solve the equation
5.\'+3 — 7x—1
giving the answer correct to 3 significant figures. [4]
Cambridge International AS & A Level Mathematics 9709 Paper 21 Q1 November 2015
5 Solve the equation 6(4*) —11(2") + 4 = 0, giving your answers for x in terms of logarithms where appropriate.
151
6 Solve the equation In(5x +4) = 2Inx + In6. [5]
© - iy
A /
[0 (6, 10.2)
-
(0,2.0) R
0 Inx

The variables x and y satisfy the equation y = Kx”, where K and m are constants. The graph of In y against
In x is a straight line passing through the points (0, 2.0) and (6, 10.2), as shown in the diagram. Find the values
of K and m, correct to 2 decimal places. I5]

Cambridge International AS & A Level Mathemarics 9709 Paper 21 Q3 June 2011

i Given that y = 2%, show that the equation

2*+327) =4
can be written in the form
y? —dv+3=0. 13]
ii  Heuce solve the equation
2X +3(27%) =4,
giving the values of x correct to 3 significant figures where appropriate. [3]
Cambridge International AS & A Level Mathematics 9709 Paper 21 Q5 June 2010
Given that (1.2)* = 6%, use logarithms t¢ find the value of % correct to 3 significant figures. [3]
The polynomial f(x) is defined by
f(x) = 12x3 + 25x2 - 4 — 12.
i  Show that f(-2) = 0 and factorise f(x) completely. 4]

i Given that 12 3 277 + 25 x 97 — 4 x 37 — 12 = 0, state the valuc of 3” and hence find y correct to 3
significant figures. [3]

Cambridge Internationu! A Level Mathematics 9709 Paper 31 Q4 June 2011
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@

11 Solve the equation | 4 -2~ | = 10, giving your answer correct to 3 significant figures. [3]
Cambridge International A Level Mathematics 9709 Paper 31 Q1 June 2012

12 Use logarithms to solve the equation e* = 32, giving your answer correct to 3 decimal places. [3]
Cambridge Iniernational A Level Mathematics 9709 Paper 31 Q1 November 2014

13 Using the substitution u = 3%, solve the equation 3* + 3>¥ = 3% giving your answer correct to 3 significant
figures. 151

Combridge International A Level Mathematics 9709 Paper 31 Q2 November 2015
14 The variables x and y satisfy the equation 57 = 32¥74,

a By taking natural logarithms, show that the graph of y against x is a straight line and find the exact value

of the gradient of this line. [3]
b This line intersects the x-axis at P and the y-axis at Q. Find thc exact coordinates

of the midpoint of PQ. 13l

15 Iny 4

(3.1,2.1)
' 2.3,1.7)
>» X
o

The variables x and y satisfy the equation y = K(b™), where K and b are constants. The graph of In y against
x is a straight line passing thirough the points (2.3,1.7) and (3.1, 2.1), as shown in the diagram. Find the values
of K and b, correct to 2 decimal places. [6]
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In this chapter you will leai: how to:

m understand the relationship of the secant, cosecant and cotangent functioas to cosine, sine
and tangent, and use properties and graphs of all six trigonometric functions for angles of any
magnitude
use trigonoimetrical identities for the simplification and exact evaluation of expressions and in
the coursc of solving equations, and select an identity or identities appropriate to the context,
showing familiarity in particular with the use of:

@ 20’0 =1+tan’O and cosec’> O =1+cot’ 0
the expansion of sin(A4 = B), cos(A £ B) and wan(4 £ B)

°
® the formulae for sin2A4, cos2A4 and tan” 4
o

the expression of asinf + b cosO in tie forms Rsin(6 £ ) and Rcos(6 £ ).




Chapter 3: Trigonometry

Where it comes from What you should be able to do Check your skills
Pure Mathcmatics 1 Sketch graphs of the sine, cosine and 1 Sketch the graphs of these functions
Coursebook, Chapter 5 | tangent functions. for 0° < x < 360°.

a y=2sinx+1
b y=tan(x-90°)
| ¢ y=cos(2x+90°)

Pure Mathematics 1 Find exact values of the sine, cosine and 2 Find the exact values of:
Coursebook, Chapter 5 | tangent of 20°, 45° and 60° and related a sin120°

angles. b cos225°

c tanl50°
Pure Mathematics 1 I Solve trigonometric equations using 3 Solve for 0° < x < 360°.
.5 : | )
Coursebook, Chapter 3| ¢ identities tan6 = 329 and | a S5sinx=3cosx
. ) cos@ ) . _
sin?@+cos’ 0 =1. b 2cosx—sinx =1

Why do we study trigonometry? mm

In addition to the three main trigonometrical functions (sine, cosine and tangent) there
are three more commonly used trigonometrical fuactions (cosecant, secant and cotangent)
that we will learn about. These are sometimes referred to as the reciprocal trigonometrical
fractions.

This chapter builds on
the work we covered in
the Pure Mathematics 1
Coursebook, Chapter 5.

We will also learn about the compound aingle formulae, which form a basis for numerous
important mathematical techniques. These techniques include solving equations, deriving
further trigonometric identities, the addition of different sine and cosine functions and

deriving rules for differentiating and integrating trigonometric functions, which we will Explore the
cover later in this book. Trigonometry:
Compound angles

As you know, scientists and engineers represent oscillations and waves nsing trigonometric station on the
functions. These functions also have further uses in navigation, engincering and physics. Underground

Mathematics website.

3.1 The cosecant, secant and cotangent ratios

There are a total of six trigonometric ratios. You have alrcady learnt about the ratios sine,
cosine and tangent. In this section you will learn about the other three ratios, which are
cosecant (cosec), secant (sec) and cotangent (cot).

)

The three reciprocal trigonometric ratios are¢ detined as:

cosec0=,L secd = ! cotf = ! =C?SO
sin 6 cos O tanf | sinf

-

Consider the right-angled triangle: A
sinf = 2 cosf = > tan@ = £ /
r r X Y
cosec = = sec@ =L cotf==2 0
y X Y X

Copyright Material - Review Only - Not for Redistribution



N

-\
Cambridge International AS & A Leve@%‘nematics: Pure Mathematics 2 & 3

The following identities can be found from this triangle:

x>+’ =r Divide both sides by x2.

(1] -

1+tan? 6 = sec? O

X

|
VR
==
Ne——
(3]

Use R tan® and L sec O
b X

Xyt =i Divide both sides by y*.
N2 2
¥ r + ,
— L +l=| = Use = =cot@ and — = cosec¥.
V) % y y

cot?6 + 1 = cosec? 6

We will need these important identities to solve trigonometric equations later in this sectioi.

‘ NS

1+tan® 6 = sec? 0

cot? 0 + 1 = cosec? @

The graphs of y = sin@ and y = cosecf

y = cosec 6
54

A

Y
| :I/\‘:“rl 0
o T N ! > 0 N T
j 90 léN 270 360 90 180 270 360
-1 _

¥

The function y = cosec@ is the reciprocal of the function y =sin6.

The function y =sin@ iszero when 8 = 0°, 180°, 360°, ..., this means that y = cosec
. . 1. .
is not defined at each of these points because 0 is not defined. Hence vertical asymptotes

need to be drawn at each of these points.
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Chapter 3: Trigonometry

The graphs of y = cos@ and y =sec6

We can find the graph of y =sec8 in a similar way from the graph of y = cosé.

YA
y =secl
Y
ok . . —> 0 . —
9W70 360 6 90 180 270 360 6
~1 -1 4
The graphs of y = tan9 and y = cot@
We can find the graph of y = cot@ from the graph of y = tan®.
YA , YA
]s
/ y=tan@ y=cotf
s
ol—== = 0 3
l' 90 180 270 360 © 90 180 270 360 ¢
WORKED EXAMPLE 3.1
Find the exact value oi cosec240°.
Answer
cosec 240° = — . YA
sin 240° S A
| 240°
 —sin60° /—\ o
1 60/To X
B3
) T C
__2
J3
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WORKED EXAMPLE 3.2

Solve sec? x —tanx =3 =0 for 0° < x < 360°.

Answer
2 . = 4l 2 — 2
sec-x—tanx—-3=0 Use 1+tan” x =sec” x.
tan“ r—tanx—-2=0 ractorise.

{tanx =2)(tanx+1)=0

tanx = 2 or tanx = -1

tanx =2 = x = 63.4°(calculator) = =======d 2
or x = 63.4°+180° = 243.4°
tanx = -1 = x = —45° (not in required range) 45
or x = —45° +180° = 135° 90 A
or x =135°+130° = 315° -
-2 4
The values of x are 63.4°, 135°, 243.4°, 315°.
3
n 1 Find the exact values of:
a sec60° b cosec 45 c cotl20° d sec300°
e cosecl35° f cot330° g secl50° h cot(=30°).
2 Find the exact values of:
a cosecr b cotX ¢ sect d cotz—TE
6 3 a 3
Sn Wk ax T
e sec— f cosec— g cot— h secl—— |.
6 4 3 6
3 Solve each equation for 0° < x < 360°.
a secx =3 b cotx=0.8 c cosecx =-3 d 3secx-4=0
4 Solve each equation for 0 < x <2m.
a cosecx =2 b secx=-1 c cotx=2 d 2cotx+5=0
5 Solve each equation for 0° < x < 180°.
a cosec2x=1.2 b sec2x=4 c cot2x=1 d 2sec2x=3
6 Solve each equation for the giveri domains.
a cosec(x —30°) =2 for 0° < x =< 360° b sec(2x+60°) =-1.5 for 0°< x <180°
c cot(x+g) =2 for0=sx=<2m d 2cosec(2x—-1)=3 for —nsx<n
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7 Solve each equation {or —180° < x < 180°.

Ix=4 b

a cosec

d secx =cosx e

8 Solve cach equation for 0° < 0 < 360°.
a 2tan?60—1=sech
¢ 2cot?’6 —cosech =13

e tan?0+3secO=0

9 Solve each equation for 0° <=0 < i30°.
a secH =3cosf—tanf

c sec*0+2=6tan’0

10 Solve each equation for 0 <0 < 2m.

a tan’0+3secd+3=0

sec2x=9

COSEC X = S€C a

b

Chapter 3: Trigonometry

c 9cot21x=4
2

f 2tanx = 3cosecx

3cosec? =13 —cot
cosecH +cotf =2sin0

J3 sec? 0 = cosec

2sec?20 =2tan26 +1

2cot? 28 + Tcosec20 =2

3cot?0+5cosecO+1=0

11 a Sketch each of the following functions for the interval 0 < x < 2m.

i v=I1+secx

iv y=I-secx

\'

ii y=cot2x

1
v =1+ cosec—x
2

iii y= ZCOSCC(X —g]

. T
Vi =sec| 2x +—

b Write down the equation of each of the asymptotes for your graph for part a vi.

Q 12 Prove each of these identities.
a sinx+cosx cotx = cosecx

C Secx cosecx —cotx =tanx

Prove each of these identities.

1 /
a ———————— =SsilXxCcosx
tanx + cot x
1 —cos? x .
C TN, =]-sin“x
sec”x — 1
sinx
e —— —5—=cosecx
1—cos” x
1 1
g + =2 cosec? x
l1+cosx 1-cosx

&

14 Solve each equation for 0° <0 < 180°

a 6sec’d—5sec?0—8secO+3=0

COSec X — Sin X = cos x cot x

(1+secx)cosecx —cotx) =tanx

sec? x +secx tanx =

1-sinx
1+ tan?x
—  — _ =secxcosecx
tan x
1+ sinx 2
- = (tanx+secx)
1 -sinx
CcoS X coS x
- —— =2secx
l+sinx 1-sinx

2cot3 0+ 3cosec? @ —8cotd =0
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3.2 Compound angle formulae

1 Sunita says that: sin(A+B)=sinA+sinB

Use a calculator with 4 = 20° and B = 50° to prove that Sunita is wrong.

ro

The diagram shows APQR.
RX is perpendicular to PQ.
ZA and ZB are acute angles.
OR = p,PR =¢q and RX = /.

a Write down an expression for z in terms of:

i gand 4 ii pand B

b Using the formuia area of triangle = % absinC, we can write:
Arez of APAR = % pq sin(A+ B).
Find an expression in terms of p, ¢, A and B for the area of:
i APRX i AQRX
¢ Use your expressions for the areas of triangles POR, PRX and QRX to prove that:

n sin(A+B)=sinA cos B+cos AsinB

3 In the identity sin( A4+ B) = sin 4 cos 2 4 cos 4 sin B, replace B by —B to show that:
sin(A=B)=sinAcosB—cos Asinb

4 In the identity sin(A4 — B) =sin 4 cos B — cos 4 sin B, replace A4 by (90° — 4) to show that:
cos(A+B)=cos Acos B—sinAsinb

5 In theidentity cos( A+ B) = cos 4 cos B —sin A4 sin B, replace B by --B to show that:

cos(A—B)=cosAcosB+sinAsinB

sin(A+ B) sin(A - B)

6 By writing tan(4 + B) as m and tan(A4 — B) as cos(A—B)’ show that:
tanA+tanB tan A—tanB
uaﬂ(A—i-B)zian o and tan(A-B)=- Ly —tane
1—tanAtanB I+tanAtanb
\_J
6’ CEY POINT 3.3 .

\
Summarising, the six compound angle formulae are:

sin(4+ B) =sin 4 cos B + cos A sin B
sin(4 — B) = sin A cos B—cos 4 sin
cos(A+ B) = cos A cos B—sin A sin F
cos(A— B) =cos A cos B +sin 4 sin B
tan(A+ B) = tanA+tan;,_"‘v>
l-tan 4 lan B

_ tanA4--tan B
(4= B) = Atan B
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WORKED EXAMPLE 3.3

Find the exact value of:

a sinl05° b cos42°cosl2°+sin42°sini2°
Answer

a sinl105° = sin(60° + 45°)
sin 60° cos45° + cos 60° sin45°

_(SB (L)+(ij(L\
L2 )2 2 )\V2)
B+l
T 2\2
b cos42° cos12°+sin42° sin12° Use cos(4- b) =cos A cosB+sin A4 sin B.
= cos(42° —12°)
= cos30°

V3
2

\/
WORKEP EXAMPLE 3.4

| Given that sin 4 = % and cosB = %, where 4 is obtuse and B is acute, find the value of:

a sin(A4+ B) b cos(4A-5) ¢ tan(4- B)

Answer

YA

~
"1
Q/:k
v
|
|
|
|

4

sin/zi cosAz—g tan A =— sinB:E,cosB=i,tanB=E
5 5’ 3 13 13 5

s

a sin(A+ B)=sinA4 cos B+ cosAsinB

Q(;Hi)&zl

T65
b cos(4A— B)=cosAcosB+sinAdsinB

(IR
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tanA4 —tan B
1+ tan A tan B

5)-(5)
+(-5)(5)

¢ tan(A- B) =

\J/
\ WORKED EXAMPLE 3.5

Solve the equation sin(60° — x) = 2simnx for 0° < x < 360°.

Answer
sin(60° — x) = 2sin x Expand siii{60° — x).
sin 60° cos x — cos 60°sin x = 2sin x Use €in60° = g and cos60° = %
NE] 1. . . .
— 7 Cosx — = sinx = 2sinx Multiply both sides by 2.
J3cosx —sinx = 4sinx Add sin x to both sides.
J3cosx = Ssinx Rearrange to find tan x.
| J3
? = tanx

x =19.1° or x =180°+19.1°

The values of x are 19.1° and 199.1°.

1 Expand and simplify cos(x + 30°).

/) 2 Without using a calculator, find the exact value oi each of the following:

a sin20°cos70° + cos20°sin 70° b sinl172°cos37° —cos172°sin37°
C €0825°c0s35° —sin25°sin 35° d c0s99°cos 69°+ sin 99°sin 69°
tan25° + tan 20° f tan82° — tan 52°
1—tan25° tan20° 1+ tan82° tan 52°

/) 3 Without using a calculator, fiud the exact value of:

a sin75° b tan75° ¢ cosl05° d tan(-15°)
T 197 in . In
e sin— f cos— g cot——- h sin—
12 12 12 12

/) 4 Given that cosx = % and that 0° < x <90°, without using a calculator find the exact value of cos(x — 60°).
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5 Given that sin A4 = 2— and sin B = %, where A4 and B are acute, show that sin(4+ B) = Q

65

6 Given that simA4= % and sinB = %, where A is obtuse and b is acute, find the value of:
a sin(4+ B) b cos(4- B) ¢ tan(4A+ B)

7 Given that cos4 = —% and sinB =- lﬁ and that 4 and B lie in the same quadrant, find the value of:
a sin(4A+ B) b cos(4+ B) ¢ tan(4- B)

8 Given that tan 4 =¢ and that tan(4 - B) =2, find tan B in terms of ¢.

9 If cos(4— B)=3cos(A+ B), find ihe exact value of tan A4 tan B.

10 a Given that 8+ cosec?8 = 6cot 8, find the value of tan 6.

b Hence find the exact value of tan(6 + 45°).

11 a Given that x is acute and that 2sec? x + 7 tan x = 17, find the exact value of tan x.

b Hence find tie exact value of tan(225° — x).

12 a Show that the equation sin(x + 30°) = 5cos(x — 60°) can be written in the form cot x = —/3.

b Heice solve the equation sin(x + 30°) = Scos(x —60°) for —180° < x <180°.

13 Solve each equation for 0° < x < 360°.

a cos(x+30° =2sinx b cos(x—60°)=3cosx

¢ sin(30°—x) =4sinx d cos(x+30°) = 2sin(x + 60°)

14 Solve each equation for 0° =< x = 180°.

a 2tan(60°—-x)=tanx b 2tan(45°-x)=3tanx
¢ sin(x +60°) = 2cos(x +45°) d sin(x - 45°) =2cos(x + 60°)
e tan(x+45°) :=(tanx f  cos(x+225°) =2sin(x — 60°)

15 Solve the equation tan(x —45°)+cotx =2 for 0° < x <180°.
o 16 Use the expansions of cos(5x + x) and cos(5x — x) to prove that cos6x + cos4x = 2cosSxcos x.

@ 17 Given that sinx +siny = p and cosx + cos y = ¢, find an expression for cos(x — y), in terms of p and g¢.

3.3 Double angle formulae

We can use the compound angle formulae to derive three new identities.
Consider sin(A+ B) =sin 4 cos B+ cos A sin B
If B= 4, sin(A+ A) = siti A cos A+ cos 4 sin 4
. sin2A4 = 2sin 4 cos 4
Consider cos(A+ B)=cosAcosB—sinAsinB
If B= 4, cos(A+ A) = cos A cos A —sin 4 sin 4

.. c0s2A = cos? A —sin® A4
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Consider tan(4+ B) = JtanA +tan B
1-tan Atan B
If B=4, tan(A+ A) = M
1—tan Atan 4

o tan2A4 = min;l

1-tan- A

These three formulae are known as the double angle formv!4e. We can use the identity
sin> A+ cos? 4 =1 to write the identity cos2A4 = cos®> 4 - sin®> A in two alternative
forms:

Using sin®> 4=1-cos?> 4 gives: cos2A4 =2cos> A1
Using cos? 4=1-sin> A4 gives: cos2A4 =1-25sin’ 4

Summarising, the double angle formuiae are:

~ -
@ KEY POINT 3.4 Q

- \\N
sin2A = 2sin A cos A cos2A4 = cos®> A—sin> 4 tan24 = ] 2ttan)_AA_
111
=2cos? A-1
=1-2sin* 4

A lw'. D EXAMPLE 3.6
' 3

Given that sinx = — 3 and that 180° < x << 270°, find the exact value of:

. N X
a sin2x b cosZx c tanz
Answer
YA
S A
4 /\ From the diagram:
O —>
i 0 x . 3 4 3
-3 sinx =—=,cosx =—— and tanx =
5 5 4
C

a sin2x =2sinxcosx
\ 2
5 5 25

2 <0
b cos2x = cos” x —sin” x

(4 (24

Copyright Material - Review Only - Not for Redistribution




Chapter 3: Trigonometry

2tan
c tanx = —?\—, Use 24 = x in the double angle formula.
l—-tan® =
2
3 2tan B
= 2 Rearrange.
4= tan?
2
3tan? X +8tan> —3=0 Factorise.
2 2
X X
3tan=—1 | tan=+3 [=0 Solve.
2 2
tan > = 1 or tan> =-3
2 3 2
If 180° < x < 270°, then 90° < g < 135°, which means
that % is in the second quadrant.
- tan * NG
2
WORKED EXAMPLE 3.7
Solve the equation sin2x =sinx for 0° < x < 360°.
Answer
sin2x = sin x Use sin2x = 2sin x cos .
2sin x cos X = sin x Rearrange.
2sinxcosx —sinx =0 Factorise.

sinx(2cosx—1)=0

. | A
sinx =0 or cosx = —

B 1—\ /-

1
sinx =0 = x =0°180°, 360° 0.5 -K" / ------ y=7
(0]

1
cCOoSXx = — x = 60°
X 5 = X 60

or x = 360°—-60° = 300°

The values of x are 0°, 60°, 180°, 300°, 360°.

When solving equations involving cos 2x it is important that we choose the most suitable
expansion of cos 2x for solving that particular equation.
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WORKED EXAMPLE 3.8

Solve the equation cos2x +3sinx =2 for 0 < x <2m.
Answer
cos2x +3sinx =2 Use cos2x =1—2 sin® x.
1 2sin® x +3sinx =2 Rearrange.
7sin? x —3sinx+1=0 Factorise.
| 2sinx—1)(sinx—1)=0 VA
I 7
sinx =— or sinx =1
2 0.5
. 1 T
sinx = — = X =— o K
2 6
r
: 6
T 5% i
of X=T—"—="— -0.5
6 6
. T -l :
sinx=1 = x=—
2
. T T ST
The values of x are —, —, —.
n o

1 Express each of the following as a single trigonometric ratio.

a 2sin28°c0s28° b 2cos?34°-1 2tanl7”
1-tan-17°
N
2 Given that tanx = ;— where 0° < x <90°, find the exact value of*
a sin2x » b cos2x c tan2x d tan3x

3 Given that cos2x =-— % and that 0° < x <90°, find the exact value of:
a sin2x b tan2x C CosX d tanx

4 Given that cosx = —% and that 90° < x < 180°, find the exact value of:

a sin2x b sin4x Cc tan2x d tan%x
5 Given that 3cos2x +17sinx =8, find the exact value of sin x.

6 Solve each equation for 0° <8 < 360°.

a 2sin26 =cos0 b 2cos26+3=4cosb ¢ 2cos?9 +1=sin0
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7 Solve each equation for 0° <6 < 180°.

a 2sin260tan9 =1 b 3c0s20+cos6=2
c 2cosec20+2tan0 = 3secO d 2tan26 = 3cotf
e tan260=4cotO f cot20+cot6=3

8 Express cos’ 2x in terms of cos4x.

9 a Use the expansions of cos(2x +x) to show that cos3x = 4cos’ x — 3cos x.

b Expresssin3x in terms of sin x.

10 Solve tan26 +2tan@ = 3cotf for 0° <6 <180°.

11 a Prove that tan@ +cotG = — )
sin26

b Hence find the exact value of tan% + cot % .

12 a Prove that 2cosec26 tan6 = sec? 6.

b Hence solve the equation cosec26 tanf =2 for —m <6 <.

13 a Prove that cos4x +4cos2x = 8cos* x — 3.

b Hence solve the equation 2cos4x +8cos2x =3 for -n<x<m.

14 a Show that 6 = 18° is a root of the equation sin 36 = cos 26.

b Express sin30 and cos 26 in terins oi sin 6.
¢ Hence show that sin18° is a 100t of the equation 4x® —2x? —=3x+1=0.

d Hence find the exact value of sin18°.
15 Find the range of values of 6 between 0 and 2x for which cos26 > cosé.

16 Solve the inequality cos20 —3sinf -2 =0 for 0° <0 < 360°.

0 60 6

17 A Solving trigonometric
inequalities is not
b in the Cambridge
syllabus. You should,
" 3x however, have the skills

B C
¢ necessary to tackle

Prove that a = 4bcos2xcos x. these more challenging

questions.
18 a Use the expansions of cos(2x + .xj and cos(2x — x), to prove that:

e

cos3x + cosx =2cos2xcosx

b Solve cos3x+cos2x+cosx >0 for 0° < x < 360°.

@ 19 Solve the inequality cos46 +3c0s260 +1<0 for 0°< 6 < 360°.
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3.4 Further trigonometric identities

This section builds on our previous work by using the compound angle formulae and
the double angle formulae to prove trigonometric identities.

WORKED EXA A .9
_ 3tanx —tan® x

Prove the identity tan3x =

1-3tan’ x
Aniswer
i LHS = tan(2x + x) Use the compound angle formula for tan.
_ tan2x+tanx
~ I-tan2xtanx Use the double angle formula.
2tan x

—— S —+tanx . . .

1 —tan- x Multiply nninierator and denominator by
- NS, (1-tan® ).

l—tanx| ——
1 -tan” x

_ 2tanx + tan x(I - tan® x)

1—tan2 x — 2 tan? x Expand the brackets and simplify.

3tanx — tan’ x

n ~ 1-3tan’x

= RHS

WORKED EXAMPLE 3.10

2sin(x — y)
cos(x - y)—cos(x+y)

Prove the identity = cot y — cot x.

Answer

LHS = Use compound angle formulae.

2sinxcos y —2cosxsin y Simplify denominator.

—~

COS X COS y + sinxsin ) — (cosx cos y —sin xsin y)

__2sinxcosy—2cosxsiny Separate fractions
2sin xsin y

_ 2sin x cos y 2 cos x sin y Slmphfy fractions.
2sinxsiny  2sinxsiny

_COSy COSX

siny sinx
=coty—cotx
= RHS
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EXPLORE 3.2

Odd one out

sin 2x + sin x
cosec 2x —cot 2x

cos2x+cos x+ 1
1

- ——

ot x — 2 cot2x

Find the trigonometric expiession that does not match the other six expressions.
Create as many expressions of your own to match the ‘odd one out’.
(Your expression: must contain at least two different trigonometric ratios.)

Compare your answers with your classmates.

¢ :

Prove each of these identities.

a tanA+cotAd=2cosec2A b 1-tan® A4 = cos2Asec?4
¢ tan2A4—tan A =tan Asec2A d (cosA+3sinA4)> =5-4cos2A4+3sin24
e cot2A+tanAd= ,l cosecAsecA f cosec2A+cot24=cotA
L
g sec’Adcosec’A = 4cosec’2A4 h sin(4+ B)sin(4— B) =sin’ 4 —sin’ B
o 2 Prove each of thesc identities.
a smA_:_ :PEEZCos(A—B) b cosA+s%nAES?L:A_’_mnz/I
cosBR sinB sin2B cosA—sin A
- tan? in2A—
c ]__uinzA = cos2A d cos2A+s1nzA 1 - tan A
1+tan” A4 cos2A4—sin2A4+1
. . .
A sm34+smAECOSA 25_3“ _Sln}AECOSA+Si1‘1A
2sin2A4 1-2sin24
cos2A+9cosA+5 cos’A—sin®4  2+sin24
g =2cosA+1 h : =
4+cosA cosA—sin A4 2
3 Use the fact that 44 =2 x 24 to show that:
sind A

=8cos® A—4cos 4 b cosdAd+4cos2A=8cos*A-3

sin 4

4 Prove the identity 8sin” xcos®>x = 1 — cos4x.

5 Prove the identity (2sin A4+ cos A)’ = % (4sin2A4 —3cos2A4+5).

6 Use the expansions of cos(3x — x) and cos(3x + x) to prove the identity:

00O ©

cos2x —cosdx = 2sin3xsin x
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3.5 Expressing asin@ + bcos @ in the form Rsin(0 + «) or Rcos(0 + )

In this section you will leara how to solve equations of the form asinf +bcosd = c.

m.

Use graphing software to confirm that the graph of y =3sind+4cosf for —90° <0 < 360° is:

X‘ \_3s1n9+4c050 /
>0
_9}/ 9 W 360

1 What are the amplitude and period of this graph?

2 Discuss with your classmates how this graph can be obtained by transforming the graph of:

a y=siné b y=cosf

3 Use your knowledge of transformations of functions to write the function y = 3sin6 +4cos6 in the

form:
a y=RsinO+o) b Rsm(d+p)
n (You will need to use your graph to find the approximate values of o and f3.)

The formula for replacing asin@+bcos6@ by R sin(0 + ) is derived as follows.
Let asin@+bcosO = Rsin(0 + ) where R >0 and 0°<a <90°.

R sin(6 + o) = R(sin6 cos o + cosOsin )

soasin@+bcosO = RsinB@cosax+ RcosOsina

Equating coefficients of sin 4. Rcosa=a ----------- (1)
Equating coefficients of cos6: Rsingt=b ----------- 2)
@)+ (1): ama_b o, ane=2

cosa  a a

Squaring equations (1) and (2) and then adding gives:

a’ +b> = R*cos® a + R*sin’ a0
= R*(cos® o + sin” o) Use cos? or +sin? o = 1
= R?

Hence, R = Ja? + b2

- asin@+bcosO can be written as Ksin(f + o) where R = Ja? + 5% and tanc =2
a
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EXPLORE 3.4

Using a similar approach, show that:

1 asinb —bcosd = Rsin(6 —a) where R = Ja® + h? and tano =

2 uacos@+bsinO = Rcos(6 — ) where R = Jat + b7 and tana =

Q> > R[>

3 acos@—bhsin® = Rcos( + o) where R = VJa? +b?> and tana =
L A

Summarising the results from Explore 3.4:

asinftbcosh = Rsin(6 o) and acos@xbsinf = Rcos(0 F o)

where R =+a? +b%, tavu = b and 0° < o < 90°.
a

WORKED BXAQIPLE 3.11

a Express 2sin6 —3cos6 in the form Rsin(6 - o), where R>0 and 0° <a <90°.
Give the value of o correct to 2 decimal places.

| b Hence solve the equation 2sin@ —3cos® = /2 for 0° <6 < 360°.

Answer

a 2sin@ —3cos 6 = Rsin(6 - )

2. 28in@ —3cos6 = Rsinfcosa — RcosOsina
Equating coefficients of sinf: Rcosax =2 --------- )
Equating coefficients of cos@: Rsin =3 -------- 2)
2) = (). tana = % = o =56.31°
Squaring equations (1) and (2) and then adding gives:
3¥+22=R> => R=13
. 2sin@ —3cosO = /13 sin(@ — 56.31°)
b 2sin® —3cosO =2
JI3 sin(6 - 56.31°) =2
sin(@ — 56.31°) = %
0 —56.31° = 23.09°, 180° — 23.09°

=23.09° 156.91°
0 ="79.4°,213.2°
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We can find the maximum and minimum values of the expression asinf +bcos6 by
writing the expression in the torm Rsin(6 + o).

From the Pure Mathematics Coursebook 1, Chapter 5, Section 5.4, we know that
—-1=<sin(@+a)=<1, heuce —R< Rsin(0+ o) <R.

This can be summarised as:

0) Kev dy

The maximum value of asin@+bcos6 is Va*> +»° 2nd occurs when sin(6 + ) = 1.

i The minimum value of asin®+bcos® is —/a’ +b* and occurs when sin(@ + o) = —1.

WORKED EXAMPLE 3.12

Express 2cosf —sin@ in the form Rcos(6 + o), where R >0 and 0° < a < 90°.

Hence, find the maxinium and minimum values of the expression 2cos6 —sin€ and the values of 0 in the interval
0° <6 <360° for which these occur.

Answer
2cos6 —sinf = Rcos(60 + o)

».2cosd —sinf = RcosBcosa — RsinBsino
Equating coefficients of cos@: Rcosax =2 --------------- )]
Cquating coefficients of sinf: Rsinax =1 ---------------- 2
@ = (1) tano = % = =2657
Squaring equations (1) and (2) and then adding gives:

2?+1’=R* = R=45
20080 —sin® = /5 cos (60 + 26.57°)
Maximum value is \/Zi'_ L_(>—1)3 and occurs when cos(6 +26.57°) =1

0 +26.57° = 260°
0 =3334°
Minimum value is —2% + (-=1)> and occurs when cos(6 + 26.57°) = -1
G-+26.57° =180°
0 =153.4°

- Max value = /5 when 0 = 333.4°, min value = —/5 when 6 = 153.4°

/ /
{) DID YOU KNOW? N

The French mathematician Joseph Fourier (1768—1830) found a way to represent any wave-like
function as the sum (possibly infinite) of simple sine waves. The sum of sine functions is called

a Fourier series. These series can be applied to vibration problems. Fourier is also credited with

discovering the greenhouse eftect.

f ‘ \
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1 a Express 15sinf—8cos6 in the form Rsin(6 — ), where R>0 and 0° < a <90°.
Give the value of o correct to 2 decimal places.

b Hence solve the equation 15sin6 —8cosf =10 for 0° <O < 360°.

]
Q

Express 2cosf —3sinf in the form Rcos(6 + o), where R >0 and 0° < o <90°.
Give the exact value of R and the valuc of a correct to 2 decimal places.

b Hence solve the equation 2cos6 —3sinf =1.3 for 0° <0 < 360°.

3 a Express 15sin6—8cosO in the form Rsin(6 — o), where R >0 and 0° << o < 90°.
Give the value of o correct to 2 decimal places.
b Hence solve the cquation 15sin6 —8cos0 =3 for 0° <6 < 360°.

¢ Find the greatest value of 30sin@ —16cos6 as 6 varies.

4 a Express 4sinf—6cosf inthe form Rsin(6 — o), where R >0 and 0° <o <90°.
Give the exact value of R and the value of a correct to 2 decimal places.
b Hence solve the equation 4sinf —6cosf =3 for 0° <O <180°.

¢ Find the greatest and least values of (4sin@ —6cosf)”> —3 as 6 varies.

5 a Express 3sinf+4cos6 in the form Rsin(6+ ), where R >0 and 0° <o <90°.
Give the value of o correct to 2 decimal places.
b Hence solve the equation 3sin@+4cosf =2 for 0° <O < 360°.

¢ Find the least value of 3sin0+4cos@+ 3 as 0 varies.

6 a Express cos@+/3sin@ inthe form Rcos(@ — o), where R>0 and 0 <a < g .
Give the exact values of R and «.

b Hence prove that ! — 1 secz(H -z )
(cos6++/3sin6) 4 3

7 a Express 8sin20+4cos260 in the form Rsin(260 + o), where R >0 and 0° < a < 90°.
Give the exact value of R and the value of ¢ correct to 2 decimal places.

b Hence solve the equation 8sin20 +4cos26 =3 for 0° <O < 360°.

. 10 .
¢ Find the least value of (85in20 - 403207 as 0 varies.

8 a Express cosf—+/2sinf in the form Rcos(6+ o), where R>0 and 0°<a < 90°.
Give the exact value of X and the value of o correct to 2 decimal places

b Hence solve the equaiion cos@ —+/2sinf =—1 for 0° < < 360°.

. . 1 .
¢ Find the least vaiue of 5 as 6 varies.

(ﬁcos@—Zsine)
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11

12

D 13

D 14

o0

Express cosf —sing in the form Rcos(6 + o), where R>0 and 0 <o < g

Give the exact values of R and o.

1 3
5 N6 1s 6 119—; and find the other solution in the

Show that one solution of the equation cosf —sin6 =
interval 0 <6 < 2m.

State the set of values of k for which the equation cos@ —sinf = k has any solutions.

Express sinf —3cos6 in the form Rsin{5 —«), where R > 0 and 0° < a <90°.

Give the exact value of R and the value of & correct to 2 decimal places.

Hence solve the equation sin@ —3cosf =-2 for 0° <6 < 360°.

Find the greatest possible value of 1+ sin260 —3cos26 as 6 varies and determine the smallest positive
value of 0 for which this greatest value occurs.

Express /5 cos6 + 2sin6 in the form Rcos(6 — o), where R >0 and 0° < or < 90°.

Give the value of « correct to 2 decimal places.

Find the smiallest positive angle 8 that satisfies the equation /5 cosf +2sin@ = 3.

. \ 1 1
Find the smallest positive angle 6 that satisfies the equation V5 cos 59 +2 SIIIE@ =-1.

Given that 3sec O + 4 cosecO = 2cosec 260, show ihat 3sinf +4cos6 =1.
Express 3sin@ +4cosf in the form Rsin(6 -+ o), where R>0 and 0° < a <90°.
Give the value of o correct to 2 decimai places.

Hence solve the equation 3sec8 + 4cosecO = 2cosec26 for 0° <O < 360°.

Express sin(6 + 30°)+ cos@ in the form Rsin(6+ ), where R >0 and 0° < a <90°.
Give the exact values of K and «.

Hence solve the equation sin(8 +30°)+cosf =1 for 0° <O < 360°.

Find the maximuin and minimum values of 7sin? 6 + 9cos? 6 + 4sin6 cos 6 + 2.

Hence, or otherwise, solve the equation 7sin’> 6+ 9cos’> @ +4sin@cos® =10 for 0° <6 < 360°.
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»y = cosec 6

P o

Trigonometric identities
® [+tan®x =sec’x

® 1+ cot?x=cosec?x

Compound angic formula
sin(A + B) = sin Acos B + cos Asin B
sinl4 — B) = sin A cos B — cos Asin B
cos(A4+ B) = cos Acos B—sin Asin B
cos(A — B) = cos Acos B+sin Asin B

tan A +tan B
1—tan Atan B
tan 4 —tan B
1+tan Atan B

tan(4+ B) =

tan(A - B) =

Double angle formulae

® sin2A4=2sinAcos A

® cos2A4=cos’ A-sin® 4
=1-2sin’ 4
=2cos? 4-1

2tan A

tan24=-—"—""_
® 1—tan® A

Expressing asin @+ bcos 0 in the form Rsin(€ 1 a) or R cos(0 + &)
® asinfxhbcosf = Rsin(6+a)

® acosf@=xbhsin€ = Rcos(6 F )

where R = \Ja> +b> and tano = 2
a




N

-\
Cambridge International AS & A Leve@ga\ematics: Pure Mathematics 2 & 3

END-OF-CHAPTER REVIEW £ 46 RCISE 3

&)

(o8]

o G s

O

10

11

12

13

A\ -

Sketch the graph of y = 3sec(2x —90°) for 0° < x <180°. [3]
By expressing the equation cosec 6 = 3sinf + cot6 in terims of cos @ only, solve the equation
for 0° < 9 <180°. I5]

Cambridge Iniernational A Level Mathematics 9709 Paper 31 Q3 June 2016
Given that cos 4 = % where 270° < 4 < 2060°, find the exact value of sin2A4. I5]
Solve the equation 2tan® x +secx =1 for 0° < x < 360°. [6]
Solve the equation 2cot? x + 5cosecx =10 for 0° < x < 360°. [6]
a Prove that sin(x + 60°) + cos(x + 30°) = /3 cos x. [3]
b Hence solve the equation sin(x + 60°) + cos(x + 30°) = % for 0° < x < 360°. [3]
a Prove that sin(60° - x)+ cos(30° — x) = /3 cos x. 13]
b Hence solve the equation sin(60° — x) + cos(30° — x) = %sec x for 0° < x < 360°. [3]
i Show that the equation tan(x +45°) = 6tanx can be written in the form 6tan® x — Stanx +1=0. [3]
ii Hence solve the equation tan(x +45°) = 6tanx, for 0°<x <180°. [3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q3 June 2010

Prove that tan(x +45°) —tan(45° — x) = 2ian2x. 4]
Hence solve the equation tan(x +45°) —tan(45°—x) =6 for 0°<<x <180°. 131
Express 3cosf +sinf in the forni Rcos(6 — o), where R >0 and 0° <o < 90°, giving the exact

value of R and the value of ¢/ correct to 2 decimal places. 131
Hence solve the equatioii 2cos2x +sin2x = 2, giving all solutions in the interval 0° < x < 360°. I5]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 November 2013

Prove that cos(60° — x) + cos(300° — x) = cos x. [3]

Hence

i find the exact value of cos15°+ cos255° 12]

ii solve the equation cos(60° — x) + cos(300° — x) = % cosecx for 0° < x < 180°. 13]

Prove the identity 25in 26 _,3 ceos 20+3 =4¢os9+ 6sin6. [3]
sin

Express 4cosf+6sinf in the form Kcos(6 — ), where R >0 and 0 <a < g

Give the exact value of R and the vaiue of o correct to 2 decimal places. 4]

, (2sin26 —3c0s26 +3
Write down the greatest value of L : .
sin@

1

Express 4sin@ —6¢cosé6 1n the form Rsin(6 — o), where R >0 and 0° <o <90°.

Give the exact value ot R and the value of a correct to 2 decimal places. 131
Solve the equation 4sin@ —6cosf =3 for 0° <6 < 360°. [4]
Find the greatest and least possible values of (4sin® —6cos6)? +8 as 6 varies. 2]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q8 June 2011
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@ 14 i By firsi expanding sin(26 + ), show that sin30 = 3sin4 - 4sin’0. [4]

ii Show that, after making the substitution x = 28—%'6, the equation x3 — x + é J3 =0 can be written in

Y
the form sin36 = % ) 1l
iii  Hence solve the equation x> — x + é 3 = 0, giving your answers correct to 3 significant figures. [4]
Cambridee International A Level Mathematics 9709 Paper 31 Q8 November 2014
. . 1
— = Sec X.
15 a Prove the identity Sin(x + 30 1 cos(x + 60°) X 3]
. 2 5
_ =7 —tan“ x clx < °,

b Hence solve the equation Sin(x £ 30°) + cos(x + 60°) for 0° <x <360 [6]
16 a Prove the identity cosec* x —cot* x = cosec? x + cot? x. 131
b Hence solve the equation cosec* x —cot* x =16 —cotx for 0° < x < 180°. (6]

17 The curves C; and €, have equations y =1+4cos2x and y =2cos? x — 4sin2x.

a Show that the x-coordinates of the points where C; and , intersect satisfy the equation
3cos2x +4sin2x = 0. 131

b Express 3cos2x+4sin2x in the form Rsin(2x -+ ), where R >0 and 0° <o <90°.
Give the exact value of R and the value of « correct to 2 decimal places. 131

¢ Hence find all the roots of the equation 3cos2x +4sin2x =0 for 0° < x <180°. [3]
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Find the set of values of x satisfying the inequality 3|x —1| <!2x +1]. [4]

Cambridge International A Level Mathematics 9709 Paper 31 Q1 November 2012

Solve the equation 2 | 3 - l| = 3%, giving your answers correct to 3 significant figures. [4]

Cambridge Interrnational A Level Mathematics 9709 Paper 31 Q2 November 2013

i  Solve the equation | 3x + 4| = | 3x - 1! | 3]

ii  Hence, using logarithms, solve the equation |3 X2V + 4| = | 3 x 27 — 11}, giving the
answer correct to 3 significant figures. 2]

Cambridge International AS & A Level Mathematics 9709 Paper 21 QI June 2015

i  Solve the equation 2 | X = l| = 3 | x|. [3]
ii  Hence solve the equation 2 | 5% — 1| = 3|5 |, giving your answer correct to
3 significant tigures. 2]

Cambridge Internationul A Level Mathematics 9709 Paper 31 QI June 2016

Iny
A

/.(5’4<9)

—

-

o (@)

) o

The variables x and y satisfy the equation y = 4 (bx ), where A and b arc constants. The
graph of In y against x is a straight line passing through the points (0. 2.14) and (5, 4.49),
as shown in the diagram. Find the values of A4 and b, correct to 1 decimal place. I5]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q2 June 2012

i Iiis given that x satisfies the equation 3>¥ = 5(3%) -- 14. Find the value of 3* and, using

logarithms, find the value of x correct to 3 significant figures. [4]
ii  Hence state the values of x satisfying the equation 32| = 5(3|x|) + 14. 1]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q1 November 2016

The variables x and y satisfy the equation x”y = C, where n and C are constants.

When x =1.10, y = 5.20, and wben x = 3.20, y = 1.05.

i Find the values of n and € 51

ii  Explain why the graph of In y against In x is a straight line. 1]
Cambridge International A Level iiathematics 9709 Paper 31 Q3 June 2010

Given that 3e* + 8e™ = 14, find the possible values of e* and hence solve the equation 3e* + 8e™ =14
correct to 3 significant figures. [6]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q3 June 2016
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Cross-topic review exercise 1

@ 9  The angles 6 and ¢ lie between 0° and 180°, and are such that tan(6 — ¢) = 3 and tan6 + tan¢ = 1.
Find the possible values of 8 and ¢. [6]

Cambridge International A Level Mathematics 9709 Paper 31 Q3 November 2015

@ 10 i  Solve the equation |4x = 1| = | x-3 | 3]
ii  Hence solve the equation |4y“ - 1| = : 47 — 3| correct to 3 significant figures. [3]
Cambridge International A Level Mathematics 9709 Paper 31 Q4 June 2013
@ 11 The polynomial 4x* + ax? + 9x + 9, where a is a constant, is denoted by p(x). It is given
that when p(x) is divided by {2x —1) the remainder is 10.
i  Find the value of @ and hence verify that (x — 3) is a factor of p(x). [3]
i When «a has thi value, solve the equation p(x) = 0. [4]
Cambridge International AS & A Level ©athematics 9709 Paper 21 Q5 November 2011
@ 12 The poiynomial 2x* — 4x? + ax + b, where a and b ai= constants, is denoted by p(x).

It is given that when p(x) is divided by (x + 1) the remainder is 4, and that when p(x)
is divided by (x — 3) the remainder is 12.

i  Find the values of « and b. I5]

i When « and b have these values, find the quotient and remainder when p(x) is divided
by (x2 - 2). [3]

Cambridse Iternational AS & A Level Mathematics 9709 Paper 21 Q7 November 2012

@ 13 i Express cosx + 3sinx in the form R cos(x — ), where R >0 and 0° < a <90°,
giving the exact value of R and the value of o correct to 2 decimal places. [3]
ii  Hence solve the equation cos26 + 3sin26 = 2, for 0° < < 90°. I5]

Cambridge International A Level Viathematics 9709 Paper 31 Q6 November 2011

(® 14 Itisgiven that 2In(4x — 5) + In(x + 1) = 31n3.

i Show that 16x* —24x? —15x -2 = 0. I3]
ii By first using the factor theorem, factorise 16x° — 24x? — 15x — 2 completely. [4]
iii. Hence solve the equation 2In(4x — 5) + Iu{x + 1) = 3In3. 1]

Cambridge International A Level Mathematics 9709 Paper 31 Q6 June 2014

(® 15 The polynomial 8x3 + ax? + bx - 1. where a and b are constants, is denoted by p(x).
It is given that (x + 1) is a factor of p(x) and that when p(x) is divided by (2x + 1) the
remainder is 1.

i  Find the values of @ and b. I5]
i When « and 5 have these values, factorise p(x) completely. [3]

Cambridge International A Level Mathematics 9709 Paper 31 Q6 November 2015
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@ 1

The polynomia! 3x* + 2x? + ax + b, where a and b are constants, is denoted by p(x).
It is given that (x — 1) is a factor of p(x), and that when p(x) is divided by (x —2) the
remainder is 10.

i Find the values of @ and b. 151
i When « and b have these values, solve the equation p(x) = 0. [4]

Cambridge International AS and A Level Mathematics 9709 Paper 21 Q7 November 2010
i The polynomial x* + ax? + bx 4 2. where a and b are constants, is denoted by p(x).

It is given that when p(x) is divided by (x — 3) the remainder is 14, and that when p(x)
is divided by (x + 2) the remainder is 24. Find the values of ¢ and b. [5]

i When a and b have these values, find the quotient when p(x) is divided by x? +2x — 8
and hence solve the equation p(x) = 0. [4]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q4 November 2013
i Given that (x +2) and (x + 3) are factors of 5x* + ax? - b, find the values of the
constants a and b. [4]

ii  When a and b have these values, factorise 5x* + ax? + b completely, and hence solve the equation
5+ 4 g x 5% + b = 0, giving any answers correct to 3 significant figures. I5]

Cambridge Internationa!l AS & A Level Mathematics 9709 Paper 21 Q5 November 2014

i Find the quotient and remainder when x* + x3 + 3x% + 12x + 6 is divided by (x> — x + 4). [4]

i Ttis given that, when x* + x> + 3x° + px + ¢ is divided by (x*> — x + 4), the remainder
is zero. Find the values of the constants p and ¢. 12]

iii  When p and ¢ have these values, show that there is exactly one real valuc of x satisfying
the equation x* + x” + 3x? + px + ¢ = 0 and state what that value is. 13]

Cambridge International AS & A Level Mathesiatics 9709 Paper 21 Q6 November 2015

The angle o lies between 0° and 90° and is such that 2tan® o + sec’> o = 5 — 4tana.
i Show that 3tan> @ + 4tanc — 4 = 0 and hence find the cxact value of tanc. [4]

i Itis given that the angle f3 is such that cot(o + ) = 6. Without using a calculator,
find the exact value of cot 3. 5]

Cambridge Internationu! AS & A Level Mathematics 9709 Paper 21 Q7 November 2014

i  Express 5sin260 + 2cos26 in the forin R sin(20 + o¢), where R >0 and 0° < o < 90°,
giving the exact value of R and the value of o correct to 2 decimal places.

Hence 3]
ii  solve the equation 5sin26 + 2cos26 = 4, giving all solutions in the

interval 0° <6 < 360°, 5]
iii determine the least value of (10520 : 200320)° as @ varies. 12]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 June 2013
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Cross-topic review exercise 1

@ 22 The polynomial p(x) is defined by p(x) = ax® + 3x? + bx + 12, where a and b are constants.
It is given that (x + 3) is a factor of p(x). It is also given that the remainder is 18 when p(x)
is divided by (x + 2).

i  Find the values of @ and b. I5]
ii  When «a and b have these values,

a show that the equation p(x) = 0 has exactly one real root, [4]

b solve the equation p(sec y) = 0 for —180° < y < 180°. [3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 November 2016
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In this chapter you will leziv: how to:

m differentiate products ond quotients

r R ther with constaint multiples, sums,
differences and composites

m find and usc the first derivative of a function, which is defined parametrically or implicitly.
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PREREQUISITE KNOWL

Chapter 4: Differentiation

Where it comes from What you should be able to do | Check your skills
Pure Mathematics 1 Differentiate x” together with 1 Differentiate with respect to x.
Courscbook, Chapter 7 constant multiples, sums and ; 3
. a y=5x"-=5+2Jx
differences. X2
X8 —4x + X2
b y=——F775—
| 2x
Pure Mathematics 1 Differentiate composite functions | 2 Differentiate with respect to x.
Coursebook, Chapter 7 using the chain rule. a (3x-5)*
4
b —=—-=
J1=2x
Pure Mathematics 1 Find tangents and normals to 3 Find the equation of the normal to
Coursebook, Chapter 7 curves. the curve y = x* —5x2 + 2x — 1 at the
! point (1, -3).
Pure Matheinatics 1 Find stationary points on curves 4 Find the stationary points on the curve
Coursebook, Chapter 8 and determine their nature. y = x* = 3x? +2 and determine their
nature.

Why do we study differentiation?

In this chapter we will learn how to differentiate the product and the quotient of two
simple functions. We will also learn how to find and use the derivatives of exponential,
logarithmic and trigonometric functions.

All of the functions that we have difterentiated so far have been of the form y = f{x). In
this chapter we will also learn how to differentiate functions that cannot be wriiten in the
form y = f(x). For example, the function y* + 2xy = 4.

Lastly, we will learn how to find and use the derivative of a function where the variables x
and y are given as a tunction of a third variable.

Although these topics might seem like they are just for Pure Mathematics problems,
differentiaticn is used for calculations to do with quantum inechanics and field theories in
Physics

4.1 The product rule

The function y = (x + 1)*(3x — 2)3 can be cousidered as the product of two separate
functions:

y = uv where u = (x +1)* and v = (3x - 2)°

To differentiate the product of two functions we can use the product rule.

Copyright Material - Review Only - Not for Redistribution
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Some people find it easier to remember this rule as:

‘(first function x derivative of second function) + (second function x derivative of first function)’
So for y = (x + 1)*(3x = 2)3,

dy 4 d 3 d 4

—=(x+D* —(Bx-2 -2)} = (x+1

LoDt S Br-2P 4 (By-2) Tt D)

7 S\ NN

frst  differentiate second +  second  differentiate first
= (x+ 1) x93x = 2)2 + 3x — 2)° x 4(x + 1)}
=(x+1)>Bx-2)? [9(x +1) - 4(3x — 2)]
= (x+1)(Bx = 2)2Q2lx + 1)

The product rule freim first principles
Consider the function y = uv where u and v are functions of x.

A small increase Sx in x leads to corresponding small increases oy, du and dv iny, u and v.

y+0p = (u+0du)(v+ov) Expand brackets and replace y with uv.
uy -+ 0y = uv + udv + vdu + dudy Subtract «v from both sides.
Oy = udv + vou + dudv Divide both sides by dx.
Y_ & ¥ ey (N

& & ox &

As dx — 0, then so do &, du and & and

oy dy ou  du ) dv
LS 2 and - - =
ox  dxox dx oy T dx

Equation (1) becomes:

dy dv du dv
— =y 0—

dx ! dx dx * dx
o dy dv du

dy dxJr dx

»
@ RKED EXAMPLE 4.1

Find g—y when y = (2x—-1)J/4x+5.
X

Answer

1
y = (2x - 1)(4x + 5)2

1

dy d & L d
——=2x-1) —[(4x +5)2 4x +5)2 —(2x-1)
I I [(4x I+ ( 2 4r (

first differentiate second + second differentiate first
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Chapter 4: Differentiation

1
=Q2x-1) F (4x + 5)’2(4)} +(VAx+5)(2)

" Chain rule.
= %'_% +2/4x +5 Write as a single fraction.
dx
_2@2x-1)+2(4x +5)
Vax +5
_ I12x+8
i Vax +5

Simplify the numerator.

WORKED EXAMPLE 4.2

Find the x-coordinate of the points on the curve y = (2x — 3)>(x + 5)® where the gradient is 0.

Answer

y=(2x-37(x+5)}

by _ 32 4 3 3 4 a2
dx (2x-3) o [(x+5)°] + (x+5) dx [(2x —3)7]
N

= - ==
first differentiate second + second differentiate [irst

= (2x = 3)2 [3(x + 5)2()] +(x + 5)3 [2(2x — 3)1(2)]
—_ —

| Chain rule Chain rule
= 3(2x = 3)*(x +5)* + 4(2x = 3)(x + 5)° Factorise.
= (2x = 3)(x + 5[3(2x = 3) + 4(x + 5)] Simplify.

= (2x = 3)(x +5)*(10x + 11)

%:o when (2x = 3)(x + 5)2(10x + 11) = 0
X
2x-3=0 x+5=0 10x+11=0
ng X =-5 x =-1.1
2

1 Use the product rule to differentiate each of the following with respect to x:

a x(x-2) b 5x(2x+1)° c xJx+2
d (x-DJx+5 e X2x-1 foJx(x2+2)°
g (x-3)%(x+2)° h (2x - 1)°(3x + 4)* i (2x-3503x2+1)

2 Find the gradient of the curve y = x>\/x + 4 at the point (-3, 9).
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3 Find the equation of the tangent to the curve y = (2 — x)*(x + 1)* at the point where x = 1.

4 Find the gradient of the tangent to the curve y = (x +2)(x — 1) at the point where the curve meets the
y-axis.

5 Find the x-coordinate of the points on the curve y = (3 — x)*(x + 1)> where the gradient is zero.

6 Find the x-coordinate of the point on the curve v = (x + 2)/1 — 2x where the gradient is zero.
@ 7 a Sketchthecurve y = (x —1)>(5-2x)+ 3.

b Thecurve y = (x —1)>(5 - 2x) + 3 has stationary points at 4 and B. The straight line through 4 and B
cuts the axes at P and Q. Find the airea of the triangle POQ.

4.2 The quotient rule

2 _
We can differentiate the function y = ;—_j by writing the function in the form
X

y = (x? = 5)(2x + 1)~ and then by applying the product rule.

2
. ; x° -5 .. .
Alternatively, we can consider y = vl as the division (quotient) of two separate
: X+
functions:

2

yzﬁwhereuzx —5and v=2x+1.
Vv

To differentiate the quotient of two functions we can use the quotient rule.
¢
lA

| The quotient rule is:

du dv

1(3)=Va_“a
dx \ v 2

Some people find it easier to reincinber this rule as
(denominator X derivative of numerator) — (numerator X derivative of denominator)

(denominator )’

The quotient rule from first principles

Consider the function y = — where u and v are functions of .r.
v

A small increase dx in x leads to corresponding small increases 9y, du and &v in y, u
and v.
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y+0oy= u+ Su Subtract y from both sides.
v+ o
U+ du LU
- .4 Repl th —.
oy o Y eplace y with —
= u—J‘-—?Li _Z Combine fractions.
ve-or
Su) — u(v + ov) .
8 - v(u+ s and .
Y B Expand brackets and simplify
gy = o ud Divide both sides by &x.
V= + vdy
Lo &
L T S "
ox V2 + vy \
As dx — 0, then so do &y, du and &v and %—)j—i,%—)ﬁ—z and % —>%<

Equation (1) becomes

du dy
i(z
dx \v

) _ldy Ydx
V2
\ )
WORKE9 AMPLE 4.3

Chapter 4: Differentiation

x2 =5
Find the derivative of y = .
| 2x +1
Answer
_x2-5
y —
2x+1
denominator differentiate numerator — numerator differentiate denominator
d , » d
2x+1) x —(x =5 = (x2-3%5 X 2x+1)
& S S dx
dx 2x + 1)2

|
denominator squared

_ 2y +1D)2x) - (7 = 5)(2)

2x + 1)

A2 +2x - 2x2 + 10

A (2x +1)?

22X+ x+5)

| T T ax A1)
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WORKED EXAMPLE 4.4

3
. .. X+2)
Find the derivative of y = u
x—1
Answer
(x+2)?
Yy = —
VX — 1
denominator  differentiate numerator — numerator differentiate denominator
— —_— —_—— —_——
i d 3 d
=T xS [(x+2)7%] - (x+2) x - [Jx-T1]
dy dx Q. dx
dx (\/,\‘ -1 )_

—_—

denominator squared

1
(Vx=T)[B(x + 2 (D] - (x +2)° B (x-1) 2 (1)}

x—1
‘;(\.+ﬁ)l r.il (~Y+2)3
I\ ~) \NA -
2 Jx -1 . .
~ 1 Multiply numerator and denominator by
' 2Jx — 1.
C6(x + 22 (x - 1) — (x +2)°
) 2(x = D/x -1 Factorise the numerator.
| ~(x + 2)2[6(x — 1) — (x + 2)]
= 3
2(x=1)2
_(x+2)%(5x-8)
2(x - 1)
EXPLORE 4.1
.
. . . / x> =5
In Worked examples 4.3 and 4.4 we differentiated the furictions y = o1 and
(x 3 . . =X
y== fk% using the quotient rule. Now write each of these functions as a product,
x —

such as y = (x> = 5)(2x + 1)7!, and then use the product rule to differentiate them.
! Do you obtain the same answers?

Discuss with your classmates which methiod you prefer for functions such as these:
the quotient rule or the product rule.
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Chapter 4: Differentiation

EXERCISE 4B

1 Use the quotient rule to differentiate each of the following with respect to x:

2x+3 b 3x-5 c x? -3 d 3x+1
x -4 2-Xx 2x -1 2 —5x
1-2x? 5x4 (x +4)
i dl f = 3 Tx 17
(x+4) 71 R (7 +1)

2 Find the gradient of the curve y = )j—_ —i at the point (2, - %) .

(x-1)°

where the tangent is parallel to the x-axis.
2x+5

3 Find the coordinates of the poinis on the curve y =

. . . 1- . .
4 Find the coordinates of the points on the curve y = X at which the gradient is 1.

5 Find the equation of the tangent of the curve y = 2x —— at the point where the curve crosses the y-axis.
X

+1
6 Differentiate with respect to x:
- )
5‘/; b % ¢ =X g S
x—1 X+ xo -1 Jx+2
7 Find the x-coordinate of the point on the curve v = L where the gradient is 0.
2\/x -1
& Find the equation of the normal to the curve y = \)/Cx% at the point (-1, 2).

@ 9 Theline 2x — 2y = 5 intersects the curve 2x>y — x> — 26y — 35 = 0 at three points.
a Find the x-coordinates of the poinis of intersection.

b Find the gradient of the curve at each of the points of intersection.

4.3 Derivatives of exponential functions
The derivative of e*

In Chapter 2, we learnt about the natural exponential function f(x) = ¢*. This function
has a very special property. If we use graphing software to draw the graph of f(x) = e*
together with the graph of its gradient function we find that the two curves are identical.

Hence, we have the rule:

| Le=e
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An explanation of how this rule can be obtained is as follows.

Consider the function f(x) = ¢* and two points whose x-coordinates are x and x + dx
where dx is a small increase in x.

y
f(x +6x)
f(x)
"]
0]
_ X+0x _ L X (adx _
d_y= lim fx + dx) — f(x) — lim & e _ i & (e 1)
dx -0 (x+0x)—x 3x—0 ox dx—0 dx

Sx_l

) e
Now consider

for small values of &x.

0.1

ST

0.0! 0.001 0.0001

1.051709

1.005017 1.000 500 1.000 050

dx

-1
From the table, we can see that as dx — 0, LA NN |

.Y

.dxze‘

The derivative of e

Consider the function

ox

f(x)

y = el

Let y=e* where u=f(x)

dy _
du_e

Using the chain rule:

In particular,

d

s [eax+b] —a eax+b

dx

du
Y
I (x)
dp _dy  du
dx du dx
=e" x f1x)

= f1(x) x ™

L[] = ) x o1
X
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Chapter 4: Differentiation

WORKED EXAMPLE 4.5_

Differentiate with respect to x.
e3x
a e™ b xe™~ ¢ —
X
Answer
a i( 3“"):_g><ejl=2e2‘
dx s X
| differentiate index original function
p 4 (xe™¥) = x x 4 (™) + e x 4 (x) Product rule.
dx dx dx
=x X (=57 )+ e x (1)
— _Sxe—S.\" + e—5.\"
= e (1 - 5x)
d () x? x di (e3"') — ¥ x di (xz)
c —| === X ; X Quotient rule.
dx \ » ) X
_x?r x 3e? - e x 2x
x*
_e¥(3x - 2)
= 3

X

WORKED EXAMPLE 4.6

The equation of a curve is y = e~ — 9¢* + 7x. Find the exact value of the x-coordinate
at each of the stationary points and determine the nature of each stationary point.

Answer
y=e* —9e* +7x Differentiate.
dy . :
—— =2¢" -9e* +7
dx
d?y 2y ;
— = 4de=* — 9¢e*
dx-
IJN. . dy
| Stationary points occur when F 0.
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When x = ln(

22X —9e¥ +7 =9 Factorise.

(2e* = T)e = 1) =0

(2e*=7)=0o0re*-1)=0
7 !
9“:—01 et =1
7
—|orx=20
(2 j or x
dz)
When x = 0, —5 is negative = maximum poini.

l\)l\]/

d?y . . .
), ] = is positive = minimum point.
X~

Differentiate with respect to x.

a e~ b e c 2%
d 3e7¢ e 45 £ o7
g e¥’ h 2x+3eV" i SJe — %x
=
ox —-2x
i 2 -1 k 36% L 5(e* —2x)

a Sketch the graph of the function y = 1— e’

2-x

b Find the equation of the normal to the curve y = 1—¢°* at the point where y = 0.

The mass, m grams, of a radioactive substance remaining ¢ years after a given time, is given by the formula
m = 30079912/ Fing the rate at which the mass is decreasing when ¢ = 2000.

Differentiate with respect to x.

a xe* b x% c Sxe?*
i, 6x e—2x
d 2yxe® e f —
X Jx
et -1 4o e . ox%et —x
g " h xe’* + i
er +2 2 er +2

Find the gradient of the curve y = 5—_:8—,\, at the point where x = 0.
X
Find the exact coordinates of the stationary point on the curve y = xe*.

The curve y = 2¢>* + e~ cuts the y-axis at the point P. Find the equation of the tangent to the curve at the
point P and state the coordinates of the point where this tangent cuts the x-axis.

Find the exact coordinates of the stationary point on the curve y = (x —4)e* and determine its nature.

2x
. . . . e .
Find the exact coordinates of the stationary point on the curve y = —- and determine its nature.
X
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Chapter 4: Differentiation

10 The equation of a curveis y = x%e™*.

a Find the x-coordinates of the stationary points of the curve and determine the nature of these stationary points.

b Show that the equation of the normal to the curve at the point where x =1 is e’x +ey = 1 + ¢

2
11 Find the exact value of the x-coordinates of the points on the curve y = x?e¢™>* at which &y

o 0.

e2)(—1

12 Find the coordinates of the stationary point or the curve y =

? Q 13 By writing 2 as e™?, prove that % (2¥) = 2¥In2.
@

. 14 The equation of a curveis y = x(27).

| . . .
) Find the exact value of the gradient of the tangent to the curve at the point where x = 1.

4.4 Derivatives of natura! logarithmic functions

EXPLORE 4.2

—3

4 p
Here is a sketch of the giaph of y = Inx. Can you sketch a graph of its derivative

(gradient function)? Discuss your sketch with your classmates.

Now sketch the graphs using graphing software. Can you suggest a formula for the
derivative of In x? (It might be helpful to look at the coordinates of some of the points
on the graph of the derivative.)

The derivative of Inx

In Chapter 2, you learnt that if y = Inx, then ¢’ = x.

In Section 4.3, you learnt that if y = e*, then j_y =e".
X

Using these two results we can find the ruie for differentiating In x.

y=Inx
e’ =x Differentiate both sides with respect to y.
e’ = g_x Rearrange and replace e’ by x.
3
dy _1
dx «x
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d 1
L - =
dx(nx) X

The derivative of In f(x)

Consider the function y = Inf(x).

Tet y=Inu where u=f(x)

dy 1 du
= = =
du u dx %)
oy d
Using the chain rule: dr  dudr
_1 x £1x)
u
_ )
)
d . f1x)
By -
gy =50

In particular,
a

d
= b)] =
dx [inax +5)] ax + b

WORKED EXAMPLE 4.7

Differentiate with respect to x.

a In2x b In(4x - 3) ¢ InJ5-x
Answer
d 2
& 2y} = =
. dx (n2x) 2x
_1
X
b i [In(4x — 3)] = - ’4 - Inside’ differentiated.
[ x T ‘Inside’
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¢ Method 1:

*(5—Y) 2( 1)

—
1
C2(5-x)

[ln«g—_\_]

Method 2: using the rules of logarithms before differentiating.

—[1n J5- x]— {ln(S— xX)? |
j

Zi[lh’l.) X):|

Chapter 4: Differentiation

Inside’ differentiated.

‘Inside’

Use lna” =mlna

d
= % Zld [In(5 — x)]
] -1
D Y- ‘Inside’ differentiated.
2 S5-x
— 1 . )
T T 25-x) Inside
WORKED EXAMPLE 4.8
a —
| Differentiate with respect to x.
a 2x*In5x b In 23x
X
Answer
d 4 4 d B d 4
a — (2x" In5x) =2x" x —— (In5x) + In5x x — (2x%) Product rule.
dx dx dx

=2x% x o +In5x x 8x3
5x

=2x3 + 8x3 In5x

d d
d r 1n2x) X3 % dx (1n2x)—ln2x X ix (xi)
(x?)?

dx A8
2 2
x> X 2——1n2x X 3x~

_ X
| X0

B x% = 3x%In2x

— N

_1-3In2x

— =

Quotient rule.
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&

10

11

Differentiate with respect to x.

a In3x b In7x ¢ In2x+1)

d 5+mnx?+1) e In(2x 1) f InJx-3

2 In(x+3)° h 3an(3) i 5x+ln( 2 )
X 1-2x

i In(n x) k In(2-x) L In(5x + Inx)

The answers to question 1 parts a and b are the same. Why is this the case? How many different ways can you
justify this?

Differentiate with respect to x.

a xlnx b 2x*Inx ¢ xIn2x+1)
d 3xIn2x e xlIn(nx) f InSx
x
g 2 L InGx-2) . Inx+1)
In x X 4x -1

a Sket(ch the graph of the function y = In(2x — 3).

b Find the gradient of the curve y = In(2x — 2) at the point where x = 5.
Find the gradient of the curve y = e** — SIn(2x + 1) at the point where x = 0.

A curve has equation y = x? In5x

2
Find the value of & and d 2 ai the point where x = 2.
dx dx~*

The equation of a curve is y = x? In x. Find the exact coordinates of the stationary point on this curve and
determine whether it is 2 maximum or a minimum point.

. . Inx _. . . . .
The equation of @ curveis y = ——. Find the exact coordinates of the stationary point on this curve and
X

determine whether it is a maximum or a minimum point.

Find thc equation of the tangent to the curve y = In(5x — 4) at the point where x = 1.

Use the laws of logarithms to help differentiate these expressions with respect to x.

& InSx—1 b nl ) ¢ In[x(x+1)°]
\3x+2
d ln(2x+3) e ln(l_fx) f ln[ix(x—2):|
x-1 X x+4
3—x 8 . (x+2)2x-1

In| ———— h In| ——— In| X2t =1
& n|:(x+4)(x—l):| n|:(x+l)2(x—2):| ' n[ x(x+5)
Find g—y, in terms of x, for each of the following.

X

a e’ =2x2-1 b e’ =3x3+2x c e =(x+D(x-5)

Take the natural logarithm of both sides of the equation before differentiating.
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@ 12 A curve has equation x = % [ey(zx‘” + 4].

Find the value of d_y when x = 1.
dx

Chapter 4: Differentiation

4.5 Derivatives of trigonometric functions

”l‘.'
a

Graphing software has been used to draw the graphs of y = sinx and y = cosx for

0 =< x =< 27 together with their gradient (derived) functions.

YA YA
dient V= CosXx
1-.~\ L gradien 1 TN
4 / function / Y .
\ Vd yd "' \ gradient
A ’ / 4 \, function
\ / > £ Z N o
(0] X . N > o 7 —>
T—t\\ \ /’3_75 T X \\ TN ,I 1Y /'ﬂ 2n X
2N S 2 ) N 2 % / 2
o ) y=sinx N ! /
—14 Sar’ —14 \\s_—’, /,

Discuss with your classmates why, for the function y = sin x, you would expect

the graph of the gradient function to have this shape. Oo the same for the graph of
y = Cosx.

Can you suggest how to complete the following formulae?

d .
O (sinx) = ™ (cosx) =

The derivative of sin x

Consider the function f(x) = sinx, where x is measured in radians, and two points whose
x-coordinates are x and x + ox where dx is a small increase in x.

f(x) = sinx

=Y

X+ 0x

o

f(x + ox) — f(x)
dx B dx—0

(x+0x)—x
~ im sin(x + 0x) — sinx
dx—0 ox

Expand sin(x + dx)

i sin x cosdx + cos x sindx — sin x
= lim -

Asdx — 0, cos dx — 1
and sin dx — Ox.

dx—0 Sx

= COS X
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@ KEY POINT 4.7 Q) R

a4 (sinx) = cosx

dx

Similarly, we can show that

d N .
— (cos x) = —sin x

dx

‘¢ can find the derivative of tan x using these two results together with the quotient rule.

d d [ sinx .
—(t =— h le.
i (tan x) i ( po— ) Use the quotient rule
cos X X 4 (sinx) - sinx X a4 (cosx)
_ dx N dx
(cosx)?

_ COSX X €OsX —simx X (—sinx)
- S coc2

cos? x
2 . 2

cos’ x + sin? x s .

= Use cos” x +sin®x =1.
cos® x
1 )

=— Use = sec x.

cos? x COs X

d
— (tanx) = sec® x

WORKED EXAMPLE 4.9

Differentiate with respect to x.

a 2sinx b xcosx ¢ =25 d (3+2sinx)’
X
Answer
E 81\7 (2sinx) =2 % (sin x)
=2cosx
b 4 (xcosx) = x X 4 (cosx) + cosx X 4 (x) Product rule.
dx dx

= —XxSsInXx + cos Y
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dx
X ) X

(tanx) — tan x X d (x*)
dx Guotient rule.

4

x% xsec? x —tanx x 2x

x4

2

xsec” x —2tanx

x3

d di [(3+2sinx)’] = 5(3 + 2sinx)* x 2cosx Chain rule.
x

= 10cosx(3 + 2sinx)*

Chapter 4: Differentiation

Derivatives of sin(ax + b), ces(ax + b) and tan(ax + b)

Consider the function y = siu{ax + b) where x is measured in radians.

Let y=sinu wheie u=ax+5b
dy du
3 - oosY o
Using the chain rule: & X du
dx du dx
=cosu X a

= a cos(ax + b)

‘ . TIP
@ KEY POINT 4.9 A\ _

4 [sin(ax + b)] = a cos(ax + b)
dx

Similarly, it can be shown that:
@ [cos(ax + b)] = --asin{ax + b)
dx

di [tan(ax + b)] = asec?(ax + b)
5

It is important to
remember that, in
calculus, all angles are
measured in radians
unless a question tells
you otherwise.

WORKED EXAMPLE 4.10

Differentiate with respect to x. P
| cos| 2x — 1
a 2sin3x b 4xtanlx o 5
X
Answer

a % (2sin3x) =2 % (sin 2x)
2 % ¢cos3x x (3)

= 6c0s3x
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b 4 (4xtan2x) = 4x x d (tan2x) + tan2x X d (4x) Product rule.
dx dx dx

= 4x x sec? 2x (2) + tan2x x (4)
= 8xsec?2x + 4tan2x

.
cos ( 2x — = )
d 4 Quotient rule.

dx x2 v?2)?
{ —2x2sin ( 2x — - 2X oS ( 2x — T )
= /) !
~2xsin | 2x - )7 2cos(2x T )
A 4
.\'3
d d a7 3 . .
T [( 3—2cos5x) J =4 (3 —2cos SV\‘) x 10 sin 5x Chain rule.

= 40sin5x(3 — 2 cos5x)°

n 1 Differentiate with respect to x.

a 2+sinx b 2sinx+ 3cosx ¢ 2cosx—tanx
d 3sin2x e 4tan5x f 2cos3x—sin2x
. T . b4

g tan(3x+2) h sm(2x+§) i 2cos(3x—€)
2 Differentiate with respect to x.

a sin’x b 5cos?3x ¢ sin?x—2cosx

\ . T i
d (3—cos.\ )" e 251n3(2x+—,\¢ f 3cos4x+2tan2(2x—z)
O )

3 Differentiate with respect to x.

a xsinx b 5xcos3x ¢ x’tanx d xcos’2x

t sin
\ 5 f X g anx h X
cos3x CcOoS X X 24+ cosx
) sin x . 1 3x sin x + Cos x
: J 3, k . | —
3x -1 sin” 2x sin2x Sin X — COS X

4 Differentiate with respect to x.

a esin X b ecos 2x c etan 3x d e(sin X—Cos X)

e e‘cosx f e*sin2x g e“(2cosx —sinx) h  xlecos~

. . . cos2x xsin2x

i In(cosx) j  xIn(sinx) k IR l o

C

5 Find the gradient of the curve y = 3sin2x — Stanx at the point where x = 0.
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Chapter 4: Differentiation

6 Find the exact vaiue of the gradient of the curve y = 2sin3x — 4cosx at the point (g , —2) .

7 Given that v =sin? x for 0 < x <, find the exact values of the x-coordinates of the points on the curve

where the gradient is g .

o 8 Prove that the gradient of the curve y = - is always positive.

2 —tan.x

9 a By writing secx as

d
, find — (sec x).
cos x dx
d
—, find —— (cosec x).
sin x dx

b By writing cosec x as

COS X

¢ By writing cotx as , 1ind di (cot x).
X x

o 10 Prove that the normal to the curve y = xsinx at the point P (g , 71} intersects the x-axis at the point (w, 0).
L 7/

11 The equation of a curveis y = 5sin3x — 2cosx . Find the equation ot the tangent to the curve at the point

(g ,—1 ) Give the answer in the form y = mx + ¢, where the values of m and c are correct to 3 significant figures.

12 A curve has equation y = 3cos2x +4sin2x +1 for U < x =< r. Find the x-coordinates of the stationary
points of the curve, giving your answer correct to 3 significant figures.

13 A curve has equation y =¢“cosx for 0 <x = IE Find the exact value of the x-coordinate of the stationary

point of the curve and determine the nature of this stationary point.

. sin2x T L. . .
14 A curve has equation y = —— for 0 <x =< > Find the exact value for the x-coordinate of the stationary
o2

point of this curve.

3x

15 A curve has equation p = -- 3 for 0 <x< g Find the exact value for the x-coordinate of the stationary
sin 3x

point of this curve and determine the nature of this point.

@ 16 A curve haseguation y =sin2x — x for 0 < x < 2m. Find the x-coordinates of the stationary points of the
curve, and determine the nature of these stationary points.

@ 17 A curve has equation y = tanxcos2x for 0 < x < g Iind the x-coordinate of the stationary point on the

curve giving your answer correct to 3 significant figures.

4.6 implicit differentiation

All the functions that we have differentiated so far have been of the form y = f(x). These
are called explicit functions as y is given explicitly in terms of x. However, many functions
cannot be expressed in this form, for example x> + 5xy + > = 16.

When a function is given as an equation connecting x and y, where y is not the subjcct, it

is called an implicit function.
120 )
The chain rule (d_y = V) X d_u) and the product rule (i (uv) = u dv +v 2 are used
dx du dx dx dx dx )

extensively to differentiate implicit functions.

This is illustrated in the following Worked examples.
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WORKED EXAMPLE 4.11

Differentiate each of these expressions with respect to x.

2 ) b 4x2)5 c
Answer
2 Z;; () = % (%) (Cii%
| -
b %(4 2)5) = 4x %()‘5)#‘*5 :K )

d - .
— (%) +8xy°
i O X)

]\ ~
= 20x%y* == + 8x)°
ax

c a4 (x* +5xy) = 4 (x%) + & (5xy)
dx dx

dx

= 3x? + 5x % (y)+y dd—\ (5x)

=3x2 + 5x d—] +5y
dx ’

X+ 5xy

Chain rule.

Product rule.

4 dy

. d s
Ch le:— (p°) =5 .
ain rule d"y) y o

A

Use the product rule for di (5xp).
X

N WORKED EXAMPLE 4.12

Copyright Material - Review Only

Differentiate with respect to x.

Rearrange terms.

Factorise.

Rearrange.

Find j—y for the curve x* + 3 = 4xp. Hence find the gradient of the curve at the point (2, 2).
X
Answer
X+ = 4wy
d  ; d d
S+ = () = = (4x
@ (x7) K () d,\'( Xy)
d 5. dy d d
32 + — (1 — = 4x — +y— (4
! dy( ) dx ! dx W)+ d.\‘( )
32432 W g Uy
T odx dx ’
,dy , dy .
392 X 4 S gy 342
! dx dx ’ '
| ) dy )
3)2 —dx) L = 4y — 32
(3) X) dx X
dy _4y- 3x2
dx 3y —4a
When x =2 and y = 2,

- Not for Redistribution




Chapter 4: Differentiation

dy _4@) =302

dx 32?2 -42)

Gradient of the curve at the point (2, 2) is —1.

\“
WORKED EXAMPLE 4.13

The equation of a curve is 3x? + 2xy + y*> = 6. Find the coordinates of the two stationary points on the curve.

Answer

3x2+2xp+ 7 =6 Differentiate with respect to x.

% (3x2)+ dd_\ (2xy) + deT (\}72 ) = % (6) Use product rule for c;i_x (2xy).
d d vod o
6x +2x o (N +y o (2x)-+ i (»*)=0 Use cliein rule for % ().
6x+2x P r2y2y W oo
X+2x - ix +2y+2y dx Diivide by 2 and rearrange.
d dy
X d_); +y d_}v =-y—-3x Factorise.
dy
(x+y) i 3x Rearrange.
by
dx X+y
) ) ) ‘ dy .
Stationary points occur when il
X
_.y —_ 3“' = 0
y=-3x

Substituting y = —3x into the equation of the curve gives:
3x% +2x(=3x) + (-3x)> =6
6x*> =6
x ==l

The stationary points are (-1, 3) and (1, -3).

EXERGISE 4F

1 Differentiate each expression with respect to x.

a ) b x°+2)? ¢ 5x2+Iny
d 2+siny e 6x2)° f 2 +xy

g x3-Txy+y h xsiny+ ycosx i x’lny

j xcos2y k S5y+e‘siny l 2xe%s”
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ed

10

11

12

Find j—y for each of these functions.

X
a xX*+2xy+)° =10 b x?y+y?=5x c 2x2+5xp+1* =38
d xIny=2x+35 e 2e¥y+e>¥y’ =10 f In(xy)=4-)?
g =2y h Inx-2Iny+5xy=3

Find the gradient of the curve x? + 3xy — 5y + »* = 22 at the point (1, 3).
Find the gradient of the curve 2x* — 4xy + 33 = 16 at the point where the curve crosses the x-axis.

A curve has equation 2x> + 3y*> — 2 + 4y = 4. Find the equation of the tangent to the curve at the
point (1, =2).

The equation of a curve is 4x”y + 8 Inx + 2 In y = 4. Find the equation of the normal to the curve at the
point (1, 1).
The equation of a carve is Sx? + 2xy + 2y? = 45,

a Given that there are two points on the curve where the tangent is parallel to the x-axis, show by
differentiation that, at these points, y = —=5x.

b Hence find the coordinates of the two points.

The equation of a curve is y? — 4xy — x> = 20.
a Find the coordinates of the two points on the curve where x = 4.
b Show that at one of these points the tangent to the curve is parallel to the x-axis.

¢ Find the equation of the tangent to the curve at the other point.

The equation of a curve is y* - i2xy +16 = 0.
a Show that the curve has no stationary points.

b Find the coordinates of the point on the curve where the tangent is parallel to the y-axis.
Find the gradient of the curve 5e*y” + 2e*y = 88 at the point (0, 4).

The equation of a curve is x* — 4x + 6y + 2y = 12. Find the coordinates of the two points on the curve at

which the gradient is % .

The equation of a curve is 2x + yInx = 4y . Find the equation of the tangent to the curve at the point with
. 1

coordinates (1, E)

The equation of a curve is y = x*. Find the exact value of the x-coordinate of the stationary point on this

curve.
2

Find the stationary points on the curve x> — xy + y> = 48. By finding ?1 Jf deteimine the nature of each of
these stationary points. *
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Chapter 4: Differentiation

4.7 Parametric differentiation

Sometimes variables x and y are given as a function of a third variable :.
For example, x =1+ 4sint and y = 2cos 7.

The variable ¢ is called a parameter and the two equations are calied the parametric
equations of the curve.

We can find the curve given by the parametric equations x = 1+ 4sinz, y = 2cost for
0 <7 =< 2m by finding the values of x and y for particular values of ¢.

0 1 T 1 b4 3 b4 | T 2 b 3 b 7 T 21
4 2 47 4 2 4
+
1 3.83 5 3.82 1 -1.83 -3 -1.83 1
2 1.41 0 | -1.41 -2 -1.41 0 1.41 __2

Plotting the coordinates on a grid gives the following graph.

<
N
>

EXPLORE 4.4

1 Use tables of values for 7, x and y to sketch each of the following curves.
Use graphing software to check your answers.

a x=0, y=~
b x=¢, y=0-t
1 1

C x=t+j,y=t—;

2 Use graphing software to draw the curves given by these parametric equations.
a x=sint, y=sin2t¢
O Xx=sin2t, y=sin3s

| ¢ x=sindt, y =sin3¢

3 The curves in question 2 are called Lissajous curves. Use the internet to find out
more about these curves. (A Lissajous curve is shown at the start of this chapter.)

When a curve is given in parametric form, in terms of the parameter ¢, we can use the

chain rule to find g—y in terms of 7.
X
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WORKED EXAMPLE 4.14

The parametric equations of a curve are x = 1>, y = 5 - 2¢.
.. d
a Find d—y 1 terms of the parameter ¢.
X

b Find the equation of the tangent to the curve at the point where ¢ = 2.

Answer
) d.‘C
=1 = — =2t
@ . dr
\ d)w
=5-2¢ —-— =2
) = a7
dy _dy « dr Chain rule.
dx dr dx
=-2x L
2t

b When ¢ = 2, gradient = — % x=4and y=1.
Using y — y; = m(x — xy)

(x—-4)
104

x+3

WORKED EXAMPLE 4.15
Ri

. . . n
The parametric equations of a curve are x = 1 +2sin’0, y = 4tanf for 5 <6< >

a Find j—y in terms of the parameter 6.
b

b Find the coordinates of the point on the curve where the tangent is parallel to the y-axis.

Answer

. dx .
a  x=1+2sin26 = —= =4sinb cosO

de
y = 4tan6 = ﬂ—4sec29— AW )
' - : de cos? 6
dy _dy > dé Chain rule.
dx doé dx

4 » 1 B
cos’0 = 4sinf cos6
1
sin@ cos’ @
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Chapter 4: Differentiation

b Tangent is parallel (o the y-axis when:
sinf cos”’ 0 = 0
sin@ =0 or cosf =0
sin? =0 = 0=n = (1,0)

. . T 3n
There are no solutions to cos@ = 0 in the range — <6 < > -

P

.. The point where the tangent is paralle! to the y-axisis (1, 0).

1 For each of the following parametric equations, find g—y in terms of the given
X

parameter.

a x=20% y=2--5 b x=2+sin20, y =46 +2cos26
¢ x=28-sin20, y=2-cos26 d x=3tand, y =2sin20

e x=1+tanf, y =cosO f x=co0s20—cosh, y=sin’ 6

g x=1+2sin’0, y =4tan@ h x=2+e’,y=¢ -¢'

i x=e¥ y=re+1 i x=2In(t+3),y=4e

k x=ln(1—t),y=§ | x=1+,y=2Int

2 The parametric equations of a curve are x = 3¢, y = > + 41> — 3¢. Find the two
values of ¢ for which the curve has gradient 0.

3 The parametric equations of a curve are x = 2sin6, y = 1— 3 cos 26. Find the

exact gradient of the curve at the point where 6 = g

H

The parametric equations of a curveare x =2+ 1In(t 1), y =i + % for t>1.
Find the coordinates of the only point on the curve at which the gradient is equal
to 0.

5 The parametric equations of a curve are x = e?’, y = 1+ 2te’. Find the equation
of the normal to the curve at the point where ¢ = 0.

5 The parametric equations of a curve are x = e*, y = t>e™" — 1.
dy t2-1)
a Show that — =
dx 2e

b Show that the tangent to the curve at the point (1, —1) is parallel to the x-axis
and find the exact coordinates of the other point on the curve at which the
tangent is parallel to the x-axis.
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&

10

11

A curve is defined by the parametric equations x = tan6, y = 2sin20, for

0<o<ZX
2

a Show that g_y = 4cos’>6(2cos? 6 —1).
x

b Hence, find the coordinates of the stationary point.

. . 9
The parametric equations of acurve are x = ¢+ 4!lnt, y =1+ 7 fort > 0.

dy -9
a Show that — = .
dx 2+t
b The curve has one stationary point. Find the y-coordinate of this point and

determine whether it is a maxiruni or a minimum point.

The parametric equations of a curve are x = 1 +2sin’6, y = 1+2tan6. Find

. . T
the equation of the normal to the curve at the point where 6 = —.

The parametric equations of a curve are x = 2siné + cos 26, y = i+ cos26, for
T
0=0=<—.
2
a Show that dy = ﬂ .
dx 2sinf-1
b Find the coordinates of the point on the curve where the tangent is parallel to

the x-axis.
¢ Show that the tangent to the curve at the point (% , %) is parallel to the

y-axis.

The parametric equations of a curve are x = In(tant), y = 2sin2z, for

0<r<ZX

2

Try the Parametric

a Show that & = sin4t. points resource on
X ) . the Underground
b Hence show that at the point where x = 0 the tangent is paralle! to the Mathematics website.
X-axis.
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Chapter 4: Differentiation

Product rule
d dy du
e —(w)=v—+v—
dx ax dx

Quotient rale

S @
i(£)= dx dx
® dx 2

v 1]
Exponential functions

° % (ex) =¥ % [elIA‘+l7] _ aeax+l' % [ef(x)] — f’(x) % ef(.\‘)

Logarithmic functions

a
ax+b

fx)
f(x)

d 1 d d )
[} = X)=— = /) = — X =
i (In x) ; ix [In{ax + b)] ax [In(f(x))]
Trigonometric functions

° 18 (sin x) = cos 13 [sin(ax + b)] = a cos(ax + b)
dx dx

18 (cosx) = —sinx @ [cos(ax + b)] = —asin(ax + b)
dx dx

di (tan x) = sec? x i [tan(ax + b)] = a SCCZ(Q.\' +b)
X

dx
107
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END-OF-CHAPTER REVIEW §

&)

G

1

4

(/
(ERCISE 4
U\

The parametric equations of a curve are

x:1+1n(z—2),y:z+%fort>2.

2 _ —
i  Show that % = 091# 131
ii Find the coordinates of the only point on the curve at which the gradient is equal to 0. [3]

Cambridge Internaiional AS & A Level Mathematics 9709 Paper 21 Q4 November 2010

Find the value of j_y when x = 4 in each of the following cases:

X

i y=xIn(x-3), [4]
. _x-1

i y_x+1‘ |3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q5 June 2011

The parametric equations of a curve are x = e, y = t%e’ + 3.

i  Show that i"— - +2t2) [4]
dx 3e
ii  Show that the tangent to the curve at the point (1, 3) is parallel to the x-axis. 2]
iii Find the exact coordinates of the other point on the curve at which the tangent is parallel
to the x-axis. 12]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 November 2011

Find the gradient of each of the following curves at the point for which x = 0.

i y=3sinx+tan2x 131
.. 6

-0 3
SRR PR 131

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q2 June 2014
The equation of a curve is 2x? + 3xy + y* = 3.

i  Find the equation of the tangent to the curve at the point (2, —1), giving your answer in the form
ax + by + ¢ = 0, where a, b and ¢ are integers. [6]

ii  Show that the curve has no stationary points. [4]
Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 June 2014

The cquation of a curve is y* + 4xy = 16.

Show that & =~ 4 [4]

dx 3y° +4x
ii  Show that the curve has no stationary points. 12]
iii Find the coordinates of the point oun the curve where the tangent is parallel to the y-axis. [4]

Caombridge International AS & A Level Mathematics 9709 Paper 21 Q7 June 2015
The equation of a curve is )’ = 6sin x — 2 cos 2x.
Find the equation of the tangent to the curve at the point (% T, 2) . Give the answer in the
form y = mx + ¢, where the values of m and ¢ are correct to 3 significant figures. I5]

Cambridge International AS & A l.evel Mathematics 9709 Paper 21 Q3 June 2015
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10

YA
A
\ b N\us S
0 N\ x
' C
The parametric equations cf a curve are x = 6sin® ¢, y = 2sin2¢ + 3cos2t, toi 0 <t < m. The curve crosses the
x-axis at the points B and D and the stationary points are 4 and C, as shown in the diagram.
i  Show that jy 5 % cot2r —1. 151
ii  Find the vaiucs of # at 4 and C, giving each answer correct (o 3 decimal places. 13]
iii Find the value of the gradient of the curve at B. 3]
Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 November 2015
The equation of a curve is 3x? + 4xy + y*> = 24. FFind the equation of the normal to the curve
at the point (1, 3), giving your answer in the forin ax + by + ¢ = 0 where a, b and c are integers. [8]
Cambridge International AS & A Level Mathematics 9709 Paper 21 Q6 November 2016
YA
\;D
£ ) \ >
1 0 1%
. l-x
The diagram shows the curve y = || —— |.
I+ x
i By first differentiating i ; x’ obtain an expression for j—y in terms of x. Hence show that the gradient of
X X

the normal to the curve at the point (x, y)is (1+ x) /(1 - x?). I51
ii  The gradient of the normai to the curve has its maximum value at the point P shown in the diagram.

Find, by differentiation, the x-coordinate of P. 4]

Cambridge International A Leve! Mathematics 9709 Paper 31 Q9 June 2010
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® 3

The parametiic equations of a curve are x = 3(1 +sin’7), y = 2 cos* .

Find Qy - in terms of ¢, simplifying your answer as far as possible. [5]
ax
Cambridge International A Level Mathematics 9709 Paper 31 Q2 November 2011

The equation of a curve is In(xy) — y° = 1.

. dy y
i Show that — = ————. 4
ow dx  x(3y° -1 4
ii  Find the coordinates of the point where the tangent to the curve is parallel to the y-axis,
giving each coordinate correct to 3 significant figures. [4]

Cumbridge International A Level Mathematics 9709 Paper 31 Q7 November 2012

The curve with equation 6¢° + ke’ + 2’ = ¢, where k and ¢ are constants, passes through the point P with
coordinates (In 3, In2).

i  Show that 58 + 2k = c. 12]
ii  Given also that the gradient of the curve at P is —6, find the values of k and c. I5]
Cambridge Internaiionai A Level Mathematics 9709 Paper 31 Q5 June 2011

Copyright Material - Review Only - Not for Redistribution



/! 11T gy , . iy
////////////// ’ I)’II””’” o P
Z

In this chapter you will iaa:n how to:

1
T ax+b’

m extend the idea of ‘ieverse differentiation’ to include the integratior. of 2**?

sin(ax + b), cos(ax + b) and sec?(ax + b)
m use trigononetrical relationships in carrying out integration
m understaind and use the trapezium rule to estimate the valuc of a definite integral.
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Where it comes from | What you should be able to do Check your skills
Chapter 4 Differentiate standard functions. 1 Find j—y when:
x
a y=3sin2x —5cosx
b y = eSx—Z
L ¢ y=In2x+1)
Chapter 4 Use standard trigonometric relationships to 2 Prove that
prove trigonometiic identities. cos4x + 4cos2x = 8cos* x — 3.

Why do we study integration?

In this chapter we will learn how to integrate exponential, logarithmic and trigonometrical

functions and how to apply integration to solve problems. This chapter bml‘fls .
on the work we did in

It is important that you have a good grasp of the work covered in Chapier 3 on Pure Mathematics 1
trigonometry, as you will be expected to know and use the trigonometrical relationships Coursebook,
when solving integration problems. Chapter 9, where we

b learnt how to integrate
Lastly, we will learn how to find an estimate for J. f(x)d.x using a numerical method. This (ax +b)", where n # —1.

a

112 b
is used when we are not able to find the value of [ f(x)dx using an algebraic method.

“

5.1 Integration of exponential furictions Explore the Calculus
Since integration is the reverse process of diierentiation, the rules for integrating exponential of trigonometry and
functions are: logarithms station

on the Underground
Mathematics website.

Q

In Chapter 4, we learnt

- the following rules
WORKED EXAMPLE 5.1 for differentiating

exponential functions:
- 1.
Find d (€)= e
. dx
a J.eh dx b je’z“‘ dx c Jesx‘4 dx d
\ -~ (eax+b) — aeax+b
dx
Answer
3x 1 3x r -2x 1 2x 5x—4 1 54
a etdxy==-¢e*+¢ b le?¥dx =—e > +¢ ¢ |e*dx==-e>*+¢
3 J -2 5
= - ! e + ¢
2
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Chapter 5: Integration

WORKED EXAMPLE 5.

2
Evaluate J. 9e3% 1y,
|

Answer

-

) 9 4. . ..
93 ldx = {5 g3l } Substitute limits.
I

| = (3¢%) - (3¢?)
=3e?(e* - 1)

WORKED EXAMPLE 5.3

y

y= X242y

4
7/

’

'

s’

)
—_—

o! 1

Y
[SYL_C AN

>
>
X

Find the area of the shaded region.

Answer

A I . _
= __Ee : Substitute limits.

le)(ole) -
5 € j L3 5 € Simplify.

a jez"dx b J-e“‘xdx c J6e3de
1,
d _[4e5* dx e J2e"‘ dx f Je2x+4dx

g je3x‘1dx h J.6e2‘3xdx i J2e8x‘3dx
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8

Find:
a J'e-x(l +e)dx b ISeX(Z + o) dx ¢ J.(ez'” C1)? dy
2x _ aX X _9)\2
d J‘4+7C—dx e 8—zedx f J.(efz)dx
54 2e°¥ e~
Evaluate:
2 . 3 In2
a j e dx b~ et dx c J. 5¢2% dx
0 v 0 0
3 1 8 1
d J' eM2x dx e _[ 5 dx f J (e* + 1) dx
0 0o € 0
1 1 2 2 (aX 2
g J' (e* + 2 ) du h J' (2&—%) dx N AR
0 0 € 0 e~

A curve is such that Ef—y = 6e** + 2e~*. Given that the curve passes through the point (0, 2), find the equation
X

of the curve.
, d*y B dy
A curve is such that F 20e™*. Given that poie —8 when x = 0 and that the curve passes through the
X X

point (1, eiz ), find the equation of the curve.

Find the exact area of the region bounded by the curve y = 1+ e¢**~°, the x-axis and the lines x = 1 and

X =

Find the exact area of the shaded region.
1 d X X X
a Show that — (xe* —e*) = xe™.
dx

b YA

. 4

o 3

Use your result from part a to evaluate the area of the shaded region.

a
9 a Find j (472" +- Se™*)dx, where a is a positive constant.
0

b Hence find the value ofj (4e7>¥ + S5e7")dx.
0
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The diagram shows the curve y = 2e* +8e¢™ - 7 and its minimum point M.
Find the area of the shaded region.

G u

>

X

y=¢

3
2
—

o In2 In3

Chapter 5: Integration

The diagram shows the graph of y = e*. The points (In2, 2) and (In 3, 3) lie on the curve.

In3
a Find the value of e’dx

3
. b Hence show that j Inydy = ln( 27 j
In2 2 4e

5.2 Integration of
grat ax + b

Since integration is the reverse process of differentiation, the rules for integration are:
Q'e‘

J.ldx=lnx+c, x>0
X

J ! dleln(ax+b)+c, ax+b>0
ax+b a

WORKED EXAMPLE 5.4

Find each of these initegrals and state the values of x for which the integral is valid.
2 4 '

Z4 .
@ J % \ b J. 2x +1 dx ¢ J

Answer

a J%dx=21ldx
X X

| =2Inx+c¢, x>0

bJ 4 dx=4_[ L
2x +1 2x +1

= 4(1) In(2x-+1)+c¢
2
1

=2InCx+1)+c, x>—5

d
2-3x .

Valid for 2x +1> 0.
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O Rewro

In Chapter 4, we learnt
the following rules

for differentiating
logarithmic functions:

i(lnx)=l,x>0
dx X

d
. [In(ax +b)] =

a ,ax+b>0
+b

It is important to
remember that In x is
only defined for x > 0.
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=61 ——— dx
7 3x dx )J. T dx
{ 0(l)1n(2_ 3x) + ¢ Valid for '213% >0,

=-2In2-3x)+c¢, x<

w1

Fiona is asked to find J.x‘l dx.

. 1 .
She tries to use the formula jx” de = 1 x"! 4+ ¢ to obtain her answer.
n

Fiona is also asked to find ! (2x +3) dx.

She tries to use the {ormula J-(ax +b)"dx = (ax +b)"*! + ¢ to obtain her

1
a(n+1)

answer.

Discuss with your classmates why Fiona’s methods do not work.

Rafiu and Fausat are asked to find J. —=—dx.
2\.%» + 1)
. 1 1
Rafiu writes: f ——dx = r o
20x+1) g Ox+2
1
—In(ox + 2) +
= S InEx+2)+
. I 1 1
Fausat writes: | — — dx =
2(5x+ 1) 2J Zx+1
(l ) ( ] (3x+ 1)
2
= — |H Ox + 1
= S in(Ex+ 1)+
Decide who is correct and discuss the reasons for your decision with your classmates.

3 -2

Consider the integrals J 1 dx and N d.
2 X 3 X

From the symmetry properties of the graph of y = 1 we can see that the shaded areas
X

that represent the two integrals are equal in magnitude. However, one of the arcas is

-2 3
below the x-axis, which sugeests that J. ldx = —J. 1 dx.
3 X 2 X
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Evaluating J 1 dx gives:
20X

31 . ACY 3 3
L;d,\-—l_lnx:|2=ln3—ln2=ln5

-2
This implies that I Lav—cm3-m2
-3 X 2 3

0 4
If we try using integration to find the value of J = dx we obtain:
30X

Jos
3 X
There is, however, a problem with this caiculation in that In x is only defined for x > 0 o
In(=2) and In(-3) do not actually exist.

4

dx=[Inx ]} = In(-2) - In(-3) = in 3

1
Hence for x < 0, we say that | —dx=1n|x|+c.
)X

In conclusion, the integration formulae are written as:

J -1~dx=ln|x|+c
X

1
-1

ax+b|+c

Chapter 5: Integration

A more in-depth
explanation for

this formula can be
found in the Two

for one resource on
the Underground
Mathematics website.

Ol

It is normal practice
to only include the

% RKED EXAMPLE 5.5

modulus sign when
finding definite
integrals.

3
Find the value of J 6 dx.
» 2-3x
Answer
3 3
J. 0 dx = (—6) n|2 - 3x| Substitute limits.
2 2-3x A ,
= (=21n7) - (-2 1n4)
=-2In7+2In4 Simplify.
=2 lni
7
| RipReisE 5B |
~ O K
1 Find:
6 1 J‘ 1
a - b —
J.xdx 2xdx 3x+1dx
6 5 3
d _[ d e j d f j _3 4
2x-5 23 26x—1)
2 Evaluate:
5 1 4 4 3
a j ax I dx '[ dx
0 x+2 | 2x+1 —12x+5

J‘
(&
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3 Evaluate:

10 5 \
24 ———|d
2 J’4 ( 3X—2J Y

,.
—
Lo
VR
[\l
=
|
—_
+
=
+
Ne—
[oN
=

4 a Given that 4x = A . find the value of the constant A.
2x — 2x -1
> 4x
b Hence show that J- —lcx =8+ 1In9.
1 24X —

5 a Find the quotient and remainder when 6x? + 5x is divided by 2x - 5.

ol g2
b Hence show that j 6267+2xdx = §_ 25 h{%)
0 X =

6 A curve is such that dy =2x+ 3 .
dx x+e

Given that the curve passes through the point (e, ¢*), find the equation of the curve.

1
'
'
'
'
'
'
'
1

1

B 4

1
1
1
4
o k

The diagram shows part of the curve y = %3 Given that the shaded iegion has area 4, find the value of k.
x

@ 8 The points P(1, -2) and Q(2, k) lie on the curve for which dy
dx

P and Q intersect at the point R. Find the coordinates ot R.

2 .
= 3 — —. The tangents to the curve at the points
X

5.3 Integration of sin(ax + b), cos(ax + b) and sec?(ax + b)

In Chapier 4, we learnt how to differentiate some trigoncmetric functions:

1

% (sinx) = cosx f); [sin(ax + b)] = a cos(ax + b)

4 (cosx) = —sinx d [cos(ax + b)] = —a sin(ax + b)

dx dx

d 2 d 2 Ny
— (tanx) = sec” x — [tan(ax + b)] = a sec”(ax -+ b)
dx dx

Copyright Material - Review Only - Not for Redistribution



Chapter 5: Integration

@ KEY POINT 5.4 <
Q) _

Since integration is the reveise process of differentiation, the rules for integrating are: It is important to
remember that
1
I cos x dx = sinx + ¢ J cos(ax + b) dx = — sin(ax + b) + ¢ the formulae for
a

differentiating and
integrating these
trigonometric
functions only apply
when x is measured in

.

. . ¢ 1
J sinx dx = —cosx + ¢ J sin(ax + 5) dx = —— cos(ax + b) + ¢
a

J. sec’ x dx = tanx + ¢ [ sec?(ax + b) dx=ltan(ax+b)+c
a

| J radians.
| ~ \
WORKED EXAMPLE 5.6
Find:
a I sin2x dx b I cos3x dx c J4SCC2§ dx
Answer
a J sin2x dx = — % cos2x + ¢ b J cos3x dx = % sin3x + ¢ C J.4sec2§ dx = 4J. seczg dx
=4 x (2tan§j +c
| =8 tanﬁ +c
| ad

WORKED EXAMPLE 5.7

g
Find the exact value of !.4 (5—=2sin2x)dx.
e 0

Answer

T T

4 . 2 4 . ..
J.4 (3-2sin2x)dx =| 3x + Ecos Zx} Substitute limits.
0 0
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~

Find:
a [ siti 3 dx b J. cosdx dx C J sin%dx
d J'3sin2x dx e _[Scos Ix dx f J sec? 2x dx

g J‘Zcos(l ~5x) dx w Jr 3sin(2x + 1) dx jzsecz(s)c ~2)dx

Evaluate:

1 2 1

gn En ) 1 gn 5
a cosdxdx b sin| —x |dx o sec” 2x dx

0 0 2 0

1z L 1a
d J’z (sin2x + cos x)dx e Jé (cos2x +sinx)dx f J4l (5-2sec® x)dx

0 0 g
a Find —l (xsinx + cos x).

ax
Ir
b Hence find the exact value of J ’ xcosxdax.
0
. dy .
A curve is such that —— =1-3sin2x.
dx
Given that the curve passes through the point (% ,0 ), find the equation of the curve.
. d?y .
A curve is such that —35 = —12sin2x — 2 cos x.
2
Given that :11_)/ =4 when x = 0 and that the curve passes through the point (g , =3 ), find the equation of
X

the curve.

(
The noint ! I , 5) lies on the curve for which (2 = 4sink 2x — E) .
) 2 dx 2

a Find the equation of the curve.

Find the equation of the normal to the curve at the point where x = g

YA

/]

=V

0

The diagram shows part of the curve y = 1+ /3 sin2x + cos2x. Find the exact value of the area of the shaded
region.
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Chapter 5: Integration

—
The diagram shows part of the curve y = 3siii2x 4+ 6sinx and its maximum point M.

Find the exact area of the shaded region.

G@ 9 A

3 y=sinx

=Y

o

Nla
|
wla |.- S0 NP

The diagram shows part of the graph of y = sinx. The points (% , %) and (

w|a

, gj lie on the curve.

T

a Find the exact value of J.TS sin x dx.
6

V3 N
b Hence show that J.lz (sin'y)dy = % (Zﬁ - 1) e

2
OD w0

_.\,|ﬁ‘

=Y

0

>

SIS

The diagram shows part of the graph of y = cos.x. The points ( ) and (g , %) lie on the curve.

NG|

a Find the exact value of J; cosxdx
4

V2
b Hence show that J'lz (cos' y)dy = % (32 —4) +

3-2
R

5.4 Further integration of trigonometric functions

Sometimes, when it is not iminediately obvious how to integrate a trigenometric function,
we can use trigonometric identities to rewrite the function in a form tiiat we can then
integrate.
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2

To integrate sin’ x and cos®> x we must use the double angle identities:

cos2x = 1-2sin’ x and cos2x = 2cos® x — 1
Rearranging these two identities gives:
2

sin” x = %(1 - cos2x) and cos® x = %(1 + cos2x)

WORKED EXAMPLE 5.8

(N ) .
Find:
' a J. sin® x dx b J3cosz 2x dx
Answer
. bl 1 .
a J sin” x dx = 5 J.(l —cos?2x) dx Use sin® x = ;1 (1 - cos2x).
Z 2
]
= %(» - —Z-sinZ.\'j +c
i 1.
=5 X — Zstx +c
) 3 ) 1
b 3cos” 2x dx = 5 (I+ cos4x) dx Use cos”2x = 0 (1+ cos4x).
= %[x-i—%sin4xj+ c
122 -
3 3.
= §x+§sm4x+c
i
WORKED EXAMPLE 5.9
Find J sin® x dx.
Answer
sin* x = (sin? x)? Use sin’ x = % (1—cos2x).
- 1 2
=| = (1-cos2x
> (1-cos \)}
= % (1= 2cos2x + cos? 2x) Use cos?2x = % (1+ cos4x).
. ( 1—-2cos2x + ! + lc:os4.\'\1
| 4\ 2 2 J
= % — %cosl\‘ + lcos4,\'
4 3 01 1
sin® x dx = g 508 2x + —cosdx |dx
= %\ - %sin 2+ %sin dx+¢
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Chapter 5: Integration

To integrate tan’ x we use the identity 1+ tan® x = sec” x.

2

Rearranging this identity gives tan® x = sec” x — 1.

WORKED EXAMPLE 5.10

(N

T
Find the exact value of J 4 5tan? x dx.
0

| Answer
T I

J-45tanzxdxzj4(58602x—5)dx Use tan” x = sec”? x — 1.
0 0

T
= [5 tan x — Sx :| )‘ Substitute liinits.

571 )
~(5-3)-0-0
S
= 5Y
4

Worked example 5.11 uses the principle that integration is the reverse process of differentiation.

WORKED EXAMPLE 5.11
Rssiannia)
| dy

a Show thatif y = secx then i tan x sec Xx.
x

1

cn
b Hence find the exact value cfj * (cos2x + Stanx sec x)dx.

0
Answer
a ) = 1 Usc the quotient rule.
cos x
dy _ (c0s %) (0) = (1) (=sin )
dx cos? x
B ')in X
 cos®x
= tanx sec x
] T
%) J4 (cos2x + Stanx sec x)dx Use I tan x sec x dx = secx.
0
1
1 . 4" . .
=13 sin2x + Ssec x Substitute limits.

0

:(%wﬁj—(ow)
=5f—%
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WORKED EXAMPLE 5.12

a Prove that 2 cosec2x tan x = sec? x.

1

b Hence find the exact value of |° |

,gn

(5 + cosec2x tan x) d.x.

Answer

2 tan x sin x
- .tan “\ Use tanx =
sin2x CcoS X

sin2x = 2sin x cos x.

and

2 2cosec2x tanx =

\ N 2sin x <
~ (2sinx cosx) cos X
1 Simplify.
=5
COSs~ X
2
= sec” x
1 1
}T[ ;TI: 1 ) T,
b J\l (5+ cosec?2x Lcln,\:)d,\c:J“I [5+§scc‘,\')d.\' Use part a.
*STE *3T[
L D .
= 5,\+§1<1n.\ i Simplify.
3
_(5n+\/§) ( 5r ﬁj
=T+ 5 |- -
v 3 2 3 2
SRas

WORKED EXAMPLE 5.13

a Use the expansions of cos(3x — x) and cos(3x + x) to show that:

cos2x — cos4x = Zsin3x sinx

—

b Hence show that JZ

sin3x sinxdx = l
0 4

Answer

a cos2x —cos4dx = cos(3x — x) — cos(3x + x)

(cos3x cosx + sin 3x sin x) -- (Cos 3x cos x — sin 3x sin x)

2sin3x sin x

2" 3"
! b J4 sin3x sinxdx = % " (cos2x — cos 4x)dx Use part a.
0 0
1
fTE
L {-‘ Sin2% — —sin 4,\}4 Sl
212 4 0
1i(1
= | —_— — —
2 L( 2 0) © 0)}
_1
4
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Chapter 5: Integration

1 Find:
-~ Z 2 /)’ \ . 2
a 3cos? x dx b 4cos LZ_JdX c sin’ 3x dx
f
d J 2tan” x dx e [ 6tan’(3x) dx f j cos* x dx
2 Find the value of:
1. 1. 3
a I 3 sin? xdx b J.13 3tan? xdx c J cos? xdx
0 -7 0
6
lﬂ l‘l't ET[
d J-og cos? 2x dx e J. % 4sin? xdx f J tan? 2x dx
0 0
3 Find the value of:
1. 1 1. 1.
a I 6 (*053 X—— ]dx b j 6 (cos® x +sim2x)dx (d J.4 (2 sin x + cos x)*> dx
0\ Ccos” X 0 0
In 1 4 -n
d |3 (cosx— 3sinx)? dx Jﬁ Trcosx JG 0 iy
Jo 0 cos?x o 1+ cosdx

cos x dy )

4 a By differentiating , show thatif y = cotx then I~ cosect x.
x

S x

|
—T
b Hence, show that J. 4 cosec?Zxdx = ﬁ

1
" 6
2
5 a Show that tanx + cotx = — .
sin2x

1

2" 8

b Hence show that J. —dx =1.

%n tan x + cot x

6 a Usc the expansions of sin(5x+2x) and sin(5x —2x) to show that:

sin7x + sin3x = 2sin5x cos2x

1

T —_
> 2sinSx cos2xdx=M.
%n 42

b Hence show that

7 a Show that sin3x = 3sinx - 4sin? x.
1

5T
b Hence show that f 2sin® xdx = % .
Jo

8 a Show that cos?x = 4cos’ x — 3cosx.
!
17

—-T
b Hence show that j6 (4cos® x +2cosx)dx = ra
0
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@ 9 The diagram shows pait of the curve y = cosx + 2sinx. Find the exact volume
of the solid formed when the shaded region is rotated through 360° about the
X-axis.

@ 10 a Show that sec? x + sec xtanx = S
I —-sinx
. dy ,
b Show thatif y =secx then a sec x (an x.
x
o 4
¢ Hence show that J ———dx =2(1+3).
o l-—sin2x

5.5 The trapezium rule

We already know that the area, 4. under the curve y = f(x) between x = a and x =5
~ 17
can be found by evaluating | {(x)dx. Sometimes we might not be able tc find the value of
Ja
b
J. f(x)dx by the integration methods that we have covered so fai or maybe the function
a
cannot be integrated algebraically.

In these situations an approximate answer can be found vsing a numerical method called
the trapeziom rule.

This numerical method involves splitting the area under the curve y = f(x) between
x = a and x = b into equal width strips.

VA

y=1x)

9 7

0
The area of each trapezium-shaped strip can be found using the formula:

area = % (sum of parallel sides) x width

The sum of the areas of all the strips gives an approximate value for the area under the

b
curve and hence an approximate value for J. f(x)dx.
a

—da

\ . . . , . b
Vor the previous diagram, there are 6 strips, cach of width 4, where / = and the

length of the vertical edges (ordinates) of the strips are yy, ¥, V2, V3, V4, Vs and .

The sum of the areas of the trapezium-shaped strips is:
h h h, h h h
5 (o + 1)+ 5 D+ 32+ ; n+ry)+ 5 (y3 + y4)+5 (ya + ys)"'E(J’s + J6)

h
= 5[)’0 + Y6+ 2+ 0+ y3+ yat ys)]
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When there are n strips and the ordinates are y,, Vi, Vi, V3, ...
of the areas of the strips is:

, Vn_1» Vy, then the sum

h h h h
5(J70+J’1)+5('V1'fJ’2)+5(J’2+y3)+- (yn2+yn 1)+ Dne1+ V)

b
Hence we can find an approximate value for I f(x)dx using:
a

Chapter 5: Integration

O S A (i —

h b—a
j f(x)dx~E[y0+y,,+2(y1+y2+y3+ ty,-1)] where /=

An easy way to remember this rule in terms of the ordinates is:

b
J. f(x)dx = half width of sirip x (first + last + twice the sum of all the others).

\|
WORKED EXAMPLE 5,14}

The diagram shiows the curve y = x —2 Inx. YA

Use the trapezium rule with 2 intervals to estimate the
shaded area, giving your answer correct to 2 decimal
places. State, with a reason, whether the trapezium rule
gives an under-estimate or an over-estimate of the true
| value.

=Y

0 05 3.5
Answer

=05b=35and h=1.5

y
|
o
0.5 2 3.5
1.8863 0.6137 0.9945
Yo N 2

Area = /2—1[}"0 + 1+ 2]
_Ls
2
~ 3.08115...
=~ 3.08 (to 2 decimal places)

[1.8863 + 0.9945 + 2 x 0.6137]

It can be seen from the diagram that this is an over-estimate since the top edges of the
strips all lie above the curve.

The width of the
strip is the interval
along the x-axis.

The number of
ordinates is one
more than the
number of strips.

You should not use
a numerical method
when an algebraic
method is available
to you, unless you
are specifically
asked to do so.
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WORKED EXAMPLE 5.15

The diagram shows the curve y = 2/4x — x2. yI/ -
L
(e}

Use the trapeziumi rule with 4 intervals to estimate the

A
value of [ 2V4x — x* dx giving your answer correct ;
v0

to 2 decimal places. State, with a reason, whether the
trapezium rule gives an under-estimate or an over-
estimate of the true value.

=Y

Answer

a=0,b=4and h =1

Yo N V. V3 V4

4
. /
J. 2V4x — x* dx = 51 [Vo+ ya+2(y + 2 +13)]
(

:%[0+0+2(2ﬁ+4+2ﬁ)]

43 +4
128 =~ 10.93 (to 2 decimal places)

0

It can be seen from the diagram that this is an under-estimate since the top edges of
| . .
‘ the strips all lie below the curve.

Worked example 5.14 involves a ‘concave’ curve and the diagram shows that the trapezium
. . DID YOU KNOW?
rule gives an over-estimate for the arca.

If you double the
number of strips in
a trapezium rule

Worked example 5.15 involves a ‘convex’ curve and the diagram shows that tiie trapezium
rule gives an under-estimate for the area.

If a curve is partially couvex and partially concave over the required interval it is not so approximation, the

easy to predict whether the trapezium rule will give an under-estimate or an over-estimate error reduces to
for the area approximately one
quarter the previous

The more strips that are used, the more accurate the estinmatc will be. ETTOT.

1 Use the trapezium rule with 2 intervals to estimate the value of each of these
definite integrals. Give your answers correct to 2 decimal places.

4 2 4
a J‘ Jx? —2dx b J. |ex—12|dx c J. —g——r,‘x
2 0

0 3+e"

1

L lOgl() xdx

?

-~

7 2 51’: 1
——d J. —d f
Jl In(x +5) & € 0 2+tan x Y )
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2,-x

The diagram shows part of the curve y = x“e™*. Use the trapezium rule with

5
4 intervals to estimate the value of J x%e™ dx, giving your answer correct to
1

2 decimal places.

a Use the trapezium rule with 6 intervals to estimate the value of

7
- |
J.14 cosec (5 X ) dx, giving your answer correct to 2 decimal places.
—T
4

b Use a sketch of the graph of y = cosec (% x) for 0 < x < 2m, to explain

whether the trapezium rule gives an under-estimate or an over-cstimate of the

7
) 3" 1
true vaiue of J.14 cosec (— x)dx.
1. 2
4
YA
A
—>
0] %n X

. 1 .
The diagram shows the curve y = e¥cosx for0 <= x < 0) 7. Use the trapezium
1

—T
. . . 2 ..
rule with 3 intervals to estimate the value of J. e’ cos x dx, giving your answer
0

correct to 2 decimal places. State, with a reason, whether the trapezium rule

1
=T
. ; . . . 2
gives an under-estimate or an over-estimate of the true vajue of J e*cosxdux.
0

0 1 2

Weemcccaaa

>
>
X

. er . .
The diagram shows part of the curve y = % Use the trapezium rule with 4
X

intervals to estimate the area of the shaded region, giving your answci correct to
2 decimal places.

State, with a reason, whether the trapezium rule gives an undei-estimate or an
over-estimate of the true value of the shaded area.
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Try the When does the
trapezium rule give
the exact answer here?
resource on the
Underground
Mathematics website.
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Checklist of learning and understanding QD

Integration formulae
° J'e"‘ dy=e‘+c J.e“'“”’ dy = Leash o
a

1 1 ]
) —dx:lnlx|+c dx=—lu|ax+b|+c

X ax+b a
° J‘ cosxdx =sinx + ¢ J‘ cos(ax+b)dx=lsin(ax+b,)+c

a
N © J sinx dx = —cosx + ¢ J sin(ax + b) dx = L cos(ax +b)+c
a

° J sec? x dx = tanx + ¢ J. sec’(ax + b) dx = ltan(ax +b)+c
a

. The trapezium rule

b
® The trapezium rule can be used to find an approximate value for J f(x) dx. I the region under
a

the curve is divided inio 7 strips each of width /, then:

b
l; : b-
J.f(\) dy = El[yo 2+ttt y)l where /1 = <
n

OOQ* R
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(£

ERCISE 5
A\

END-OF-CHAPTER REVIE

o

1 Showﬂ»azjf (1+2 tan? x)dx = —%. [4]
—T
6

-2
2 Find the exact value of J. (
4

¢ are integers. 4]

1

N\

7

o

The diagram shows part of the curve y = 2 — x? In(x + 1). The shaded region R is bounded by the curve
and by the lines x = 0, x =1 and y = 0. Use the trapezium rule with 4 intervals to estimate the area
of R giving your answer correct to 2 decimal places. Statc, with a reason, whether the trapezium rule

gives an under-estimate or an over-estimate of the true value of the area of R. 4]
1o
4 Find the exact value of J.6 (COS 3x — sin Zy\) ax. [5]
0
1
5 Show that J (3e* —2)’dx = 2 e _12e+ 2 15]
0 2 2
k
6 a Find J (5¢7* + 2e73¥)d.v, where k is a positive constant. 4]
0
b Hence find the exact value of J (5e7* +2e3")dx. 1]
0
7 Show that J'47 3 gx=3npZ 151
» Sx+1 7 5 1L
8 a Find tic value of the constant 4 such that =4+ A . 2]
xX+5 2x+5
3
b lence show that '[ 8 dx=8-10 lng I5]
1 24X + /
@ S i Show that 12 sin? x cos® x = % (1 -coz4ax). [3]
1
—T
ii Hence show that If 12sin? x cos® xdx = g + % 131
—T

4
Cambridge International AS & A Level Mathematics 9709 Paper 21 Q3 June 2013

@ 10 a Find j4ex(3 +e’Y) dx. 131
L

b Show that ;'41 (3+2tan’6)d6 = %(8 + ). [4]
L

Cambridge Internationul AS & A Level Mathematics 9709 Paper 21 Q6 June 2011
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@ 11 i Show that (2sinx +cosx)? can be written in the form —z +2sin2x — % cos2x. I5]

1
-7

ii  Hence find the exact value of I 4 (2sinx +cosx)” dx. [4]
0

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 June 2012

O

12 i By differentiating e dy ’
si

,show that if v = cotx then — = —cosec” x. [3]
nx dx

ii By expressing cot? x in terms ot cosec? x and using the result of part i, show
1

=T 1
that J-lz cot?xdx =1---m. [4]
I" 4
. . 1 1
iii Express cos2x in terms of sin® x and hence show that T ooso.. can be expressed as 5 cosec? x.
Hence, using the result of part i, find j _ dx. [3]
I —cos2x
Cambridge International AS & A Level Mathematics 9709 Paper 21 Q8 June 2010
4
® 13i rid m dx. 3]
cos” 2x
14
"5 F il Without using a calculator, find the exact value of J (2 + Y jdx, giving your answer in the form
4 X =
In(ae’), where a and b are integers. [5]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 June 2016

® 14 W

RS
>

0 nox

The diagram shows the curve y = xsinx, for 0 < x =< . The point Q (% T, % n) lies on the curve.

Show that the normal to the curve at Q nasses through the point (7, 0). [5]

i Find -4 (sin x — x cos x). 2]
dx

1

T
2
0

iii Hence evaluate J. xsinx dx 3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q8 November 2010

@ 15 i Using the expansion of cos(3x — x) and cos(3x + x), prove that % (cos2x — cos4x) = sin 3x sin x. [3]

I
—T
ii  Hence show that J‘S sin3x sinxdx = % V3. 3]

ETE

Cambridge International A Level Mathematics 9709 Paper 31 Q4 June 2010
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¢ Numerical sptutions of equations

In this chapter you will ica:n how to:

m locate approximately a root of an equation, by means of graphical considerations and/or
searching for a sign change

m understand the 1dea of, and use the notation for, a sequence of approximations that converges to
a root of an equation
understand how a given simple iterative formula of thc form x,,; = F(x,) relates to the
equaiion being solved, and use a given iteration, or an iteration based on a given rearrangement
ot an equation, to determine a root to a prescribed degree of accuracy.
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PREREQUISITE KNOWLED 7"
AN

134

Where it comes from

What you should be able to do

Check your skills

IGCSE/O Leveli‘\iathematics

Substitute numbers for letiers
in complicated formulae and
algebraic expressions, including
those involving logarithmic
functions, cxponential
functions and major and minor
trigonometric functions.

1 Evaluate each of the following
expressions when x = 1.5.

()
a —|x+ 5

3 X
b 100 sinx — 99x, (x in radians)
c e

d Inx+5

IGCSE / O Level Mathematics

Pearrange complicated formulae
and equations.

2 Rearrange each formula so that
x is the subject.
a y=4x>+13,given x >0
y—3x+7
w
I+y

x5

b 0=

C 3:3

Pure Mathematics 1 Coursebook,
Chapters 1 and 2

Understand the relationship
between a graph and its associated
algebraic equation, and use the
relationship between points

of intersection of graphs and
solutions of equations.

3 Show that the x-coordinates of
the solutions to the simultaneous
equations:

y=x2-6x+10
y=x

also satisfy the equation
x> —=7x+10=0.

Pure Mathematics 1 Coursebook.
Chapter 1

Know that the values of x that

make both sides of an equation
equal are called the roots of the
equation.

Also, the roots of f(x) = 0 are the
x-intercepts on the graph of

y = f(x).

4 Find the roots of the equation
xX° - Tx+10 = 0.

IGCSE / O Level Mathematics
Pure Mathcimatics 1 Coursebook,
Chapter 5

Sketch graphs of quadratic
or cubic functions or the
trigonometric functions sine,
cosine, tangent.

5 Sketch the graph, y = f(x), of
each function.

a flx)=x*+1
b f(x)=cos2x-3
¢ f(x)=4x> -16x

Chapters 2 and 3 Sketch graphs of exponential 6 Sketch the graph, y = g(x), of
| or logarithmic functions or the each function.
trigonometric functions cosecant, e~
secant, cotangent. a glx)= o

b g(x)=In(x-1)

¢ g(x)=cosecx
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Chapter 6: Numerical solutions of equations

Why solve equations numerically?

You are used to solving equations using direct, algebraic methods such s factorising or
using the quadratic formula.

You might be surprised to learn that not all equations can be so!ved using a direct,
algebraic process.

Numerical methods are ways of calculating approximate sointions to equations. They are
extremely powerful problem-solving tools and many are available. They are widely used in
engineering, computing, finance and many other applhcations.

A well-programmed computer is quickly able to solve a complicated equation using a
numerical method. So why do we need to understand how the method works?

Knowing how a numerical method works helps us to:

understand when the results are likely to be reasonable

understand how to use available software correctly

select an appropriate method when choices are available
write our own programs when we need to do so, if we have the prograniming skills!

To be a powerful problem-solving tool, the method must be used correctly. This might
mean the method needs to work quickly or work to obtain a particuiar level of accuracy.
When used incorrectly, numerical methods might be very slow or even fail to work, as we
will see later in this chapter.

In this chapter we will focus on one numerical method. ithc numerical solution of an
equatiion using an iterative formula.

6.1 Finding a starting point

As we will see throughout this chapter, a good starting point is very important.
We need a method to find an approximatc solution to an equation first.
We might find this using, for example, a graphical approach or the change of sign approach.

For suitable functions, each of these approaches will produce two values: one above and
one below the solution that we are finding.

WORKED EXAM . A

By sketching graphs of y = x* and y = 4 — x, show that the equation x> + x —4 =0
has a root o between 1 and 2.

Answer

Make sure your sketch
shows all the key
features of each graph,

/ such as the coordinates
Y of turning points and
the coordinates of any
intercepts.
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There is one point of interseciion and its x-coordinate is between 1 and 2.
At this point x> =4 - x.

This means that the equation x* = 4 — x has one root between 1 and 2.
Rearranging this equation gives x> + x — 4 = 0.

Hence x° + x — 4 = 0 has a root, &, between 1 and 2

\ _J
\ WORKED EXAMPLE 6.2

Show, by calculation, that the equation f(x) = x°> + x —1 = 0 has a root & between 0 and 1.

Answer
Find the value of o such that f(er) = 0. Why? Thiuk about it and check the
explaizton that follows.
f0)=0+0-1=-1 As o is between 0 and 1, then f(0) might have
f1) =15+1-1=1 the opposite sign to f(1).
The change of sign indicates the presence of a root, This conclusion is important as it completes
136 so U<a<l the argument.

| lo see why the change of sign method works in this case, look at the graph of y = f(x).

y I
f(1) is positive
-
o 1 X
There are no breaks
/ f(0) is negative in the graph:

it is continuous.

Since it starts below the x-axis at x = 0 and finishes above the x-axis at x = 1, it must cross the x-axis somewhere
in between, say at x = o, where 0 < o < 1. So « is a root of the equation, that is, f(cr) = 0.

Copyright Material - Review Only - Not for Redistribution



Chapter 6: Numerical solutions of equations

WORKED EXAMPLE 6.3

a By sketching a suitable pair of graphs, show that the equation cosx = 2x —1 (where x is in radians) has

only one root for 0 < x < En.

b Verify by calculation that this root lies between » = 0.8 and x = 0.9.

Answer
a Draw the graphsof y =cosx and y =2x —1. Why are these graphs suitable?
YA
y=2x-1

14
/
\Kcosx

% s k3 X

2
N

The graphs intersect once only and so the equation

cosx =2x —1 has only one root for 0 < x < én.

b cosx=2x-1s0 cosx—-2x+1=0
Let f(x) = cosx —2x+1and so i(x) = 0 then
f(0.8) = c0s0.8 —=2(0.8) +1 = 0.0967...
(0.9) = c0s0.9 -2(0.9)+1=-0.1783...

Change of sign indicates the presence of a root.

EXERCISE 6A
e
2

1 a On the same axes, sketch the graphs of y = Ji--x and y = x%

b  Using your answer to parta, explain why the equation x> — 1+ x = 0 hastwo
roots.

¢ Show, by calculation, that the smailer of these two roots lies between x = —1
and x = 0.
2 a Bysketching graphs of v = 23 + 5x% and y = 5 — 2x, determine the number
of real roots of the equation x* +5x? +2x -5 = 0.
b Verify by calculation that the largest root of x* + 5x? +2x -5 = 0 lies
between x =0 and x = 2.

3 Thecurve y = x’ +5x — 1 cuts the x-axis at the point (c, 0).

a By skeiching the graph of y = x? and one other suitable graph, deduce that
this is the only point where the curve y = x> + 5x - 1 cuts the x-axis.

b Using calculations, show that 0.1 <a <0.5.
Copyright Material - Review Only - Not for Redistribution
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4 a On the same axes, sketch the graphs of y = In(x +1) and y = 3x - 4.

b Hence deduce the number of roots of the equation In(x +1) - 3x+4 = 0.

5 a Bysketching graphsof y =e* and y = x + 6, determine the number of roots
of the equation e — x — 6 = 0.
b Show, by calculation, that e* — x — 6 = 0 has a root that lies between
x =2.0 and x =2.1.
6 a Show, by calculation, that (x+2)e>* =1 has a root between x = 0 and
x =-0.2.
b Show, by sketching the graph of v = ¢> and one other suitable graph, that
this is the only root of this equatici.
7 a Show by calculation that the equation cos™ 2x = 1— x has a root a, where
04=0=<0.5.

b The diagram shows the graph of y = cos™' 2x where —0.5 < x <0.5.

VA
b=
3m |
4
T
2
i
4
T T T l-—»
-1 o5 © 0.5 i X

By drawing a suitable graph on a copy of the diagram, show that ¢ is the cnly
root of cos™' 2x =1—x for —-0.5<x<0.5.
sin x

8 The curve with equation y =
2x+3

where x < —g intersects the line y =1 at
the point (o, 1).
a By sketching the graph of y = sinx for 2n < x <-— rc radians and one

2

other suitable graph, deduce that this is the only point where the curve
sin x

T 2x+3

intersects the line y = 1.

b Using calculations, show that -2 <o < -1.9.

@ 9 a By sketching a suitable pair of grapiis, show that the equation
x* +4x = 7x + 4 has only one root for 0 < x <5.

b Verify by calculation that this root lies between x = 2 and x = 3.

@ 10 a Show graphically that the equation 2* = x + 4 has exactly two roots.

b Show, by calculation, that the larger of the two roots is between 2.7 and 2.8.
You might need to look

@ 11 a By sketching (wo suitable graphs on the same diagram, show that the back at Chapter 3
before attempting

. v .
equation cotx = x” has one root between 0 and = radians. .
2 Question 11.

b Show, by calculation, that this root, ¢, lies between 0.8 and 1.
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Chapter 6: Numerical solutions of equations

@ 12 a By sketching a suitable pair of graphs, deduce the number of roots of the
equation x =tan2x for 0 < x <2m.

b Verify, by calculation, that one of these roots, o, lies between 2.1 and 2.2.

@ 13 a Show graphically that the equation cosec x = sinx has exactly two roots for
0 <x<2m.

o

Use an algebraic method to find the value of the larger root correct to 3
significant figures.
@ 14 f(x) =203 +8x2 = Tx -3

a The equation 20x> +8x? — 7x — 3 = 0 has exactly two roots.

Without factorising the cubic equation, show, by calculation, that one of these
roots is between 0.5 and 1.

b Show, by sketching the graph of y = f(x) for —1 < x <, that the smaller root
is between —1 and 0.

¢ Explain why 1t is not necessary to use a numerical method to find the two
solutious of this equation.

@ 15 A guitar tuning peg is in the shape of a cylinder with a hemisphere at one end. r mm
The cylinder is 20 mm long and the whole peg is rnade from 800 mm? of plastic.
The base radius of the cylinder is r mm.

a Show that mr® + 302 — 1200 = 0.

20 mm

b Show that the value of r is between 2mm and 4 mm.

~— ]
EXPLORE 6.1 \_/

Anil is trying to find the roots of f(x) = | tan x| = 0 between 0 and 2x radians.
He states:

f(3.1) > 0 and f(3.2) > 0. There is no change of sign so there is no root of | tan x| =0
between 3.1 and 3 2.

Mika states:

y= | tan x| and it meets the x-axis where x = 7 radians sc Anil has made a
calculation error.

Discuss Anil and Mika’s statements.

ﬁ DID YOU KNOW? @

Interestingly, cubic and quartic equations can be solved algebraically. This has been known since
the 16th century and was shown by the [talian mathematicians Niccold Fontana (Tartagiia) and
Lodovico Ferrari. Quintic equations cannot be solved algebraically in general. This was sliown by
the Norwegian mathematician Niels Abel and the French mathematician Evariste Galois in the
early 19th century.
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6.2 Improving your solution

Once we have an approximate iocation for a solution, we can improve it.

One common way to do this is to use an iterative process, finding values that are closer and
closer to «, the root we are looking to find.

For example, we have shown, by calculation, that the equation f(x) = x° + x —1 =0 has
aroot o between 0 and 1. This is a reasonable starting point but probably not accurate
enough if we wanted a solution to this equation in the real world. What if we needed to
know the value correct to I significant figure? How could we find it?

Let us consider a rearrangement of f(x) = x> + x - i = 0.

The root we are trying to find is a value of x, so rearranging x> + x — 1 = 0 into the form
x = F(x) seems reasonable (in other words, x = some function of x).

One possible rearrangement of this formis x = /1 - x.

As we already know that 0 <o <1, a good starting point is x = 0.5.

Now we can test our value to see how accurate it is. How? Remember from
Section 6.1 that « is just
the special name given

1-0.5 = 0.5 =0.87055... to the solution that you
are looking for.

e Work out the value of 31— x for the starting value.

e Compare it with x.

~

| 05 0.87055 ... No

@ Are the values the same to the required number of significant figures or decimal places?
Yes — then use this value as the estimate for the root.

No — then find a more accurate value.

Look at the graphs of y = x aud y = /1 — x on the same diagram.

YA
\\
~

The graphs show that the values x
and F(x) are not very close together
as the vertical distance between the

0.5 line and curve is quite large.

y=Xx |
y=IT=x
o > I %
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Chapter 6: Numerical solutions of equations

How do we improve the accuracy of the estimate for the root?

We can see in the following diagram that 0.87055... is a better approximaiion for the root
o than 0.5.

Is 0.87055... close enough?

"
T~

™

Y

The vertical distance between the
line and curve is now smaller, so the

0.5+ values are converging.

V y:\5/17x

Testing x = 0.87055... gives IT—x = §[1-0.87055... = 0.66438...

~
=Y

0.5 0.87055... No

|
—

|

|

No

0.87055... 0.66438...

We can see that 0.66438§... is a better approximation of the root oz than 0.87055... because
the values are closer together. Is 0.664 38... close enough?

When we continue testing and comparing values, we find:

| 0.66438... 0.80383... No
0.80383... 0.72197... No
0.72197... 0.77413... No
0.77413... 0.74262... D No Using a table is helpful,
0.74262... 0.76227... ) No but still very repetitive
| and a lot of work!
0.76227... 075026... | Yes

Each test is called an iteration. Each iteration gives a value of x that is cioser to the actual
value of the root than the previous value of x.

It seems as if the value of o is 0.8 correct to 1 significant figure.
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This (enlarged) diagram shows what is happening with each new value.

YA

T~

~~

0.5 — & start

142

y =N x

=Y

Each value that comes from F(x) is used as the next value for x. The spiral is often called
the cobweb pattern.

Summary
When trying to solve f(x) = 0, rearrange the equation to the form x = F(x).
When « 1s the value of x such that x = F(x) then « is also a solution of f(x) = 0.

Subscript notation and formulae

In order to avoid unnecessary repetition aud to make sure the process is recorded
accurately, the method outlined is usually described using subscript notation.

The first approximation of the root is called x; (sometimes it is called x;).
The next approximation of the root is called x,, and so on.
A relationship such as x = F(x) where F(x) = /1 — x is the basis for an iterative formula:

Xnp+l = F(xn) = 'F\ll - Xp

Copyright Material - Review Only - Not for Redistribution



Chapter 6: Numerical solutions of equations

X, = 0.87055... No
x; = 0.66438... No
xs = 0.80383... No
x5 = 0.72197... No
X = 0.77413... No
x7 = 0.74262... No
xg = 0.76227... No
Xo = 0.75026... Yes

In this format we test the accuracy of the values by comparing each value of x,, in the

sequence with the previous value.

Q TIP ‘ 5

Does your calculator have an key?

Using the (Ans key reduces the number of key strokes needed to use an iterative process.

* Type the value for x; into your calculator and press =)
eg 053
* Type the formula into your calculator using (Ans) instead of .

e.g. J1 - Ans

Now each time you press =] the calculator gives you the next value of x,, generated (so x,, X3, X4, ...).

Try this now and check that you generate the values that are given in the table.

|
WORKED EXAMPLE 6.4

The equation x? + x — 3 = 0 has a negative root, .

a Show that this equation can be rearranged as x = 3¢ 1.
A

. . 3 . .
b Use the iterative formula x,,; = — — 1 with a starting value of x; = -2.5
X

n

to find & correct to 2 decimal places. Give the result of each iteration to

4 decimal places, where appropriate.

Answer
a x2+x-3=0 Divide through by x.
X ,x 3.0
X X X X
x+1—i:0 Isolate x.
X
= e 1 v/
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I X5 :i—l:—Z.Z No
-2.5
3
X3 =———-1=-2.3636 No
)
X4 =—2.2692 No
x5 =-2.3220 No
[ a
I
Xg = —2.2920 No
x7 =-2.3089 No
xg =—2.2993 No
X9 =—2.3047 Yes

The root seems to he « =—-2.30 to 2 decimal places.
Any value between
We can prove this, using a change of sign test: 2305 and —=2.295
must round to —2.30 to

When ¢ =-2.30 then —-2.305 < o <-2.295 and so .
2 decimal places.

f(—2.305) = (=2.305)% +(=2.305) — 3 = 0.00802... The change of sign test
(=2.295) = (-2.295)* +(-2.295) = 3 = -0.0279. . is an important test.
144
L. . If the root passes the
Change of sign indicates presence of root, therefore o = —2.30, to 2 decimal change of sign test it
. places. must be correct.

|

WORKED EXAMPLE 6.5

The equation e* —1 = 2x hasaroot o = 0.

a Show by calculation that this equation also has a root, 3, such that 1< < 2.

b Show that tliis cquation can be rearranged as x = In(2x + 1).

¢ Use ai iteration process based on the equation in part b, with a suitable starting value, to find f correct to
3 significant figures.

Give the result of each step of the process to S significant figures.

Answer

| a Let f(x) =¢*—1-2x =0 and look for a change of sign.
fll)=e—-1-2=-0.2817...

f(2) = e* - 1-2(2) = 2.38905...

Change of sign indicates presence of root.
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Chapter 6: Numerical solutions of equations

e*—1=2x Isolaic e.
et =2x+1 Take logs to base e.
x=In(2x+1) V4

A suitable iterative formula is x,,.; = In(2x, + 1) with a starting value of x; = 1.5.
(Any value between 1 and 2 would be an acceptable starting value.)

X =15 '

% = In(2x 15+ 1) = 1.38629... = 1.3863 _ No
X3 = In(2 % 1.33629... + 1) = 1.32776... = 1.3278 - No
| g = 1.29623... = 1.2962 K No
| s = 1.27884... = 12788 ) No
| %o = 1.26910... = 1.2691 O No
| X, = 1.26362... = 1.2636 ' No
g = 1.26051... = 1.2605 B Yes

The root seems to be f =1.26 correct to 3 significant figures.

We can prove this, using a change of sign test:

When 8 =1.26 then 1.255< 3 <1.265 and so:

£(1.255) = e!?% —1-2(1.255) = —-0.0021616...

f(1.265) = e!?% —1—-2(1.265) = 0.01309...

Change of sign indicates presence of root, therefore  =1.26 correct to 3 significant figures.

You might notice that the pattern of convergence is different in this example. This is clear when you look
at the graphs of y = x and y =In(2x+1) on the same grid. The type of convergence shown in the graph
on the right is often called a staircase pattern.

A
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1 Theequation x* +5x —7 = 0 has a root o between 1 and 1.2.

The iterative formula x,.; =

a

e

5
Using a starting value of x; = 1.1, find and write down, correct to 4 decimal places, the value of each of

can be used to find the value of or.

X2, X3, X4, X5, Xg.

Write the value of x¢ correct to 2 decimal places and prove that this is the value of o correct to 2 decimal
places.

Show that the equation In(x + 1) + 2x —4 = 0 has a root o between x =1 and x = 2.
4 —1In(x, +1)

Use the iterative formula x,,; = 5

with an initial value of x; = 1.5 to find the value of o

correct to 3 decimal places

3 Theequation (x —0.5)2* =1 hasaroot .

a

Show, by sketching the graph of y = ¢3¥ and one other suitabie graph, that « is the only root of this
equation.

Use the iterative formula x,,; = e+ 0.5 with x; = 0.5 to find the value of o correct to 2 decimal
places. Give the value of each of your iterations to 4 decimal places.

By sketching a suitable pair of graphs, show that the equation x* +10x = x + 5 has only one root that lies
between 0 and 1.

bl

. . 5-— . . .
Use the iterative formula x,,; = —;C"—, with a suitable value for xi, to find the value of this root correct

to 4 decimal places. Give the result of each iteration to 6 decimal places.

5 The equation cos™' 3x = 1—x has aroot .

Show, by calculation, that & is between % and %
. . . 1
Show that the given equation can be rearranged into the form x = 3 ©0s (1-x).
. . 1 . . .
Using the iterative formula X, = 3 cos(l - x,) with a suitable starting value, xj, find the value of &

correct to 3 decimal places. Give the result of each iteration to 5 decimal places.

6 The terms of a sequence with first term x; = 1 are defined by the iterative formula:

5-2x, - x,°
Xpsl = 5

The terms converge to the value «.

a Use this formula to find the value of « correct to 2 decimal places. Give the value of each term you
calculate to 4 decimal places.

b The value o is the root of an equation of the form ax® + bx? + cx + d = 0, where a, b, ¢ and d are integers.
Find this equation.

7 The equation x*~1-x =0 hasaroot, o, between x = 1 and x = 2.

a Show that « alsc satisfies the equation x = 1+ x.

b Write down au iterative formula based on the equation in part a.

¢ Use your iterative formula, with a starting value of x; = 1.3, to find « correct to 2 decimal places. Give the

result of each iteration to 4 decimal places.
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8 The equation cosec x = x” has a root, o, between 1 and 2.

The equation can be rearranged either as x = sin™! (iz) or x = ,1 .
\j sin x

X
a Write down two possible iterative formulae, one based on each given rearrangement.

Use the starting value 1.5.
b Show that one of the formulae from part a fails to converge.
¢ Show that the other formula from part a converges to o and find the value of & correct to 3 decimal places.
Give the result of each iteration to 5 deccimal places.
9 The terms of a sequence, defined by the iterative formula x,,; = In(x,> + 4), converge to the value a. The first
term of the sequence is 2.
a Find the value of o correct to 2 decimal places. Give each term of the sequence you find to 4 decimal places.

b The value o is a root of an equation of the form x? = f(x). Find this equation.

in(x-1)

10 The equation s_ e +1=0 hasaroot, o, between x =1 and x =1.4.
XS .
. . - -1
a Show that « also satisfies the equation x = % .
b Using an iterative formula based on the equation from part a, with a suitable starting value, find the value
of a correct to 3 significant figures. Give the result of each iteration to 5 significant figures.
@ 11 The graphs of y = (%) —1 and y = x intersect 2t the points O(0, 0) and 4.

a Sketch these graphs on the same diagram.

b Using logarithms, find a suitable iterative formula that can be used to find the coordinates of the point A.

¢ Calculate the length of the line O A4, giving your answer correct to 2 significant figures. Give the value of
any iterations you calculate to a suitable number of significant figures.

@ 12 The diagram shows a container in the shape of a cone with a cylinder on top.

The height of the cylinder is 3 times its base radius, r.

The volume of the container must be 5500 cm?.

The base of the cone has a radius of »cm.

a Write down an expression for the height of the conc¢ in terms of r.

b Show that 2mr® + 117> — 5500 = 0.

¢ The equation in part b has a root, «.

_ 2
Show that « is also a root of the equation » = ﬁw.

d Using an iterative formula based on the equation in part ¢, and a starting
value of 8, find the value of o coriect to 3 decimal places. Give the value of
each of your iterations to an appropriate degree of accuracy.

e Explain what information is given by your answer to part d, in the context of the question.

@ 13 The equation x* —7x? +1 = 0 has two positive roots, & and B, which arc such that « lies between 0 and 1
and f lies between 6 and 7.

By deriving two suitable iterative formulae from the given equarion, carry out suitable iterations to find the
value of o and of B, giving each correct to 2 decimal places. Give the value of each of your iterations to
4 decimal places.
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. , . . Bt T
@ 14 a Show graphically that the equation cot x = sinx has a root, o, which is such that 0 < a < 7
b Show that the equation in part a can be rearranged as x = sin™ \/cosx .

¢ Using an iterative formula based on the equation in part b, with an initial value of 0.9, find the value of
a coriect to 2 decimal places. Give the value of each iteration to an appropriate number of decimal places.

d The equation given in part a can be rearranged iii other ways.

Find an example of a formula, based on a diffeient rearrangement of the equation given in part a,
that also converges to the value of ¢, with an initial value of 0.9, in fewer iterations than the formula
used in part c.

EXPLORE 6.2

You are going to explore why using rearrangements of equations into the form x = F{x) sometimes fails.

Possible causes of failure to consider are the starting value and the formula itself.

Discuss why formulae based on:
e x=31-x (the cobweb pattern)
® x =In(2x -+ 1) (the staircase pattern)

each converged to a root.

Look at the equation e* = 3x + 1 and some related graphs.
m YA /
' y=3x+1
J
/‘q
| y=e¥ /

—7
/0

3
Docs this give a convergent iterative formula? Explain your answer.

<Y

=Y

Discuss the rearrangement x =

Look at the equations in Exercise 6B.

Using one of the equations in questions 1 to 5 or 7 to 14, draw the graph of y = x and the graph of a function
F(x), where x = F(x) is a rearrangement of the equation given and for which x = F(x) will fail to converge.
e’—1

3

Explain any similarities or differences between your example and the rearrangement x =

Copyright Material - Review Only - Not for Redistribution



Chapter 6: Numerical solutions of equations

6.3 Using iterative processes to solve problems involving other areas of
mathematics

N\
WORKED EXA &
L\

2 2
1+ cosx 1—-cosx !
a Show that : + : =cot"x +
2 sinx 2 sinx 2
. . . (1+cosx 1-cosx .
h Hence, given that « is a root of the equaiion - + . = x, show that « is also a root of
L 2 sin x 2 sinx
. T
the equation x = tan™" | 2 foro-c<Z
2x -1 2
¢ Itis given that « is the only root of the equation x = tan™! % for 0 <x< > Verify by calculation
that the value of & lies betweeir 0.9 and 1.0. T
d Using an iterative formula based on the equation in part ¢, find the value of o correct to 3 significant figures.
Answer
1+ cos x \ 1-cosx Y
a — | | — Square.
2sinx 2 sinx
. : 2. _ 2,
_ 1+2 cos.,\ 2+ cos”x 1-2 cos.x2+ COS” X T —
4 sin” x 4 sin” x
_ 2+2cos?x Simplify.
4 sin® x
2
= H%# Write as separate fractions.
2 sin” x
2
-1 cosx Simplify.
2sin"x  2sin” x
2 . 2 .
_ cosec” x  cot” x Write in terms of cotx.
2 2
2 Y -
I+cot”x  cot Coliect terms.
2 2
1
=cot’ x + =
1
b cot>x+ 3= Rearrange.
1
cot’x = x — 5 Square root.
cotx = [x— % Left-hand side: write in terms of tan x.
Right-hand side: write as a single fraction.
1 2x —1 : .
- = Take the reciprocal of each side.
tan x 2
« - 2 .
fanx =, >-— Make x the subject.
B
2x —1
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¢ Let f(x)=x—tan \/2 E | and so f(x) =0 then:
X -
f0.9) = 0.9 — tan"! |— 2 = —0.10685...
2(09) -1

= 0.44683...

1) =1- tan™!
N R ET

Change of sign indicates the presence of a root.

X, = tan™ /—— ' =0.97992... No
\200.95) -1
2

x;=tan”! [—— = =0.96494... N

BT 2097992, )~ 1 ©
| x, =0.97234... No

x5 = 0.968 66... ' No

x¢ = 0.97048... No

x; = 0.96958... C- Yes

o seems to be 0.970 correct to 3 significant figures.

We can prove this, using a change of sign test:

! When o = 0.970 then 0.9695 < a << 0.9705 and so

£(0.9695) = 0.9695 — tan~! |—— = =-0.000571...
2(0.9695) — 1

NS
£(0.9705) = 0.9705 — tain~! \/2(097205)] — 0.000924...

Change of sign indicates presence of root.

Therefore o = 0.970 correct to 3 significant figures.

WORKED EXAMPLE 6.7

The diagram shows the design of a company logo, ABC.

AB is an arc of a circle with centre C.
The area of the unshaded segment is to be the same as the area of the shaded triangle.
Angle ACB is 0 radians.

a Show that 6 =2sin6.

b Showing all your working, use an iterative formula based on the equstion in part a, with
an initial value of 1.85, to find 6 correct to 3 significant figures.

¢ Hence find the length of 4B, given that AC is §cm.
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Answer
a % r?sin@ = —; r*(6 —sin @) Divide through by % .
sin@ = 6 —sinf Add sin6.
6 =2sin6 %
6, =2sinl.85=192255... No
0; =2s101.92255... =1.87753... No
6, =1.90664... No
| 65 =1.88826... No
| s =1.90005... No
6; =1.89256... No
05 =1.89735... i No
0y = 1.89430... No
6;p =1.89625... No
6, =1.89500.. Yes
6 seems to be 1.90 correct to 3 significant figures.
We can prove this, using a change of sign test with f(6) =6 —2sin& = 0:
When 6 =1.90 then 1.895 < 6 <1.905 and so
f(1.895) = 1.895 — 2 sin1.895 = —0.000809...
f(1.905) =1.905 — 2 sin1.905 = 0.01565...
Change of sign indicates presence of root, thereforc 8 = 1.90 correct to 3 significant figures.

Chapter 6: Numerical solutions of equations
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¢ Using trigonometry:

B
sin0.95 = % Multiply by 16
16 sin0.95 = AB
AB =13.014..... = 13cm (correct to 2 significant figures)

1

2

3

2x
The curve with equation y = s— has a stationary point with x-coordinate lying between 1 and 2.
X
a Show that the x-coordinate of this stationary point satisfies the equation x = 5 + %
o2

b Using a suitable iterative process basca on the equation given in part a, find the value of the x-coordinate
of this stationary point correct to 4 decimal places. Give each iteration to 6 decimal places.

The parametric equations of a curve are x = 1> + 6, y = t* — 3 = 5¢.

The curve has a stationary point for a value of ¢ that lies between 1 and 2.

a Show that the valuc of 7 at this stationary point satisfies the equaiton

b Use an iterative process based on the equation in part a to find the value of 7 correct to 3 decimal places.
Show the result of each iteration to 6 decimal places.

¢ Hence find the coordinates of the stationary point, giving each coordinate correct to 1significant figure.

In the diagram, triangle ABC is right-angled and angle BAC B
is 8 radians. The point O is the mid point of 4C and OC =r.
Angle BOC is 20 radians and BOC is 4 sector of the circle
with centre O. The area of triangle A8C is 2 times the area of
the shaded segment.

a Show that 0 satisfies the cquation sin26 = 6.

b This equation has one root in the interval 0 <6 < T

Use the iterative formula 6,,; = sin 26, to determine the
root correct {6 2 decimal places. Give the result of each
iteration to 4 decimal places.
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4 The diagram shows the curve y = x> cos4x for YA

T ; . . .
0=s=x=< g The peint P is a maximum point.

a Show that the x-coordinate of P satisfies the i
equation 4x?tandx = 2x.

b Show also that the x-coordinate of P satisfies
the equation x = ltan‘1 L .
4 2x
¢ Using an iterative formula based on the
equation in part b with initial value x; = 0.3
find the x-coordinate of P correct to o
2 decimal places. Give the resuli of each

iteration to 4 decimal places.

o J

|3

@ d Use integration by parts twice to find the exact n
area enclosed between the curve and the x-axis from 0 to —.

EXPLORE 6.3
e

The golden ratio

When a rectangle with sides in the ratio 1:¢ (phi) can be cut into a square of side 1 and a smaller rectangle, also with
sides in the ratio 1: ¢, the origina! rectangle is called a golden rectangle and the ratio i:¢ is called the golden ratio.

This means that ¢ 1_ L = —1

¢

By using a suitable iterative formula based on this ratio, with a starting value of 1, find the value of ¢ correct to
5 significant figures

Explore the link between the golden ratio and the sequence of Fibonacci numbers:

L L2358, ..,..

The relationship between the Fibonacci numbers aud the golden ratio
produces the golden spiral.

This can be seen in many natural settings, one of which is the spiralling
pattern of the petals in a rose flower.

From a tight centre, petals flow cutward in a spiral, growing wider and
larger as they do so. Nature has made the best use of an incredible
structure. This perfect airangernent of petals is why the small, compact
rose bud grows into suichi a beautiful flower.
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N\ ) )
0(\ C)QQ
Checklist of learningand understanding Q

The process of finding a sequence of values that become closer and closer to a point of intersection of y = x and » = F(x) is
called an iterative process.

Each time you generate a value of x you carry out an iteration.

When the noint of intersection is at x = o and your iterations are values that are getting closer and closer to ¢, you are
converging to o.

Start with x| work out F(x;). Isitaccuratc enough? Yes — Stop, No —
Let x, = F(xy) work out F(x,). Isitaccurate enough? Yes — Stop, No —
N Let x3 = F(xy) work out F(x3). Isitaccurate enough? Yes — Stop, No —
g ..
@ Let x,. = F(x,) work out F(x,,.,). Isitaccurate enough? Yes — Stop.
Q\ The relationship x,,; = F(x,) is called an iterative formula.

The sequence of values of x given by this formula are called x;, x5, X3, ..., X,,.

When the value found is accurate enough, then it is usually given a particular name such as o.

The success and spzed of the iterative process depends on the function chosen for F(x,) and the value chosen for x;.

154
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\CXKERCISE 6

END-OF-CHAPTER REVIE
®) -

\ . . 6 1 o
1 The terms of the sequence generated by the iterative formuia x,,, = 0 ( X, + —3) with initial value x; = 1.5,
converge to «. n

a Use this formula to find « correct to 2 decimal places. Give the result of each iteration to an
appropriate number of decimal places. [3]

b State an equation satisfied by ¢, and hence find the exact value of . 12]
2 Theequation x* + g — 8 = 0 has one real root, denoted by «.

a Find, by calculation, the pair of consecutive integers between which « lies. 12]

A

. . . . . [8 1
b Show that, if a sequence of values given by the iterative formula x,,; = |— — 5 converges, then
it converges to o. v 12]

¢ Use this iterative formula to determine a correct to 1 decimal place. Give the result of each

iteration to 4 decimal places. 13]
3 a By sketching a suitable pair of graphs, show that the equation e***! = 14 — x* has exactly one

real root. 131

b Show by calculation that this root lies between 0.5 and 1. 2]
. . . In(14 — x¥) -1

¢ Show that this root also satisfies the equation x = % [1]
d Use an iteration process based on the equation in part ¢, with a suitable starting value, to find the

root correct to 4 decimal places. Give the result of each step of the process to 6 decimal places. 13]

. . x,(1+sec’x,)—tanx, .. . ..
4 The sequence of values given by the tterative formula x,,,; = n n) " with initial

value x; =1, converges to «.

sec? x, — 1

a  Use this formula to find ¢ correct to 2 decimal places, showing the result of each iteration to

4 decimal places. [3]

b Show that o also satisfies the equation tanx —2x = 0 where 1< x < g 2]
5 The equation ‘le_;—_6 = x —5 has aroot «, such that p < a << ¢, wherep and ¢ are consecutive

integers.
a Show that o also satisfies the equation x = In x + 2. [1]
b Find the value of p and the value of ¢. 12]
¢ Use the iterative formula based on the eguation in part a with starting value x = p, to find the

value of o correct to 3 decimal places 13]
d Hence find an approximate value of y that satisfies the equation 5 —=2 = y In 5. 12]

6 a By sketching a suitable pair of graphs, show that the equation 7 — x° = ‘ x? - 1‘ has exactly two real

roots, o and 3, where « is a positive constant. [3]
. . f8

b Show that « satisfies the equation x = 3/— — x. [1]
X

¢ Write down an iterative formula based on the equation in part a. Use this formula, with a suitable
starting value, to find the value of o correct to 3 significant figures. Give the result of each
iteration to 5 significant figures. [3]

d Hence write down the value of 8 correct to 3 significant tigures. [1]
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7 Itis given that J ( 3 1+ 3 + 20 ) dx = 0.6, where the constant a > 0.
0 X

e €7 _1 5
a Show that a = 6ln(2.8+ln(3a+5)).

b Use an iterative formula based on the equation in part a, with a starting value of ¢ = 0.2, to find
the value of a correct to 3 decimal places. Give the result of each iteration to an appropriate
number of decimal places.

8 A curve has parametric equations

x=%,y=\/t+1

The point P on the curve has parameter p. It is given that the gradient of the curve at P is —0.4.

=

~ 1
a Show that p = -2?:'—' (p+ D4,
b Use an iterative process based on the equation in part a to fiud the value of p correct to 3 decimal

places. Use a starting value of 1 and show the result of eacli iteration to 5 decimal places.

9 In the diagram, 4, B and C are points on the circumference of the circle with centre A
O and radius r. The shaded region, ABC, is a sector of the circle with centre C. Angle
OCA is equal to 0 radians.

The area of the shaded region is equal to 3 of the area of the circle.

a Show that 6 = cos™ f3—n
320

b  Verify by calculation that 0 lics between 0.8 and 1.2 radians.

. . _ n
¢ Use the iterative formula 4,,; = cos™

to find the value of 6 correct to 3 decimal places.

n
Give the result of each iteration to 5 decimal places.

10 The functions f and g are defined, for 0 < x <m, by f(x) = e and 4

g(x)=5-cosx.

The diagram shows the graph of y = f(x) and the graph of y = g(x). y=35-cosx
The gradients of the curves are equal both when x = p and when /
X =gq.

@ Given that p <gq, verify by calculation that pis 0.16 correct to
2 decimal places.

b Show that ¢ satisfies the equation 7 =2+ In(sing). o

¢ Given also that 1.5 < ¢ < 2.5, use the iterative formula ¢,,; = 2+ In(sing, ) to calculate g correct to
2 decimal places, showing the result of each iteration to 4 decimal places.

11 The equation x = cosx +sinx has a root & that lies between 1 and 1.4.

a Show that ¢ is also a root of the equation x = +/2 cos(x - % )

b  Using the iterative formula x,,; =2 cos(xn —% , find the value of o, giving your answer
correct to 2 decimal places.
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-

@ 12 a By sketching each of the graphs of y =secx and v = ;

\

% x)(%+x) for —g<xsg on the
same diagram, show that the equation sec x = ( ——X J(% ) has exactly two real roots in

T T
the int | - =<x=s=. 3
e interva 5 <x=3 K]]

b Show that the equation sec x = ( )( + X ) can be written in the form
\

NI:-!

2mx + w2 — 8 sec x
\/ . ]

¢ The two real roots of the equation secx = (g - X J(% + x) in the interval — g <x =< g are denoted
o and B.
Verify by calculaiion that the smaller root, o, is —0.21 correct to 2 decimal places. 12]

d Using an iterative formula based on the equation given in part b, with an initial value of 1, find the
value of f3 correct to 2 decimal places. Give the result of each iteration to 4 decimal places. 131

v

@ 13 YA

y=cos’x

\

o/

NER
S

3

The diagram shows part of the curve y = cos’ x, where x is in radians. The shaded region between the

curve, the axes and the line x = « is denoted by R. The area of R isequal to 0.3.

. . . [ o . 0.9
a Using the substitution u = sin x, find J cos’ x dx. Hence show that sina = I sla [6]
0 —
b  Use the iterative formula 0, = sin! g
3 —sin” ¢,

to 3 significant figures. Give the result of each iteration to 5 significant figures. 13]

0.9 .
(72J with ¢ = 0.2, to find the value of & correct

a
@ 14 It is given that j In x dx = 5, where a is a constant greater than 1.
1

A+ a

a Show that ¢ = ——. 151
ina
b Use an iterative formula based on the equation in part a to find the value of a correct to 3 decimal
places. VUse an initial value of 5 and give the result of each iteration to 5 decimal places. 13]
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. . 1+ 1 , . .
The equation of a curveis y = " 2x for x >— 5 Show that the gradient of the curve is
x

always negative. 131

Cambridge International A Level Mathematics 9709 Paper 31 Q1 November 2013

YA

(
The diagram shows the part of the curve y = > tan2x for 0 <= x =< %n. Find the x-coordinates
of the points on this part of the curve at which the gradient is 4. I5]
Cambridge Iiternational AS & A Level Mathematics 9709 Paper 21 Q3 November 2011

The parametric equations of a curve are x = In(l1 — 27), y = %, for ¢t <O0.

i Show that b _ I—_ff. 131
dx t-

ii  Find the exact coordinates of the only point on the curve at which the gradient is 3. I3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q4 November 2012

The equation of a curve is x%y + y* = 6x.
dy 6-2xy

i Show that —= = . 4
( dx  x2+2y o

ii  ['ind the equation of the tangent to the curve 2t the point with coordinates (1, 2), giving your
answer in the form ax + by + ¢ = 0. 3]

Cambridge Inicrnational AS & A Level Mathematics 9709 Paper 21 Q6 June 2010

|
i Use the trapezium rule with two niervals to estimate the value of J PP dx, giving
your answer correct to 2 decimal places. O 9572

131
X 2
i Find J' (ee+2) dx. 4]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q6 November 2012
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Cross-topic review exercise 2

@ 6 i Bysketching a suitable pair of graphs, show that the equation In x = 4 — %x has exactly
one real root, o. 2]
ii  Verify by calculation that 4.5 < a <5.0. 12]

iii Use an iterative formula x,.; = 8 — 2 In x, to find & correct to 2 decimal places. Give the
result of each iteration to 4 decimal piaces. I3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q4 November 2015

@ 7  The parametric equations of a curve are x = %, y =tan®, where 0 <t < %n.
cos
| Sl it S g 41
dx
ii  Hence show that the squation of the tangent to the curve at the point with parameter ¢ is
y = xsint — tant. 3]
Cambridge International A Level M aihematics 9709 Paper 31 Q4 November 2014

@ 8  Itis given that the positive constant « is such that J.a (4™ +5) dx = 100.
i Show that a = %m(so +e2a _5g), h [4]
ii  Use the iterative formula a,,; = % In(50 + e *” — 5a,) to find o correct to 3 decimal places.
Give the result of each iteration to 5 decimal places. 3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q4 November 2016

@

. . ¥ 1
The equation of a curveis y = e 1anx, for 0 < x < 5T

o o d\/ o 0 o .
i Obtain an expression for —— and show that it can be written in the form e™2*(a + b tan x)?,
dx

where a and b are coustants. I5]
ii  Explain why the giadient of the curve is never negative. 1]
iii Find the value oi x for which the gradient is least. [1]

Cambridge International A Leve! Mathematics 9709 Paper 31 Q5 November 2015

@ 10 i Provethat tan6 +cot 0 = L 3]
sin260
ii Hence
a find the exact value of tan %n + cot %r, 12]
1
2" 6 A

b evaluate J. 3]

—d6
o tan® +coth

Cambridge International AS & A Level Mathemarics 9709 Paper 21 Q5 June 2014

@ 11 The equation of a curve is xy(x — 6y) = 943, where a is a non-zero constant. Show that there is
only one point on the curve at which the tangent is parallel to the x-axis, and find the coordinates
of this point. 71

Cambridge International A Leve! Mathematics 9709 Paper 31 Q4 November 2016
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. . 6 . . .
The curve with equation y = — intersects the line y = x + i at the point P.
X

i  Verify by calculation that the x-coordinate of P lies between 1.4 and 1.6. 2]
ii Show that the x-coordinate of P satisfies the equation x = (%) 12]
X

iii.  Use the iterative formula x,.; = {( —6—I}|, with initial value x; = 1.5, to determine
xn 7,

the x-coordinate of P correct to 2 decimal places. Give the result of each iteration to 4 decimal
places. 3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q6 November 2010

The parametric equations of a curve are x = e%, y = 4re’.

(
i Show that & = 201 41
dx e
ii  Find the eguation of the normal to the curve at the point where ¢ = 0. 4]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q5 June 2013

For cach of the following curves, find the exact gradient at the point indicated:

i py=3cos2x—5sinx at(%n, —1), 3]

i x3+6xpy+y° =21 at(l, 2). [5]
Cambridge International AS & A Level Mathematics 9709 Paper 21 Q4 November 2014

. . . . d
i By differentiating , show that if y = secx then SV = secx tan x. 12]
COS X dx
ii  Show that - = secx + tan x. [1]
secx — tan x
iii. Deduce that — 172 = 2sec’x — 1+ 2 secx tan x. 2]

(sec x — tan x)

1
—T

iv. Hence show that J4 %
0o (secx —tanx)

1
dx = (842 - m), 13l

Cambridge International A Level Mathematics 9709 Paper 31 Q5 November 2012

A curve is defined by the parametric equations x = 2tan#, y = 3sin26, for 0 <06 < %TC.

i Show that j_y = 6cos*@ -3 cos’ @ 4]
X

ii  Find the coordinates of the stationary point. I3]

iii Find the gradient of the curve at the point (2J§, % ﬁ) . 121

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q5 June 2016
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Cross-topic review exercise 2

. 4

o

1
The diagram shows the curve y = 4e2” — 6x + 3 and its minimuin point M.

i  Show that the x-coordinate of M can be written in the form In a, where the value of a is
to be stated. I5]

ii  Find the exact value of the area of the region enclosed by the curve and the
lines x =0,x =2 and y = 0. [4]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q5 June 2012

LE“; 18 The equation of a curveis x3 —3x?v + 3 = 3.

2 _
| i 36272);}} [41
dx x -y
ii  Find the coordinates of the points on the curve where the tangent is para'lel to the x-axis. [51

Cambridge International A Level Mathematics 9709 Paper 31 Q7 June 2016

@ 19 A curve has pareinetric equations x = = J(t+2)

2+ 127
The point P on the curve has parameter p and it is given that the gradient of the curve at P is —1.
1

i Showthat p=(p+2)6 — % [6]

ii  Use an iterative process based on the equation iu part i to find the value of p correct to 3 decimal
places. Use a starting value of 0.7 and show the result of each iteration to 5 decimal places. [3]

Cambridge Interiiational AS & A Level Mathematics 9709 Paper 21 Q6 June 2012

€) 20 i Find
2x
j €6 4, 3]
(&
b J.3 cos? xdx. I3]

s

.
ii  Use the trapezium ruie with 2 intervals to estimate the value of J dx, giving
1

. in(x +2
your answer correct to 2 decimal places. n(x +2)

131
Cambridge International AS & A Level Muthematics 9709 Paper 21 Q6 November 2013
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@ 2=

i By sketchinug a suitable pair of graphs, show that the equation e?* = 14 — x? has exactly

two reai roots. 131
ii  Show by calculation that the positive root lies between 1.2 and 1.3. 12]
iii Show that this root also satisfies the equation x = % In(14 — x?). [1]

iv Use an iteration process based on the eguation in part iii, with a suitable starting value,
to find the root correct to 2 decimal places. Give the result of each step of the process
to 4 decimal places. 3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 June 2011

i By sketching each of the graphs y = cosecx and y = x(nw — x) for 0 < x <<, show that
the equation cosec x = x(m — x) has exactly two real roots in the intervai for 0 < x <. [3]
2 .
ii  Show that the equation cosecx = x(m — x) can be written in the form x = m 12]
T sin x
iii. The two real roots of the equation cosec x = x(m — x) in the interval 0 < x <7 are denoted
by o and /3, where o <p.

1+ x, sin x,

a Usec the iterative formula x,.; = to find o correct to 2 decimal places.

Tsin x,,
Give the result of each iteration to 4 decimal places. [3]
b Deduce the value of  correct to 2 decima! places. 1]

Cambridec International A Level Mathematics 9709 Paper 31 Q8 June 2014

YA

0

. 4

The diagram shows part of the curve with parametric equations

x=2In(t+2),y=1>+2t+3.
i  Find the gradient of the curve at the origin. I5]
ii At the point P on the curve, the vaiae of the parameter is p. It is given that the gradient

.1
of the curve at P is 5
1
-2
3p°+2
b By first using an iterative formula based on the equation in part a, determine the coordinates

of the point P. Give the result of each iteration to 5 decimal places and each coordinate
of P correct to 2 decimal places. [4]

a Show that p = 1]

Cambridge Internationai A Level Mathematics 9709 Paper 31 Q10 June 2015
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Cross-topic review exercise 2

@ 24 i Prove that 2 cosec26 tan® = sec? 6. 131
ii  Hence
@ solve the equation 2 cosec26 tanf = 5 for 0 < x <. [3]
In
b find the exact value of J6 2 cosec 4x tan2x dx. [4]
0

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q6 June 2015

@ 25 i Prove the identity cos4¢ -+ 4 cos26 = 8cos* 6 — 3. 4]
ii Hence
a solve the equaiion cos40 + 4 cos26 =1 for — % <0< % . [3]
Lo
b fina the exact value of J4 cos* 6d6. 3]
0

Cambridge International A Level Mathematics 9709 Paper 31 Q9 June 2011

@ 26 i By first expanding cos(2x + x), show that cos 3x = 4 cos® x — 3 cos x. I5]
1
" 6" 5
ii Hence show that J (2 cos® x —cosx)dx = = 51
0

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q8 November 2011

@ 27 YA

1
The diagram shows the curve y = 10e " sin 4x for x = 0. The stationary points are labeled 77, 75, T3, ... as

shown.
i  Find the x-coordinates cf 77 and 75, giving each x-coordinate correct to 3 decimal places. [6]
i Itis given that the x-coordinate of T), is greater than 25. Find the least possible value of n. [4]

Cambridge International A Level Mathematics 9709 Paper 31 Q10 June 2014
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2

The equatiou of a curveis y = 2):_ E At the point on the curve with positive x-coordinate p,
X

1
the gradicnt of the curve is 5

_ [ 48p—16
Show that 7 = W . I5]
Show by calculation that 2 < p <3. 12]
Use an iterative formula based ci the equation in part i to find the value of p correct to
4 significant figures. Give the result of each iteration to 6 significant figures. [3]
Cainbridge International AS & A Level Mathematics 9709 Paper 21 Q6 June 2016
. .. 1 .
By differentiating — -, show that if y = sec then &y = tan@ secH. [3]
cos 6 de
2
Hence show that STJZ/ = a sec’ 0 + b sec, giving the values of « and b. [4]
L
Find the exact value of J‘4 (1+ tan’ @ — 3 secH tan @) d6. I5]
0

Cambridge International AS' & A Level Mathematics 9709 Paper 21 Q8 November 2012
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This chapter is for Pure Mathematics 3 students only.
In this chapter you will learn how to:

m recall an appropriate form for expressing rational functions in partial fractions, and carry
out the decomposition, in cases where the denominator is no inore complicated than:
® (ax+ob)cx+d)ex+ f)
® (ax +b)(cx + d)?
& (ax+b)cx?+d)
m use the expansion of (1 + x)”, where 7 is a rational number and ]x | <l
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Where it comes from What you should be able to do

Check your skills

Pure Mathematics 1 Equate coefficients of polynomials. | 1 Find the value of 4, B and C for:
Coursebook. Chapter 6 a A2 —3x4+C=6x2+Bx—9

b (2-A)x?>+5x+2C =3x>-3Bx+38

Pure Mathematics 1 Expand (a + b)" where nisa 2 Find the first 3 terms, in ascending powers
| Coursebook, Chapter 6 | positive integer. of x, in the expansion of:
a (1+2x)
b (3-2x)
Chapter 1 Divide polynomials. 3 Find the qacEc;t and remainder when

x? — 8. + 4 is divided by x — 3.

Why do we study algebra?

At IGCSE / O Leve! we learnt how to add and subtract algebraic fractions. In this chapter .
we will learn how to do the ‘reverse process’. This reverse process is often referred to as In Chapter 8 you will
splitting a fraction into its partial fractions. In Mathematics it is often easier to deal with be shown another use

. . .. . . f¢ ial fractions:
two or more simple fractions than it is to deal with one complicated fraction. or part.1a ractions
j how to integrate

m In the Pure Mathematics 1 Coursebook, Chapter 6, you learnt how to find the binomial rational expressions
expauston of (a + b)" for positive integer values of n. After working through this chapter such as %
X° + 53X —

you will be able to expand expressions of the form {1+ x)”" for values of n that are not

e ‘g by first splitting the
positive integers (providing |x| <1).

expression into partial

Combining your partial fraction and binoinial expansion skills will enable you to obtain fractions.
. . . . 2x -1
series expansions of complicated expressions such as —————.
2x° +3x-20
WEB LINK

7.1 Improper algebraic fractions Explore the
A numerical improper {raction is defined as a fraction where the numerator = the Polynomials and

rational functions

. 11. . . . .
denominator. For example, < isan improper fraction. This fraction can be expressed as station on the

1 _ P .
2 + —, which is the sum of a positive integer and a proper fraction. Underground
S Mathematics website.

So how do we define an algebraic improper fraction?

! P(x)

The algebraic fraction where P(x) and Q{x) are polynomials in x, is said to be an algebraic

Q(x)’

improper fraction if the degree of P(x) = the cegree of Q(x).

3_1,2
-“—2— is an improper algebraic fraction because the
N

degree of the numerator (3) is greater than the degree of the denominator (1).

For example, the fraction a

Copyright Material - Review Only - Not for Redistribution



Chapter 7: Further algebra

. : . 3 -3x2+7 .
We can use long division to write the fraction % as the sum of a polynomial and

a proper algebraic fraction.

X2 —x=2
X=2)x% =37+ 0x +7
>_c3 92

—x%+0x
—x?+2x

-2x+7

-2x+4

3

1 Discuss with your classmates which of the following are iniproper algebraic

fractions
( x? —4x 6x —2x+1
2x+1 X - 5 , a1
-
| x +2x% - ( 4x° -1 2x -8
x+2)(x—l) x+2)(x+1) 37 +2 2 -2x—1

2 Write each improper fraction in question 1 as the sum of a polynomial and a
proper fraction.

EXERCISE 7A

1 Express each of the following improper fractions as the sumn of a polynomial and a proper fraction.

a __%;* b 6x +1 c 4x3 -3
2x-5 3x+2 2x +1
d X +4x?+3x-1 o .7_1"_31-2x2—5x+1 f xt+2x2-5
X2 +2x+3 x2-5 x2+1
3 2
2 Giventhath375Ax2+Bx4 C+ D3,ﬁndthevalues of A, B, C and D.
X — X —
. xt+5x2 -1
3 Given that TEAx + Bx? +Cx+D+ ﬁnd the values of 4, B, C, D and E.
X
4 3 2\,
4 Given that 27 +3x :r4—c 15x+6_A +B+CX+D find the values ¢t 4, B, C and D.
x’+2x X3+
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7.2 Partial fractions

At IGCSE / O Level, we learnt how to add and subtract algebraic fractions. T'he tollowing
table shows three different cases for addition of algebraic fractions.

5 4 3 2 2 3

+ —t — e
xX+3 x-2 x+1 (x+1)7? P a—1 X245
_S5(x=2)+4(x+3) x+1)+2 _ 2P +5)+3(x-1

(+3)x—=2) T T (x=D(x2+5)
::_Q)H'lz _ 3x+5 _ 2x2 4+ 3x+7
| (x+3)(x~-2) T (x+1)? T (x=-D(x2+53)
Denominator in answer has: Denominator in answer has: Denominator in answer has:
two distinct linear factors. one linear repeated factor. one linear factor and one
«{ quadratic factor. ~\Y |

In this section we will learn how to do the reverse of this process. We will learn how to split
(or decompose) a single algebraic iraction into two or more partial fractions.

Case 1: Proper fraction where the denominator has distinct tinear factors

If the denominator of a proper algebraic fraction has two distinct lincar factors, the fraction
can be split into partial fractions.

px+q __ 4 4 B
(ax +b)cx+d)  ax+b cx+d

168 ‘

This rule can be extended for 3 or more linear factors.

Express % in partial fractions.
A aswer
2x-13 _ 4 B Multiply throughout by (2x + 1)(x — 3).
Cx+1)(x-3) 2x+1 x-3
2x—13= A(x —3)+ BQ2x +1) -------- (1)
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Chapter 7: Further algebra

Method 1: Choose appropriate values for x.

Let x =3 in equation (1):

2(3) =13 = A(3-3)+ B(6+1)
~7=17B
B=-1

Let x=— % in equation (1):

2(—%)—13:A(—%—3)+B(—1+1)

“14=-L 4
2
A=4
2x—13 4 i

T ox+D(x=3) 2x+1 x-3
Method 2: Equating coefficients.

2x—=13= A(x - 3)+ B(2x +1) Expand brackets and collect like terms.

2x-13=(4+2B)x-34+ B Equate the coefficients of x and the constants.

A+2B =2 ---------- )
| 34+ B=—-13 -------- 3) Solve equations (2) and (3) simultaneously.
A=4,B=-1
2x —13 4 1

T Oox+D(x=3) 2x+1 x-3

Case 2: Proper fraction with repeated linear factor in the denominator

If the denominator has a repeated linear factor, the fraction can be split into partial fractions
using the rule:

px+q _ A B

(ax+b)?  ax+b (ax+b)

w
WORKED EXAMPLE 7.2

Express ( ol _41)12 in partial fractions.
X —
Answer
2x-11_ 4 B Muitipiy throughout by (x — 4).
(x—4? x—-4 (x-4)
2x-11=Ax-4)+B ---------- (1
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Let x = 4 in equation (1):
24)-11=A4-4)+ B
B=-3
Let x = 0 in equation (1):
2(0)—11= A(0-4)-3
A=2

WORKED EXAMPLE 7.3

Oy _ Q42
Express % in partial fractions.
Answer
1-9x-8x* _ 4 B C Multiply throughout by (x — 2)(2x + 3).

- =- + + -
(x=2)2x+3) x—-2 2x+3 (2x+3)°
1 —9x —8x" = AQ2x +3)> + B(x =2)2x +3) + C(x = 2) ----(1)

Let x = 2 in equation (1):

170 1 -0(2) = 8(2)% = A(4+32 + B2 —2)(4+3)+C(2-2)
49 = 494
' A=-1

Let x = —% in equation (1):

179(7%]78(72)H = A( r?‘+3)3+B(7372)(73+3)+C(7“—72\

5 .

A

2 2

C=1
Let x = 0 in eguation (1):
1=94-6B—-2C ~-------r-rmmmmmmmmmo (2 Substitute 4 = -1 and C =1 in equation (2).
B=-2

b 1-9x-8x? 1 2

- . - + - S
(x=2)2x+3)” x—2 2x+3 (2x+3)
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Chapter 7: Further algebra

Case 3: Proper fraction wiith a quadratic factor in the denominator that
cannot be factorised

In this syllabus you wil! only be asked questions where the quadratic factor 1s of the form
2
ex” +d.

If the denoniinator of a proper algebraic fraction has a quadratic factor of the form
cx? + d that cannot be factorised, the fraction can be split iiito partial fractions using the
following rule.

@:Q

pPX+q __ 4 Bx+C
(ax +b)ex* +d)  ax+b x> +d

WORKED EXAMPLE 7.4

8+4+2x— x> . . .
Express ———————— 1in partial fractions.
PSS Tz ) P
Answer
8 4+ 2x — 2 A Bx +C

Multiply throughout by (x — 1)(x? + 2).

G-D2+2) x—1 242
§+2x —x2 = A2 +2)+ Bx(x =)+ C(x — 1) -----(1)

| Let x =1 in equation (1):
8+2()— (1) = A2 +2)+ B(H)(1-1)+ C(1-1)

9=34
A=3

Let x = 0 in equation (1):
§=6-C
C=-2

Let x = =1 in equation (1):
5=9+2B+4
b =-4

8+ 2x — x? 3 —4x -2 3 4x +2

T oD2+2) x—1 42 x—1 X4z

Case 4: Improper fractions

If an algebraic fraction is improper we must first express it as the sum of a polynomial and
a proper fraction and then split the proper fraction into partial fractions.
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WORKED EXAMPLE 7.5

2x2 +5x - 11 . . .
— —3-1 in partial fractions.

Express
P x24+2x -

Answer

The fraction is improper. Hence it must first be written as the sum of a polynomial and a proper fraction.

2
x*4+2x-3 i2.\‘3+5.\'—11
2x2 +4x-6
x-=95
2x2 +5x — 11 o x-5
o) E“’+ 2
x“+2x-3 xX“+2x-3

. . X . . .
Split the proper fraction ——— 3 into partial fractions:
X7+ 2x =

x-5 _ A \ B
(x+3)(x—1) x+3 x—1
x—-5=Ax-D+B(x+3)----- (1)

Multiply throughout by (x +3)(x —1).

Let x =1 in equation (1):

—4 =4B
B=-1
Lect x = =3 in equation (1):
-8 =-44
! A=2
x-5 2 1
(x+3)(x-1) x+3 x-1
2x2 +5x - 11 2 1
. x*+2x-3 E2+x+37?—71

Application of partial fractions

Partial fractions can be used to help evaluate the sum of some sequences.

WORKED E)(PLE 7.6

. . 1 . . . . 1 1
Given that the algebraic fraction ———— can be written in partial fractions as — — 7T find the sum of the first
X X

x(x+1)
1
! nterms of the series 1><2+2>1<3+3>1<4-:— 4—)‘3+ ......... . Hence, state the sum to infinity.
Answer
. 1 1 1 N ) 1 1
‘S/l: + + + -+ ...+ +
Ix2 2x3 3x4 4x5 (n=Dn n(n+1)
/\ ( ( i/
(DD (E Dl
1 B 4 -1 m, \m n+l
n+1
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— 0

The series in Worked example 7.6 is called a telescoping series, because its partial sums only have a
fixed number of terms after cancellation.

EXERCISE 7B

1 Express the following proper fractions as partial fractions.

6x -2 Tx +12 c 15x +13
(x=2)(x+3) 2x(x —4) (x=DBx+1)
x=1 o _Ox?+5x-2 ; 11x +12
Bx—=5)x-3) x(x-D2x+1) 2x+3)(x+2)(x-3)
2 Express the following proper fractions as partial fraciions.
_2x 1x? +14x +5 c x2 =2
(x+2) (2x + D(x +1)? x(x —1)?
36x% +2x — 4 . ¢ 3 £ Ix+4
(2x = 3)(2x + 1) T (x+2)(x=2) (x +2)(x = 1)?
3 Express the following proper fractions as partial fractions.
2x2 = 3x +2 3x2-!_-f'.x+17 c 2x2 —6x -9 B 6x% — 21x + 50
x(x? +1) Q2x+D(x*+5) (Bx +35)(2x> +1) (Bx = 5)(2x* +5)
4 Express the following improper fractions as partial fractions.
2x2 +3x+4 h x2+3 c 22 — 17x + 21x% — 4x° 4x3 + x> —16x+7
(x—=D(x+2) T ox? -4 (x —4)x"+1) 2x3 —4x? + 2x
3 _ 2 _A
5 Find the values of 4, B, C and D such that 4x 29x +llx<4 = A+ B + % + L
x (2x-1) x x° 2x-1

6 a Factorise 2x* — 3x? — 3x + 2 completely.
x> -13x -5

b Hence express
S X PIesS S T —3x2 —3x+2

in partial fractions.

7 a Factorise 2x* —11x? +12x + 9 completely.
24 — x

b Hence express 2 112 +12x + 0

in partial fractions.

8 The polynomial p(x) = 2x* + 5x% + ax + b is exactly divisible by 2x + 1 and leaves a remainder of 9 when
divided by x + 2.

a Find the value of ¢ and the value of b.

b Factorise p(x) completely.

¢ Express BQ\ 10 partial fractions.
p(x)
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@ 9 a Express 2
x(x 4

b Find an expression for the sum of the first # terms of the serices:
2 " 2 N 2 N 2 + 2 N
Ix3 2x4 3x5 4x6 5x7

—— 1 partial fractions.

¢ Find the sum to infinity of this series.

@ 10 Investigate whether the series ﬁ + Z_xéﬂ * 3% i 5t Ix ; vy is a telescoping series. If itis a

telescoping series, find an expression for the sum of the first # terms and the sum to infinity.

EXPLORE 7.2

There is another method that can be used to decompose a proper algebraic fraction

where the denominator contains only distinct linear factors. This alternative method

is called Heaviside’s cover-up method. Find out more about this method and use it to
4x> +15x +29

express —————— ——— in partial fractions.
eSS ) x+)x+3) P raction

7.3 Binomial expansion of (1 + x)” for values of » that are not
positive integers

174

In the Pure Mathematics 1 Coursebook, Chapter 6, we learnt that the binomial expansion of
(1+ x)", where n is a positive integer is:

(
(1+x)"=(g)+(rll]x+[Z]xz-ktg)x3+...+(:JX”

and that this terminating series can also be written in the form:

-1 — _
(1+x)”:1+nx+—n(n, ‘—)/;7+7n(n Dz 2)x3+.

n
o 3 R o

The general binomia!' theorem can be used for any rational value of n. [t states that:

(n=1) 5, nn=Dn=2) 5

@+x)" =1+nx+ 2 T ¢ ... where n is rational and | x| <1

There are two very important differences when 7 is not a positive integer. These are:

e the series is infinite
e the expansion is only valid for | x| << 1.

The proof of the general binomial theorem is beyond the scope of this course.

Consider, however, the following two examples where 7 is not a positive integer

9}

<~ /]

\
(n=—3 andn=l|.
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(1+x)7 =1+ (3)x+ £:3;“‘/'"4) X+ (_3)(;‘)(_5) x4 (_3)(_4iﬁ_5)(_6) x*+
=1-3x+6x% —10x% +15x* + ...

2 2! 3! 4!

ot D EHED), B

11 1 5
=l+—x——-x2+—xF - x4
2578 16 T18”

We can see that in each case the sequence of coefficients forms an infinite sequence.

When |x| <1, the binomial series converges and has a sum to infinity (in a similar way to a

geometric series converging for |r| < 1, where r is the common ratio).

WORKED EXAMPLE 7.7

Expand (1 —3x)7 in ascending powers of x up to and including the term in x°, and
state the range of vaines ot x for which the expansion is valid.

Answer

Use n = =2 and replace x by —3x in the binomial formula:

“2)(— ) (=2 =
(1-3x)2 =14 (=2)(-3x) + % (=3x)* + Q(—Q;’ﬂ (=3x)% + ...
=1+ 6x+27x> +108x> + ...
| Expansion is valid for |-3x| <1

alx] <

3
WORKED EXAMPLE 7.8

Chapter 7: Further algebra

0 DID YOU KNOW?

Isaac Newton is
credited with the
generalised binomial
theorem for any
rational power. A
poet once wrote that
‘Newton’s Binomial
is as beautiful as the
Venus de Milo. The
truth is that few people
notice it.’

Find the first four terms in the expansion of (1 + 2x%)™ and state the range of values

of x for which thc expansion is valid.
Answer
Use n = —4 and replace x by 2x? in the binomial fornwula:
_4)(— (—A)-5)(—
(1+2)* = 1+ (-4)2x%) + T 4;(' 2) (2y2y 4 N0 3'5)( 9 a2y ..
| =1-8x% +40x* — 160x5 + ...

Expansion is valid for ‘2,\’2‘ <1

x| <L
N2
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WORKED EXAMPLE 7.9

Find the coefficient of x3 in the expansion of X =5 .

+2x
Answer

x—-5 o =1
o (x =5)(1+2x)
Use n = —1 and replace x by 2x in the binomial formula:
-1)(- »  (=D(=2)(-3

Q+2x)"" =1+ (=D2x) + ED=2) 1)2(' 2) (2x) + (1K 75)( ) (2x)* +...

=1-2x+4x*-8x +...
(x=51+2x)"' = (x=51-2x+4x> -8x> +..)

=x(1-2x+4x>-8x3) =51 -2x+4x>-8x>+..)
S S 4 A

Term in x3 is x(4x?) + (-5)(-8x3) = 4453,

. The coefficient of x° is 44.

e 1 Expand the following, in ascending powers of x, up to and including the term in x>. State the range of values
of x for which each expansion is valid.
a (1+x)72 b (1+3x)"! c (1-2x)*
-3
d (1+§) e JT+2x f YT—3x
2 h 1-3x i I+ x
& 1-axy 1+ 2x) J—2x

2 Find the first 3 terms, in ascending powers of x, in the expansion of cach of the following expressions.
State the range of values of x for which each expansion is valid

. 3
a (1+x3)7 b 1-2x2 c (\/1—4x2)

. ) . . . . 2+ 3x
3 Find the first 5 terms, in ascending powers of x, in the expansion of ﬁ
- 5x
4 Can the binomial expansion be used to expand each of these expressions?

a (3x-17 b 2x-1
Give reasons for your answers.
5 Expand (2x — 1)~ in ascending powers of x, up to and including the term in x°.

1
6 Show that the expansion of (1 + x)2 is not valid when x = 3.

3
@ 7 Given that (1-3x)™ - (1+2x)2 = 9x + kx? for small values of x, find the value of the constant k.

@ 8 Given that 1—3 i +b = =3+ 12x for small values of x, find the value of @ and the value of b.
1-x X
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Chapter 7: Further algebra

@ 9 When (1+ ax)™, where a is a positive constant, is expanded the coefficients of x and x? are equal.
a Find the value of a.

b When « has this value, obtain the first 5 terms in the expansion.

2
@ 10 When (3—2x)(1+ ax)? is expanded the coefficient of x? is —15. Find the two possible values of a.

@ 11 The first 3 terms in the expansion of (1+ ax)" are 1—24x + 384x2%

a Find the value of ¢ and the value of 7.

b Hence find the term in x°.

7.4 Binomial expansion of (a + x)" for values of n that are not
positive integers

To expand (a + x)", where n is not a positive integer, we take a outside of the brackets:

-

{(a+x)"=a" [1+ n (§)+M(ﬁ)2 +ﬁ"—_—")("—_2)(£)3 +} for

X
—l <1
2! a‘

(. .\

WORKED EXAMPLE 7.10

Expand (2 + x)~* in ascending powers of x, up to and including the term in x” and state the range of values of x
for which the expansion is valid.

a a

Answer

-3
2+x)73 =) ( i+ %j

-2y {1+(—3)(§j+m(i)2 +(‘—3’(Tﬁ(5f 4. for

<1

o | =

2! 2 3! 2

l[ 3 3 5 3 }
=—|l-=x+=x"—-=Xx"+...
8 2 2 4

1 S

8

X+-—x x¥ +... valid for | x| <2
16 16 32

Copyright Material - Review Only - Not for Redistribution



178

N

-\
Cambridge International AS & A Leve%ematics: Pure Mathematics 2 & 3

WORKED EXAMPLE 7.11

Find the coefficient of x? in the expansion of 14_ 3x .
- X
Answer
1-3x - L
P =(1-3x)(4-x) 2 Factor the 4 out of (4 — x) 2.
—X
_l x \ 2 1 1
=(1-3x)4) 2 (I—Z) Simplify (4) 2 to >
| 32 oy
1 v 2 2 XY
=—(1-3 1+ —= -=
a-s1e(=3)(-5 )2 )
:%(1—3\') 1+é”1%8x2+..}
1 1 3, 3 1 3,
=—|1+-x+4 X+ |-z x|l+ox+ X+
2 8 128 2 8 128 .
P\ S
Coefficient of \“1slxi—jxl:—4—5,
2 128 2 8 256

1 Expand the following, in ascendiing powers of x, up to and including the term in x*. State the range of values
of x for which each expansion is valid.

a (241 b (5—2x)" ¢ o—x
4 1+2x
d B33 4 fooirex
T ¢ Goxp (2x—5)

2 Find the first 3 terms, in ascending powers of x, in the expansion of each of the following expressions.
State the range of values of x for which each expansion is valid.

5
a (24 x2)2 b 8- 3x7 c ( 3—x2)
3 Expand (1-2x)3/8 - 2x in ascending powers of x. up to and including the term in x>.

4 a Expand (2-x)™" and (1+ 3x)7? giving the first 3 terms in each expansion.

b Use your answers to part a to find the iirst 3 terms in the expansion of (2 — x)™'(1 + 3x)72, stating the range
of values of x for which this expainsion is valid.

5 The first 3 terms in the expansion of (a — 5x)™> are % + % X+ bx?.

Find the value of a, the value of » and the term in x>.

@ 6 In the expansion of / 3+ ax where a # 0, the coefficient of the term in x? is 3 times the coefficient of the term

in x3. Find the valuc of a.
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@ 7 a Find the first 4 terms in the expansion of ( ) where ‘ z! <1.
| X
. 2 _1
b Show that (1+_) =% = _( ﬁ)
b x+2 2
-1
¢ Find the first 4 terms in the expansion of X (1 += > ) , where %‘ <l1.

d Explain why your expansions are dlfferent

XPLORE 7.3

1 Given that f(x) = (1+—\] 5 ) , discuss why f(x) can be written in each of
XNt 22X

the following ways:

[ (1+x)7 (1 +2x)7! ]

f(>) [ [1+3x+2x%)]! ]

[ 2(1+2x) ' = (1 +x)7! |

2 Use the binomial theorem to expand each of these three expressions in

ascending powers of x, up to the term in x>.

3 Discuss with your classmates which method you would prefer if you were
asked for:

a alinear approximation for f{ x)
b a quadratic approximation for f(x)

¢ acubic approximation for f(x).

7.5 Partial fractions and binomial expansions

One of the most common reasons for splitting a fraction into pariia! fractions is so that
binomial expansions can be applied.

\,./
WORKED EXAMPLE 7.12

Given that f(x) = _ M0x+l , express f(x) in partial fractions and hence obtain the expansion of f(x) in
| (1-2x)(1+x)
ascending powers of x, up to and including the term in x>. State the range of values of x for which the expansion is

valid.

Answer
10x +1 _ 4 LB
1-2x)1+x) 1-2x l+x
10x+1= A1+ <)+ B(1-2x) ----(1)

Multiply tiiroughout by (1 —2x)(1 + x).
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Let x = —1 in equation (1):
-9 =3B
B=-3
1 .
Let x = — 11 cquation (1):
’%
6==4
2
A=4
I 10x +1 4 3

_ — L T ]
N (lfzy\')(l‘f'y\') N 1—2\' l_;’_\- - 4(] i“\) 3(1+\)

Expanding (1-2x)~" gives:

~1)(— —1)(=2)(—

(1=2x)" =1+ (=1)(-2x)- ¢ ;(‘—2) (=2x)* + W (=2x)° + ...

=1+2x+4x? +8x3 +... valid for |-2x] <1 ie. - % <x<3
Expanding (1+ x) ! gives:

(= —1)(=2)(—
Gyt = 14 (s CDED) oL CDEDED)
2! 3!
=l-x+x-x+... valid for |x| <1 ie. —1<x<1

.. R =41+ 2x+4x2+8x° +..)-31-x+x2 - x> +..)
! (1-2x)1+ x)
=1+ 11x +13x% +35x° + ...

. S . . D 1 1
The expansion is valid for the range of values of x satisfying both — 5 <x <5 and -I<x<I

o—— 0
O 0
1 1 1 1
-1 1 0 1 1
2 2
Hence, the expansion is valid for — % <x < %
Tx -1 . . .
1 a Express ———————— in partial fractions.
Press T oa+2x) P ¢
Tx—1 N

b Hence obtain the expansion of" - in ascending powers of x, up to and including the term in x°.

(1- x)(1+ 2x)

5x% + x

A= )7(1-3x) in partial fractions.

2 a Express

5x% + x
(1- x)2(1 - 3x)

3

b Hence obtain the expansion of in ascending powers of x, up to and including the term in x°.
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7x* +4x +4

3 E —_—
a Express d- D22+ 1)

in partial fractions.

7x* +4x + 4 3

b Hence obtain the expansion of ———————— in ascending powers of x, up to and including the term in x°.
(1-x)2x* +1)

T 42
4 a Express %(2_6;;) in partial fractions.
19 — 7x — 6x2

b Hence obtain the coefficient of x> in the expansion of m

21 . . .
5 a Express ————— in partial fractions.
IS vy P
b Hence obtain the expansion of . S in ascending powers of x, up to and including the term in x2.
(x=4)(x+3)

6x2 —24x+15 . . .
6 a Express —————— in partial fractions.
DI T —2) P

6x% —24x +15 5

b Hence obiain the expansion of m in ascending powers of x, up to and including the term in x~.
x X -

.\@ Partial fractions

@A ® Case 1: If the denominator of a prouer algebraic fraction has two distinct linear factors, the
. . . : : px+q A A
- = +
fraction can be split into partial fractions using the rule CEL G EEN T

Case 2: If the denominator of a proper algebraic fraction has a repeated linear iactor, the
fracti e ) ) . pxtqg __ 4 B
raction can be splif into partial fractions using the rule (ax+b?2  ax+b  (ax+by
Case 3: If the acnominator of a proper algebraic fraction has a quadraiic factor of the form
cx? + d that cannot be factorised, the fraction can be split into pariial fractions using the rule
px+q _ 4 + Bx+C
(ax +b)cex>+d)  ax+b x> +d

Casc 4: If an algebraic fraction is improper we must first express it as the sum of a polynomial
and a proper fraction and then split the proper fraction into partial fractions.

Binomial expansion of (1 + x)” for values of n that are not positive integers

n(n—1) 24 n(n—1)(n-2) |3
3

o (I+x)'=1+nx+ o

+ ... for |x| <1.

Binomial expansion of (a + x)” for valucs of n that are not positive integers

e (a+x) =a"[1+n(%)+m(£)z+—n("_1)(n_2) (£)3+_..:| for %‘ < e

2! a 3! a
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BYERCISE 7

END-OF-CHAPTER REVIEW
e,

3

1 Expand (1--2x)™ in ascending powers of x, up to and including the term in x3, simplifying the coefficients. [4]

@ 2 Expand 3/1-(6x) in ascending powers of x up to and including the term in x?, simplifying the coefficients. [4]

Cambridge International A Level Mathematics 9709 Paper 31 Q1 June 2011

3
@ 3 EBxpand (2 - x)(1+2x) 2 inascending powers of x, up to and including the term in x2,

simplifying the coefficients. 4]
Cambridge International A Level Mathematics 9709 Paper 31 Q2 November 2016
@ 4 Expand % in ascending powers of x up to and including the term in x?. simplifying the coefficients. [4]
X
Cambridge International A Level Matlicnratics 9709 Paper 31 Q2 June 2013
5 Expand ﬁ in 2scending powers of x, up to and including the tern in x°, simplifying the coefficients. [4]
6 Expand 2 10“\—2 in ascending powers of x, up to and including the term in x?, simplifying the coefficients. [4]
—X)
7 Expand —,ﬁ in ascending powers of x, up to and including the term in x2, simplifying the coefficients. [4]
J4 —5x
8 Express ZL in the form 4 + ﬁz + ¢ —. 4]
x“(2x = 3) X X 2x -3
2
182 9 Express w in the form 4 + B)zc * C. 4]
(x+2)(x*+5) x+2 x°+45
2 _
@ 10 Express hzﬂ in partial fractions. I5]
x(x~+1)
Cambridge International A Level Mathemuatics 9709 Paper 31 Q3 June 2013
3_ 2.8y -
11 Given that 2 — 1 *8x=4 B C D find the values of 4, B,C and D. 15]
x“(3x-2) X X 3x -2
2_ 3
12 Express dr” — %&H in partial fractions. I5]

(x+2)2x—1)
2
@ 13 Show that for small values of x2, (1-2x2) — (1+ 6x?)> ~ kx* where the value of the constant k
is to be determined. [6]

Cambridge Iniernational A Level Mathematics 9709 Paper 31 Q3 June 2015

) a2+ D2
® 12 letfx)= ST

i Express f(x) in partial fractions. [5]

i Hence obtain the expansion of {{x) in ascending powers of x, up to and including the term in x?. [5]

Cambridge International A Level Mathematics 9709 Paper 31 Q8 June 2016
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15

2x2—7x -1

Let f(x) = -———«—5——.
= ey
i Express f(x) in partial fractions. IS]
ii  Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x?. I5]
Cambridge International A Level Mathematics 9709 Paper 31 Q7 November 2013
3x
Let f(x) = ——F——.
i) = a2
i Express f(x) in partial fractions. I5]
i Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x°. I5]

Cambridge International A Level Mathiematics 9709 Paper 31 Q8 November 2010
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Further calcutus

This chapter is for Pure Mathiematics 3 students only.

In this chapter you wiii \carn how to:

m use the derivative of tan™! x

m cxtend the ideas of ‘reverse differentiation’ to include the integration of I3 W
X“+a
kf’(x)
f(x)
B use a given substitution to simplify and evaluate either a definite or an indefinite integral

B recognise an integrand of the form

, and integrate such functions

¥ integrate rational functions by means of decomposition into partial fractions
m iecognise when an integrand can usefully be regarded as a product, and use integration by parts.

- s S s’:
T <G =

I teri -Rew' Only t folgRe i@Etion
)

~



Chapter 8: Further calculus

PREREQUISITE KNOWL

Where it comes from What you should be able to do Check your skills

Chapter 4 Differentiate e*, In x, sinx, cosx and tanx. | 1 Differentiate with respect to x.
a sin3x
b eX2+1
¢ In(5x-3)

d tan2x - 5cosx

Chapter 5 Integrate ¢+, 1 . sin(ax + b), 2 Flnci. each of these integrals.
ax+b a |¢ v gy
cos(ux + b) and sec’(ax + b) and use .
trigonometrical relationships in carrying b J sin 2x dx
out integration. |
' 5
’ d dx
J 3x-2
d J sec?(3x)dx
Chapter 7 Express rational functions as partial fractions. | 3 Express in partial fractions.
2x
(x=D(x+3)
2 _
b 4x2 6
x(x*+2)
c 5
x(x —1)?
% -3x-3
d =
-x=2

Why do we study calcuius?
This chapter will further extend your knowledge and skills in differentiation and
integration.

In particular, we will learn about integration by substitution and integration by parts,
which can be considered as the ‘reverse process’ of the chain rule and the product rule for
differentiation that we learnt about earlier in this coursc. These new rules will enable you

to integrate many more functions than you could previously. Explore the Chain rule

; . . . . . . and integration by
The skills that we learn in this chapter will be very important when studying substitution and

Chapter 10. Chapter 10 is about solving differential equations, many of which model the Product rule
real-life situations. and integration by
parts stations on

the Underground
Mathematics website.

Integration by parts plays a major role in engineering and its application is often {found in
problems including electric circuits, heat transfer, vibrations, structures, fluid mechanics,
air pollution, electromagnetics and digital signal processing.
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8.1 Derivative of tan—1x

The function y = tan~! x can be written as:

tany = x Differentiate both sides with respect to x.

dy
2
sec” y — = |

Y dx
d_y:% Use sec’ y = 1+ tan” y.
dx sec”y
d_yzil Use tany = x.
dx 1+tan®y
dy 1
dx  1+x?

Differentiate with respect to x.
a tan'3x
b tan™!'Vx
. c tan‘l( o )
x—-2
Answer
a d (tan~' 3x) = 1 x 3 Chaii rule
— (te 3x) = — X 2 ati irule.
dx (Bx) + 1 '
3
ol +1
1
b 4 <lav’1 Jx_) = % X L X 2 Chain rule.
dx (\/T)‘ +1 2
oL
Cox+17 2Ux
- 1
2x(x+1)
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Chapter 8: Further calculus

d RAEERY 1 d ([ x : .
c tan” | —— | |= ——5— X — Chain rule and quotient rule.
dx x—2 ( x ) +1 dx\x-2
x-2
_ (=22 (=2 - () Simplify.
X%+ (x =2)? (x =2)?
B -2
S 2x?-dx+4
_ -1
| S x?-2x+2
| AN

EXERCISE 8A

1 Differentiate with respeci to x.

a tan'2x b tan~!5x ¢ tan”3
) 2
d tan'(x-1) e tan'x? f tan’! ( = )

2 Differentiate with respect to x.
tan~™' 2x

a xtan'x b ~ad ¢ e“tan'x

S

3 Find the equation of the tangent to the cuive y = tan™! ( g) at the point where x = 2.

@ 4 Show that the tangent to the curve y = tan™' x at the point where x = —1 is perpendicular to the normal to
the curve at the point where x = 1. Find the x-coordinate of the point where this tangent and normal intersect.

pe

. 1
8.2 Integration of ——
& x2+

Since integration is the reverse process of differentiation we can say that:

(D) KeY POINT 5.2 .‘ N Q

In Section 8.1 we

J. L dv=tan'x+¢

x2+1 learnt that
This can be catended to: 4 (tan”'x) = 21 .
dx x-+1
r 1 1 1 X
53— dy=—tan" —+c¢
J x“+a a a

WORKED EXAMPLE 8.2

. 1
F .
ind .[ s &

Answer

1 1 X
————dx=—tan!' = +¢
J.x2+25 =g Te
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WORKED EXAMPLE 8.3

Find | 1 4
2x°+3
Answer

J 7] d,\':lj 71 T dx
2x° +3 2J x"+35

WORKED EXAMPLE 8.4

2

Find the exact value of J dx.

0 X2 +4
Answer

J.; 71 d,\‘:[
0o x°+4

188 =

1 Find the following integrals.

1 1 1
oy b J-id J—d
a ,I.x-+9 x 6+ © e a®
1 i 1
i [ ——d [—-—d f Jid
j9x2+16 ~ ¢ )i 2432
2 Find the exact value of each of these integrals.
3o 3 2 o
d b J' d J 1 g
a .[o o o A2l © Lsza2 ™

by
. Find the exact value

3 The diagram shows part ¢f the curve y = .
X+

of the volume of the solid formed when the shaded region is rotated
completely about the x-axis.

\
/

LI S ———
— e e e

) 4
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8.3 Integration of

T+
I\~

Since integration is the reverse process of differentiation and In x oniy exists for x > 0, we
can say that:

o,
KEYPOT.3 @

In Chapter 4, we

t1x
.[ f((x)) dx=1n | f(x)| e learnt that
| This can be extended to: d [ln f( x)] = M
' dx f(x)

kf1(x)
f(x)

WORKED EXAMPLE 8.5

. 2x
F .
ind J 713 dx

dx = kln | f(x)| +c

Answer
If f(x) = x> + 3 then f{x)=2x.

t 2x
s

) XT3
[ )

WORKED EXAMPLE 8.6

Find J. tan3x dx.

dx =1In

x2+3‘+c

Answer

J tan3xdx = [ il dx
cos3x

If f(x) = cos3x then f(x) = —3sin3x.

( 1 [ —3sin3x
Van3xdx=—- - | ———d>
J Allox ax 3 cos 3x t

:—%ln|cos3x +c
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WORKED EXAMPLE 8.7

Fmdj 3x7 +5x, dx.
2x3 + 5x

Answer
If f(x) = 2x* + 5x? then f(x) = 6x> + 10x.

[ a¥ess g 1] e
xS +5x2 7 2 ) 2x3 45472

[ = % ln‘Z.\'3 + 5V\'3‘ +c

WORKED EXAMPLE 8.8

1 X
2e dx
ol+e*

Find

Answer

If f(x) =1+¢"* then f{x)=¢e"

Jy e ae=2f o
[7111

{ =2In(l+e¢e)-

:Zln(]+c)
2

] Substitute limits.
2

In2 Simplify the logarithms.

1 Find the following integrals.

~

a [P b [ S2X 4y o [0 g,
x° -1 1+sinx x-—=5x+1
2
d J cot xdx e J r —){-7 dx f X
2-Xx 1+tanx
2 Find the exact value of each of these integra!s.
1n 2 2 In2 .2x
a j4 tan x dx b J- zx dx C J e—zdx
%n 0 x°+2 o l+e™
2 1n |
J‘ 2x+1 d o J'4 cotxdx f J’ 2x+3 N
1 x*+2x-1 %n 0o (x+D(x+2)
3 Show that j ex +el-dx =In(l-e*)-x+c.
et —e)
1205
4 Showthat [+ S0XC0SX 4o Lo,

J%“ 1-2cos2x
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\
|
|
|
]
-_— ! >
o P X
A~
The diagram shows part of the curve y = ——2-"— T Find the exact value of p for which the shaded region has
Xt +

an area of 4.

8.4 Integration by substitution mm

Integration by substitution can be considered as the reverse process of differentiation by the
chain rule. In the Pure
Mathematics 1

This method is used when a simpie substitution can be applied that will transtorm a Coursebook Chapter 7,
difficult integral into an easier integral. The integral must be completely rewritten in terms we learnt the chain rule
of the new variable. for differentiation:

& _dv du

dx du dx

N/
WORKEP EXAMPLE 8.9

| Use the substitution u = 2x + 1 to find J.4x«/ﬁﬁ dx.

Answer

u—1

u=2x+1=x=

u:2x+1:>%:2:>d,\ _ou
dx 2
J.4x\/2x +1dx = : 4 ( u; ! ) u % Rewrite the integral in terms of « and simplify.
3 1
= J. [uz —u? ) du Integrate with respect to u.
2 2 2 2
=3 u? — B u2 +c Rewrite in terms of x.

5 3
i :%(2,x+1)5—%(2,\'+1)2 +e
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WORKED EXAMPLE 8.10

. 8
Use the substitution x = 2tanu to find J 5 dx.
x“+4
Answer
x =2tanu = x* = 4tan’u
dx ) 2
x =2tanu = — = 2sec”u = dx = 2sec” udu
u
r . . . . .
J jg dx = J # 2sec? udu Rewrite the integral in terms of # and simplify.
| x-+4 4tan“u + 4
16sec? X
= ,711 u Use tan®u +1 = sec” u.
dtan“u + 4
_ l()scc; L Simplify.
dsec u
J4du Integraie with respect to u.
=4y +c Cewrite in terms of x.
,1( X )
=4tan | — |+c
2
192 w -‘-«“‘- D’EXAMPLE 8.11
Use the substitution u = sinx to find J. sin“ 2x cos x dux.
Answer
u = sinx = sin?2x = (2 sinx cos x)?
=4 in? v cos? x
= du*(1— u)2
. du du
u=slnx = — = cosx = dx =
dx coS X
G2y e 'd‘* '22. o v d” 4 du . .
sin“2xcosxdx = | sin“2xcosx o5+ Replace dx by - and simplify.
= J. sin? 2x du
- _[(4”2 — 4u*)du Replace sin? 2x by 4u® — 4u®.
\
L B Integrate with tt When using
3 ! 5 e ntegrate with respect to u. substitution in definite
4 ., 4 : o integrals you must also
= 3 sin” x — 5 sIn” x + ¢ Rewrite in terms of x. remember to convert
the limits to limits for u.
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WORKED EXAMPLE 8.12 Q

3

Use the substitution v = x +1 to find X _dx
0 VX + 1

Answer
u=x+l=ox=u-1

ufx+1:>%:1:>dx:du
dx
| Find the new limits for u:
x=3=u=3+1=4

x=0=u=0+1=1

x=3 u=4 ,, _ 1
J. — X _dx= J- = du Write the integial in terms of # and simplify.
x=0 x+1 u=1 \/a
4( o !
= J fu?—u? |du Integrate with respect to u.
L
|r 5 3 4
N L; u? —2u2 Yvaluate the function at the limits.
- 1

L =

EXERCISE 8D

-

1 Giventhat 7 = j \/—ﬁ_x—_3 dx, use the substitution u = x* — 3 to show that [ = %J. du.
X - u

Hence find 1.

2 Find these integrals, using the given substitution.

-x——-dx,u=x+2 b J.x\/1—2x2 dx,u=1-2x2

(x+2)*
c jcosxsinsxdx,u=sinx d J.ex\/ex+2dx,u=ex+2
e .[ o dx,u=5x+1 f J.x\/3x—ldx,u=3x—1
Sx+1

1 g
. ) . . 2"
3 Giventhat I = j dx, use the substitution x = sin 6 to show that I = '[ sin® 0 do.
0 0

X
NI
Hence find the exact value of [

4 Find the exact value of each of these integrals.
|

jn 3 . 4 \I:
a cos’ xdx, u = si b ——dx, u=3-
Jo xdx, u =sinx R 3_\/; X, U \/;
2 Jr 2 2
c J—B——;—dx,uzﬁ d J 2xcos(x—)dx,u=cos(x—
1 x(?—\/x) 0 4 4
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%TI: |~2 5
e J sec? x tan® xdx, u = tan x f ———dx,x=2tan6
X J—"'()C2+4)

2
g —,x=2cos 0 h J Jx2=x)dx, x =2sin’> 0
0 J4-x2 0

2 4

5 Use the substitution ¥ = x — 2 to find the exact value of — > dx.
1 1+(x=2)

¢ The diagram shows part of the curve y = 2 sin” x cos® x. Using the g \
substitution u = sin x, find the exact area of the shaded region.

&}
SIE
<Y

Inx
Jx
u = In x, find the exact value of the volume of the solid formed when
the shaded region is rotated completely about the x-axis.

7 The diagram shows part ¢f the curve y = . Using the substitution YA

ofF—cccaaaa

=Y

8 The diagram shows part of the curve y = 3¢ *sinx. The curve YA

has rotational symmetry of order 2 about the origin. Using
n the substitution u = cosx, find the exact value of the total area

bounded by the curve and the x-axis betwecn x = -t and x = 7.

A 4

T 0 T

8.5 The use of partial fractions in integration

EXPLORE 8.1

Consider J 22

x- =1

dx.

Try using some ot the integration techniques that you have learnt so far to find this
integral and discuss what happens with your classmates.

In the integral J 22 7 dx, the denominator x> —1 can be factorised to (x — 1)(x + 1).
X2 —
Hence the fraction — can be split into partial {ractions.
X2 —
2 = A + B Multiply throughout by (x — 1)(x + 1).
x2-1 x-1 x+1
2=A(x+1)+B(x—1)------ (1)

Let x =1 in equation (1):
2=24
A=1
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Chapter 8: Further calculus

Let x = —1 in equation (1):

2 1 1

X210 x-1 x+1

2 1 1
H T T )
enceJ 2o J(x—l x+1) x

=In|x-1|-In|x+1|+¢

—In x—1

+c

x+1

WORKED EXAMPLE 8.13

. 3—-x
Find | —>—% 4y
ind J G ) &

Answer

First split into partial fractions.

3—x A Bx +C

(x+1)(243) x+1 x2+3
3—x=Ax>+3)+Bx(x+1)+C(x+1)

Multiply throughout by (x + 1)(x> + 3).

Let x=—1 4=44 = A4=1

Let x =0 3=34+C =C=0

Let x=1 2=44+2B+2C = B=-1

3—-x 1 X
—d,, = —_— - d,,‘
x+D2+3) J(”l x2+3) '

[ d\’—l . X
Jx+1 7 2J) ¥+37
:ln|x+1\—%ln X2 +3|+c
WORKED EXAMPLE 8.14
4 9
bind [ % ax
| Fin x+2)x 17
Answer
First split into partial fractions.
9 A b C .
= + + Multiply throughout by (x + 2)(x — 1).
x+ 217 x+2 -1 (x-1p ultiply throughout by (x +2)(x 1)
9= Ax-1)+B(x+2)(x-1)+C(x+2)
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Let x =1 9=3C =C=3
Let x = -2 9=94 = A=1
Let x=0 9=4-2B+2C = B=-1

9 1 1 3
S N (i N . N PN
(x+2)(x-1)° x+2 x-1 (x-1)~

] 1 5 )
= - 3(x-1)~ |d
J.(.\‘+2 .v—l+ (x ) ,l '

=In|x+2|-In|x-1]-3-D"+c¢
.\‘+2‘_ 3

=In — A%
x—-1 x-1

1 Find each of these integrals.

a j 1 4 b [ 25 4. ¢ [2¢x-9)
x(2-x) (x+2)(x-D 2x+D(x-9)
__,V_"+2x—5 N o 6x2 —19x + 20 dx 2x% +4x - 21 N

I (x=3)x?+1) (x +)(x-2)° (x = )(x+4)
2 Evaluate each of these integrals.
2 5x+13 2 4x+5 7 4-3x
——————dx —d ————dx
1 (x+2)(x+3) 0 2x+D(x+2) 1 2x=D(x+2)
'[1&@ 6 IILHZX ¢ JO;M
LG A o (x+ (1 +x7) 2 (2-x)@d+x%)
J’ 1—x—2x? J’l 1-2x dx i 28x2—3x—2dx
& ), 2oy ¢ o 2x+D(x+1) A —3x 1
3 By first dividing the numerator by the denominator, evaluate each of these integrals.
J’3 x2+2x+3__ﬂv J‘3 2x2 +5x +1 J‘2 4x> +2x -5 N
2 (x—=D(x+2) 1 (x+1D(x+2) 1 (x+D2x-1)
Id ‘\/;
4 Showthat | 2 4¢3
Jayg X~ —2
5 Show tnat [ oS3 gy Ly
o 9—sin® x 6
In2 e2x 3 1 27

6 Sh thtj & dx=-IL
WHEL ) v en2e + ) T2 M0
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Chapter 8: Further calculus

8.6 Integration by parts

CLI N

Consider J.xezx dx. The function to be integrated is clearly the product of two simpler In Chapter 4, we learnt
functions x and e?*. If we try using a substitution to simplify the integral we will find that tl}e PrOd}lCF rule for
it does not help. To integrate this function we require a new techiique. differentiation:

d dv du
Integrating both sides of the equation for the product rule for differentiation with respect to dx (W) BT
x and using the fact that integration is the reverse process of differentiation we can say that:

uv—Ju—dx+Jv—dx

Rearranging gives the formula for integration by parts:

The following Worked examples show how to use this formula.

WORKEDEXAMPLE 8.15

Find .[x e2¥ dx.

Answer
du
= ) = 1
u=x .
ﬂ _ eZ.\' = y = l 62.\’
dx 2
du
Substitute into | u —dx = uyv— | v dx:
dx
[ e?Vdx = %.xez‘ —J. %ez‘ dx
. xeX — L e + ¢
2

. d
It is important to choose our values for u and d—v carcfully.
x

Consider trying to find Jxlnx dx. If welet u = x and dv = Inx, then finding du is

easy but we do not know how to integrate I x to find v. Hence we must let # = Inx and
dv

i This is demonstrated in Worked example 8.16.
x
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WORKED EXAMPLE 8.16

Find jxlnxdx.

Answer

u=Inx= du = L
dx x

(—1";’:x = v—lxz

dx 2

Substitute into ju i dx = uv — jv du dx:
dx d

J.\’ln xdx =

WORKED EXAMPLE 8.17

=
m Find : Inxdx.

Answer

First write J. Inxdx as fl -Inxdx.

du 1
u=Inx = —=—

dx x
i =1 = V=X
dx .

. . dv i
Substitute into J'u &V dx = uv — J'\, —dx:
ax ;
* 1
!Inxdx = xlnx— | —- xdx
J

=xlnx - J'l dx

xlnx—-x+c¢
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Chapter 8: Further calculus

Sometimes we might need to use integration by parts more than once to integrate a function.

WORKED EXAMPLE & S
[\ F—

Find J' x?sinxdx.

Answer
du
u= x> = —=2x
dx
| dv .
— =s8inx = V=-C0SX
dx

Substitute into I u 9 {1- du gy
dx Jdx

” .
J.x' sinxdx = —x%cosx — J —2xcosxdx

= —x?cos x + JZx cosxdx ---- (1)

Use integration by parts a second time to find J2x cosxdx

du
dx

=2

u=2x =

dv .
—— =C0SX = V=sinx

ax

1+
QX

Substitute into Iu % dx =uy — J.v du

JZX cosxdx = 2xsinx — J2sin xdx
=2xsinx+2cosx +c¢

Substituting in (1) gives:

sz sinxdx = —x2cosx + 2xsinx + 2¢cosx + ¢

,
WORKED€XAMPLE 8.19

. 1 . .
Given that [ = J X dx, use integration by parts to show that 7 = % (Inx)* +c.
X

Answer
u=lhnx = % = l
dx x
dr = 1 =v=Inx
dx x
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Substitute into ju j—l dx = uv — jv % dx
I = (Inx)* - J ]nT\ dx Rearrange.
21 = (Inx)* +k Divide both sides by 2.
1 , k
I = 5 (Inx)* + B}
o= %(ln.\‘)2 +c

L .

WORKED EXAMPLE 8.20

1
. 20, .
Find the exact value of [ 4xsin2xdx.

Answer
du
u=4x = —=4
l].V
dv . ]
— =sin2x = v=——=Cco0s2x
dx 2
. dv du
Ay Substitute into J.u —dx = uy - J.v — dx
dx dx

! J. dxsin2xdx = —2xcos2x + |. 2¢os2x dx

= -2xc082x + sin2x + ¢

|
J. 4xsin2xdx = [—2.\' cos 2 + sin2x ](2)1'5
0

= (—ncosm+sinm)— (0 +sin0)

= T

1 Find each of these integrals.

a J.3xexdx b Jlxcosxdx c Jx1n2xdx
. |
d Ix sin 2x dx e Jx3 In x dx f J %dx
2 Evaluate each of these integrais.
1. 2 1
a J.é x cos3xdx b J xIn2xdx C J xezx dx
0 1 0
3 1 0
d J' Inxdx e j (2 = x)e* dx o[ 0-3xe)da
1 0 _1
5
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Chapter 8: Further calculus

3 Use integration by parts twice to find the exact value of each of these integrals.

a J.: (Inx)’ dx b J.jn x?cos2xdx c J: x?sin xdx

d J: x(Inx)? dx e IO xZe¥dx f J:t e*sinxdx
4 Find the exact value of the area for each of these shaded regions.

a YA / b yaA

4
y=x“lnx /

y=Xxsinx

N\

A J

\
0 X

The diagram shows the curve y = e *+/x + 2. Find the exact value of the volume of the solid formed when the
shaded region is rotated completely about the x-axis.

8.7 Further integration

Some integrals can be found using different integration techniques.

The activides in Explore 8.2 look at why our answers to an indefinite integral might ‘appear’
to be diiferent when using different integration techiignes when they are actually equivalent.

7
XPLORE 8.2

1 Nadia and Richard are asked to find J.x(x —2)7dx.

Nadia uses the substitution % = x — 2 and her answer is: é (x-2)°+ % (x-28%+c¢
Richard uses integraiicn by parts and his answer is: é x(x—2)% - 7% (x=2Y+c

Use each of their methods to show that they are both correct and then use algebra to explain why their answers
are equivalent.
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4dx +1 .
2 Find J. ————dx :
a in T using

i the substitution u = 2x2 + x—1
ii partal! fractions.

b Suggest another method for finding J- # ax
2x° 4+ x -1

¢ Use algebra to show that your two answers (o part a are equivalent.

Explore 8.3 is designed to make you think about the different integration techniques that
might be available to you for a particular integral.

This activity expects you to be able to recognise the appropriate substitution to use when
integrating by substitution.

EXPLORE 8.3

Discuss with your classmates which integration methods can be used to find each of these integrals.

2x-‘-‘ 3x?
—————d d xd
(J x? +3x-10 x) ( J. e xe x ' ( x+5

( J.ln5xdx ) ‘ I)ﬁ/ﬁdx_)i C Iﬁdx ) ( Jde

J- 2x+3 J.cossxsinxdx stin4xdx J- sin X dx
. x? +3x—10 3+ cosx

N NP

Find each integral.

Integratlng T (

A

M) g = kin| ()] + ¢
f(x)
Integration by substitution

@ Substitutions can sometimes be used to simplify ihe form of a function so that its integral can
be easily recognised. When using a substitution, we must ensure that the integral is completely
rewritten in terms of the new variable befoie integrating.

Integrating rational functions
® Some rational functions can be splii into partial fractions that can then be integrateci.

Integration by parts

) Ju:—;dxzuv—'[v%idx

ax




Chapter 8: Further calculus

END-OF-CHAPTER REV|E " ERCISE 8
A —

1
@ 1 Find the exact value of J‘z xe " dx. 151
0

&)

E\

G

Cambridge International A Level Mathematics 9709 Paper 31 Q2 June 2016
4
Fiid the exact value of J Inx dx. [5]
1 X
Cambridge International A Level Mathematics 9709 Paper 31 Q3 November 2013

T J(1+3t
wdx 5]

2
cos” x
Cambridge International A Level Mathematics 9709 Paper 31 Q2 June 2014

1
. . 4

Use the substitution # = 1+ 3tan x to tind the exact value of J.
0

i Prove that cot 8 + tan 6 = 2 cosec 26. K]]

exT

1
ii Hence show that | cosec 20d6 = 5 In 3. [4]
[ ,
Cambridge International A Leve! Mathematics 9709 Paper 31 Q5 November 2013

W

1
el x2

Let I =)' -——————— dx.
Jo J(4 - x?) |
=T
i Using the substitution x = 2 sin 6, show that I = Ty sin® 6 d6. 131
0
ii Hence find the exact value of . 14]

Cambridge International A Level Mathematics 9709 Paper 31 Q5 November 2010

The integral I is defined by 7 = [ 423 In(2 +1) dt.

90
5
i  Use the substitution x = /2 +1 to show that I = J (2x -=2)Inxdx. 13]
1
ii Hence find the exact value of I. I5]
Cambridge International A Level Mathematics 9709 Paper 31 Q7 June 2011
. 2 . . .
i Express ————— in partial fractions. 2]

(x+1(x+3)

2
2 1 1 1 1
] 12

ii  UUsing your answer to part i, show that - = - + + .
' &y P [(x-i—l)\x+3) G+ x4l x+3 (x+3)

! 4 7 3
iii Hence show that '[0 mz' dx = E —1In E [5]

Cambridge International A Level Mathematics 9709 Paper 31 Q8 June 2010
a Find J.(4 + tan? 2x) dx. 131

(x+4m)

. 1n sin
b Find the exact value of Jl dx. [5]
4"

sin x
Cambridge International A Level Mathematics 9709 Paper 31 Q5 June 2015
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®

9 i Prove theidentity tan26 — tan@ = tan 6 sec26. |4]
lTC
ii Hence show that J‘é tan 0 sec 260d6 = % In % [4]
0

Cambridge International A Level Mathematics 9709 Paper 31 Q5 November 2016

10 YA

0 2\ x
Ly
The diagram shows part of the curve y = (2x — x?)e2” and its maximum point M .

i  Find the exact x-coordinate of M. 4]

ii  Find the exact value of the area of the shaded region bounded by the curve and the positive x-axis. I5]

Cambridge International A Levei Mathematics 9709 Paper 31 Q7 November 2016

4x* +5x+3

11 By first expressing 2+ T4 T 9
2x2 +5x+2

. : : 4 4x% + 5x +
in partial fractions, show that J X Fox+3

> ~dx=8-In9. [10]
0 2x“+5x+2

Cambridge international A Level Mathematics 9709 Paper 31 Q9 June 2012

1

|

|

o — > 3
M

The diagram shows the curve y = x3In x and its minimum point A/.
i  Find the exact coordinates of M. I5]

ii  Find the exact area of the shaded region bounded by the curve, the x-axis and the line x = 2. [5]

Cambridge International A Level Mathematics 9709 Paper 31 Q9 November 2010
13 ¥

M
4
/
'l
/ T‘R\'\
i 4 >
UI 1 P X
2

The diagram shows the curve y =

T2 3 for x =0, and its maximum poitnt A7 . The shaded region R is
+Xx

enclosed by the curve, the x-axis and the lines x =1 and x = p.
i  Find the exact value of the x-coordinate of M . [4]
ii  Calculate the value of p for which the area of R is equal to 1. Give your answer correct

to 3 significant figures. [6]

Cambridge International A Level Mathematics 9709 Paper 31 Q10 November 2015
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Cross-topic review exercise 3

This exercise is for Pure Mathematics 3 students only.

1 Expand (1-3x)~ in ascending powers of x, up to and including the term in x>. [3]
1
2 Evaluat dx. 3
VduaeJ.03x2+1 X 131
- 32 . . . . .3
3 Expand W in ascending powers of x, up to and including the term in x°. [4]
X
4  Expand ﬁ in ascending powers of x, up to and including the term in x>. [4]
1z
5  Evaluate J'z x? sin xdx. 151
0
6  Expand }1—1t “* in ascending powers of x, up to and including the term in x°. I5]
1—X
7  Show that jl G eid— 5]
0 4 4
@ 8 i Expand ﬁ in ascending powers of x, up to and including the term in x2, simplifying
—4x
the coefficients. 131

1+ 2x

J(4-16x)

Cambridge International A Level Mathematics 9709 Paper 31 Q2 June 2012

12]

i Hence find the coefficient of x? in the expansion of

@ 9  When (1 + ax)~2, where « 1s 4 positive constant, is expanded in ascending vowers of x,

the coefficients of x aud x* are equal.
i  Find the exact value of a. 4]
ii  When a has this value, obtain the expansion up to and inciuding the term in x?,

simpiitying the coefficients. [3]

Cambridge International A Level Mathematics 9709 Paper 31 Q4 November 2012

@ 10 VA

<Y

= = \
. .1 1 . .

The diagram shows the cuorve y = 8sin — x — tan — x for 0 < x < 1. The x-coordinate of the maximum

point is & and the shadcd region is enclosed by the curve and the lines x = o and y = 0.

)
i Show that o = En. [3]
ii  Find the exact value of the area of the shaded region. [4]
Cambridge International A Level Mathematics 9709 Paper 31 Q5 June 2012
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11

12

13

% 5-3x 4
Show that \ -———————dx =41n—. 7
W e GG+ T3 I
g 4x2
Let [ = Jz * dx.
0 \ll—Xz L3
a2 Using the substitution x = sin 6, show that [ = IG 4 sin’> 6d6. I3]
0

ol%

b Hence show that I = g [4]
a

It is given that J x Inxdx = 30. where a > 1.
1

[ 119
Show that a = —-. 5
a ow that a TIna—1 IS]

. . 11 .
b Use the iterative formula a,,; = 21491 to determine the value of @ correct to
na, —
2 decimal places. Give the result of each iteration correct to 4 decimal places. [3]
YA
M
/

i /

ol

The diagram shows the curve y = x’e*™ and its maximum point M.

i  Show that the x-coordinate of M is 2. 3]
i Find the exact value of | x%¢>*dx. [6]
Jo

Cambridge International A Level Maihematics 9709 Paper 31 Q9 June 2015

12 +8x — x?
Let f(x) = ——————.
) = o @ )
i  Express f(x) in the form 7 fx + ﬁx++x§' [4]
. ! 25
ii  Show that J. f(x)dx = ln(j). [5]
0

Cambridge International A Level Mathematics 9709 Paper 31 Q8 November 2011

It is given that I In(2x)dx =1, where a > 1.
1

i Show that a = % exp ( 1+ L4 ) , where exp(x) denotes e*. [6]
u
ii  Use the iterative formula a,,; = % exp ( 1+ 0k ) to determine the value of a correct to
an
2 decimal places. (:ive the result of each iteration to 4 decimal piaces. 3]

Cambridge International A Level Mathematics 9709 Paper 31 Q6 November 2014
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Cross-topic review exercise 3

2
@ 17 i Express m in partial fractions. I5]
B3 —=x)(1+2x)
2
ii Hence obtain the expansion of M in ascending powers of x, up to and
B-x)A+2x)
including the term in x2. 151

Cambridge International A Level Mathematics 9709 Paper 31 Q9 June 2014

2
x-—8x+9
18 Let f(x) = ———.
© e 1) = oS
i Express f(x) in partiai fractions. I5]
ii  Hence obtain the expansion of f(xx) in ascending powers of x, up to and including the term in x2. I5]
Cambridge International A Level Mathematics 9709 Paper 31 Q9 November 2014
Sx -2
19 Let f(x) = -—————.
) = T =
a Express f(x) in partial fractions. I5]
b Hence obtain the expansion of f(xx) in ascending powers of x, up to and including the term in x°>. I5]
3 - C
20 a Given that 2x—2 = A+ ) +—=+ L , find the values of the constants 4, B, C and D. I5]
x“(2x —-1) x x° 2x-1
2 3
b Henceshowthatj 2x—2_ dx=§—21n2+lln3. [5]
1 x"(2x - 1) 2 4 4
@ 21 YA
/
4
/
/
//,
o =
M

The diagram shows the curve y = x?> Inx and its minimum point M.
i  Find the exact values of the coordinates of M. I5]

ii  Find the exact value of the area of the shaded region bounded by the curve, the x-axis
and the line x = e. I5]

Cuambridge International A Level Mathematics 9709 Paper 31 Q9 November 2011

4
@ 22 i Showthatj 4x Inxdx = 56 In2 — 12, 5]
2

1

.. N . (e
ii  Use the substitution u = sin 4x to find the exact value of P cos’ 4x dux. I5]

LR
Cambridge Internatione! A Level Mathematics 9709 Paper 31 Q8 June 2013
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@ 23 i Express 4 cos 0+ 3sin 6 in the form R cos(6 — ar), where R>0 and 0 < o < %TC. Give
the value of o correct to 4 decimal places. [3]
ii  Hence
a solve the equation 4 cos 0+ 3sin 6 =2 for 0 <O <2m, 4]

50
b find j d6.
1 (4 cos 6 + 3 sin 0)?

Combridge International A Level Mathematics 9709 Paper 31 Q9 June 2013

3]
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This chapter is for Pure Mathematics 3 students only.

In this chapter you will learn how to:

use standard uotations for vectors, in two dimensions and three dimensions

add and subtract vectors, multiply a vector by a scalar and interpret these operations
geometrically

calculate the magnitude of a vector and find and use unit vectors
nge displacement vectors and position vectors

find the vector equation of a line

find whether two lines are parallel, intersect or are skew

find the common point of two intersecting lines

find and use the scalar product of twc vectors.
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AN

Where it comes from What you should be able to do | Check vour skills
IGCSE /O Level Recall and apply: 1 The diagram shows a cuboid with CD = 5cm,
Mathematics = =
R o Pythagoras’ theorem DH =6om and EH = 3om.
e simple trigonometry 5 F
to solve problems in two and c : A
three dimensions E
E Apcceeee o, E
,',' ‘/:m
D 6 crr_— H
Find the angle between AG and AH.
IGCSE /O Level 1 Show familiarity with the 2 Three poinis 4, B and C are such that A(1, 7),
Mathematics tollowing areas of coordinate

Pure Mathematics 1
Coursebook, Chapter 3

geometry in two dimensions:

o Use and apply the general
equation of a straight line
in gradient/intercept form.

o Calculate the coordinates
of the midpoint of a line.

e Find and interpret the
gradients of parallel and
perpendicular lines.

B(7,3) and C(0, —6).

a ind the equation of the perpendicular
bisector of the line 4B. Give your answer in
the form y = mx + c.

b Write down the equation of the line parallel
to AB that passes through the point C.

IGCSE /O Level Divide a quantity in a given 3 The diagram shows a cuboid with CD = 5cm,
Mathematics ratio. DH =6cm and E4 = 3cm.
Recall and apply properties B F
1 of prisms, other solids '
and plane shapes, such as C : G
trapezia and parallelograms. '
g8 Ao, E
>
D 6cm H
The point M lies on DH such that
DM :MH =1:2.
The point N is the midpoint of EF.
a Write down the length of MH.
b Find the exact length of NH.
IGCSE /O Level Transiate points in 4 The point P has coordinates (3, 9). The vector
Mathematics | 2-dimensional space using . ( N\
| column vectors. PO = \ 5 J

Wriie down the coordinates of the point Q.

Copyright Material - Review Only - Not for Redistribution



Chapter 9: Vectors

Why are vectors important?

Vectors are used to moedel many situations in the world around us. They are used by
engineers to ensure that buildings are designed safely. They are used in navigation to
ensure that planes and boats, for example, arrive at their destinations in differing winds or
water currents. There are countless examples of the use of vectors to model the movement
of objects in mathematics and physics. Displacement, velocity and acceleration are all
examples of vector quantities. Vectors are essential to describing the position and location
of objects. A boat lost at sea can be found if its bearing and distance from each of two
fixed poiats is known. These are just a few exampies. Our world is 3-dimensional, as far as
we know, and in this chapter we will be studying vectors in two and three dimensions.

As the mathematics of vectors can be applied tc all vectors, the study of vector geometry
and algebra in general is important.

It is helpful if you have a good understanding of simple coordinate geometry before you
start working with vectors because you will be able to make comparisons between the
coordinate geometry that you have previously studied and the vector geometry introduced

in this chapter.

Recall that a vector has both magnitude (size) and direction. Explore the Vector
geometry station on
the Underground
Mathematics website.

You should have soime knowledge of how to work with vectors iu 2-dimensional space
from your previous studies. You will be reminded of this here, before being introduced to
vectors in 3-dimensional space.

9.1 Displacement or translation vectors

A movement through a certain distance and in a given direction is called a displacement or
a translation. The magnitude or length of a displacement represents the distance moved.

Examples of displacement or translation vectors

e Sami walks 100 m in a straight line on a bearing of 045° from place 4 to place B. Jan is
also standing at place 4. Jan walks directly to Sami. Jan therefore also walks for 100 m on
a bearing of 045° from place A4. Jan follows the same displacement vector as Sami.

e The diagram shows two arrows.

YA

=V
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The arrow from L to M is the same length and has been drawn in the same direction as the
arrow from P to Q.

This means that the points L and P have been displaced or translated by tiic same vector to
M and Q, respectively.

The arrow LM/ and the arrow PQ represent the same displacement.

Notatior: using upper case

A dispiacement from L to M is written as LM.

. .. — . . In some books LM is
The order of the letters is important as ML would represent a displacement from M to L. used for LM.

The arrow above the upper case letters always goes from left to right. Reverse the letters to
show the opposite direction.

In the previous diagram, LM = FQ Fven though the arrows are drawn on different paris

of the page, the displacement shown by each is the same. When you write your

vectors using the
Components of a displacernent in two dimensions correct notation, you
are less likely to make
€Irors.

Any displacement can be represented by the displacement in the x-direction followed by the
displacement in the v-direction. These are called the components of the displacement.

In the following example, the displacement vector AB = ( i \

/
7

A . -
; 3 is the x-component and i is the y-component of the
5 displacement. As 3 and 1 are both positive, the movement is
212
2 —

|_—* to the right and up, respectively.

3 2 10 )

Components of a displacement in three dimensions

In a 3-dimensional system of coordinates, a point P is located using three coordinates,
(x, y, z). The axis for the third coordinate, the z-coordinate, intersects with the x- and
y-axes at the origin and the three axes are perpendicular to each other. The axes may be
rotated, as shown.

y T A
ZA

///
-

./
P(x,p,2)

P(x,y.z

P(x,y,z) y

________J
teeee——-@

Y

B ]

<
A J

N
=

A displacement vector in a 3-dimensional system needs to have three components

For example, the point P(1, 3, 7) translates to the point Q(5, 3, 8) by the dispiacement

4
vector FQ =0 )
1
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Notation using lower case

Sometimes lower case leticrs are used for vectors. In text, these are in boid type.
For example, a or b.

When written with a pen or pencil, they should be underlined with a bar or a short, wavy line
instead. For ecxaniple, a or b. Sometimes the bar or wavy line is written over the top of the
lower case letter.

This diagram shows three vectors, a, b and c.

/,0
/ /{,/ /
c/

The vectors a and b have the same airection but not the same magnitude or length. Vectors
a and b are parallel but not equal. In fact, a is half the length of b. When the length of a

is doubled, the vectors are cqual. In other words b = 2a. When a is scaled so that it is the
same length as b, then the vectors are equal.

.3 . . . .
Vector ¢ is 1 of the length of vector b, but it has opposite direction.
3
In other words ¢ = — 1 b.
A quantity (usually a number) used to scaic a vector is called a scalar. So in ‘2a’ the vector a

is being multiplied by the scalar 2.

Parallel vectors

Two vectors are therefore paraliel provided that one is a scalar multiple of the other.
For example, when a = Ab, where A is some scalar, then a and b are paralizl.

Combining displacements (adding and subtracting)

Starting at point .4, make the displacement AB = ( 4 J followed by the displacement

—_— 3

(3]
. 7

What 1s the result?

. )
The overall displacement shown by AC, is [ Q |. This is usually called the
resultant vector.

@ The x-component of the resultant vector is easily found by adding the
x-components of AB and BC.

e The y-component of the resuitant vector is easily found by adding the
y-components of AB and BC. A
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This may also
be written, for
example, as
4¢c = -3b.

Can you write an
expression for b in
terms of ¢?
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This operation is called vector addition.

The formula for vector addition:

4B+ BC = AC

The displacement AC followed by the displacement CA must return you to point A.

In other words AC + CA = ( 8 J, as there is no overall displacement.

HEMEBTEEE

As —7 and -9 are both negative, the movement is to the left and down, respectively

(. /
Alternatively, we may write |\ é ] - [ 7 ]= [ 0 J In other words AC — AC = 0 J

9 0 0

It is reasonable, therefore, to state that CA=-AC.

CA = —AC is always true.

AL

Taking the negative of a vector changes the dircction of the vector and does not change
its length.

Vectors AC and CA have opposite direction.

As a—b is the same as a + —b, vector subtraction is defined as the addition of the negative
of a vector. The displacement a - b is therefore the displacement a followed by the
displacement —b.

EXPLORE 9.1

a, b and ¢ are displacement vectors such that ¢ = a + b.

Using diagrams to help you, show that a = ¢ —b and that a+ b =b + a.

\» %
Q? Y POINT 9.3

a+b = b+ a means that the addition of vectors is commutative.
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Chapter 9: Vectors

WORKED EXAMPLE 9.1 _ 4

0 R

P > S

PCRS is a quadrilateral. M is the midpoint of RS.

FQ=3, ﬁzbandm=%(2a+5b).

. . . -_—
a Find an expression in terms of 2 and b for SM.
Give your answer in its simpiest form.

. . -
b Find an expression for OR.

¢ Describe quadrilateral PQRS, justifying your answer.

Answer
a SM=5F+PM Substitute SP = —PS.
Sii =-PS+PM or PM - PS Substitute given vectors in a and b.
SM = 2 (2a+5b)-b Expand and simplify.
| = 1 5 1 1
SM=-at2b-b=sat—b
27y 277
b Qﬁz@?+?’§+ﬁ UseﬁzZWandQ?:—T’@.
OR = -PO + PS +25M Substitute kiov/n vectors in a and b.
OR=-a+b+ 2(—_{ a+ i b) Expand and simplify.
— 3
R==b
Q 2
— 3O\
¢ QR == PS sothelines QR and PS are parallel and
PQORS 1s a trapezium.

Magnitude of a vector
The magnitude of a vector is the length of the line segment representing the vector. This is

tound using the components of the displacement and Pythagoras’ theorem. A diagram can often

be useful in vector

Notation: The magnitude of a vector p is written as | p | This is also known as the modulus .
questions.

of the vector.
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WORKED EXAMPLE 9.2

a Find the maguiiude of each of the vectors a = [ i J, b=

(e

5 -1
b p=| 0 |and q=| 8 [ Find the magnitude of the vector p + q.
8 -3
Answer
a Draw a diagram showing the x- and
| y-components.
a 3
]
4
la| =4 +3> =25 =5 Apoly Pythagoras’ theorem.
\ Again, draw a diagram to show the x- and
\ y-components.
b

216

Apply Pythagoras' thecorem.

The diagram has been given to help you to see
the comvonents of the vector a — b.

|a . b‘ = [ 7 J‘ = J7? +(=1)? =J49+ 71 = J50 = 52  Apply Pythagoras’ theorem. (Notice that

-1 |a—b|isn0tthesameas|a|—|b|.)

5 -1 4 ]
b p+tq=|0 (+] 8 |=]| 8 |aud It is not a good idca 1o try to draw a diagram
8 -3 S /l here.
4 e
8 || = V4* +8% + 5% =105 Apply Pythagoras’ theorem in 3 dimensions.
5
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Chapter 9: Vectors

Unit vectors

A unit vector is any vector oi magnitude or length 1.
Notation: a (read as a hat) is the unit vector in the direction of a.
To find a unit displacement vector in a particular direction:

e find the magnitude of the displacement
e then divide the components of the vector by the magnitude.

pan
[p|
P »
. . . A )
This means that, for a vectorp p =| p, |, the corresponding unit vectoris p = m
P3 )
| |
My

WORKED EXAMPLE 9.3 |

Find the unit vector in the direction ( € J

Answer

The diagram shows that, geometrically, we
are finding lengths of similar triangles when
finding components of unit vectors.

Apply Pythagoras’ theorem to find the
magnitude of the given vector.

Unit vector in the direction [ \/i J is Divide each component by the magnitude.

(OSSR S) w‘m

— ORKED EXAMPLE 9.4
11

3
Points 4, B and C are such that 4B =| 4 |and BC=| 22
1 -1

Find the unit displacernent vector in the direction AC.
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Answer
5 >— — C AC is the resultant vector formed from
4B+ BC.
/'v,"
A
AC = 4B+ BC
3 11 14
\ ZC=| 4 |+| 22 =] 2 Substitute column vectors and sum components.
1 -1 ’ 0
‘A_(" =142 +2%2 + 0% =200 = 16./2 Now find the magnitude by applying
Pythagoras’ thcorem.
Unit displacement vector in the direction of AC is Divide cach component by the magnitude of
1 14 AC.
0v2 |
1 The diagram shows the vectors A
AB and BC on 1 centimetre
squared paper. C
Using lcm as 1 unit of displacenient:
a write AB and BC as column
vectors
b write down the column vector AC. B

2 The diagram shows the vectors DE and DF on 1 centimetre squared paper.
F

D

Using lcm as 1 vnit of displacement:
a find the column vector EF

b show that DF — DE = EF.
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Chapter 9: Vectors

Y
=

P
Justify the statement Qﬁ = PR - 7’6

Q 4 Intriangle ABC, X and Y are the midpoints of 4B and AC,
respectively.

AX =aand AY =b. /\
X Y

a Use a vector method to prove that BC is parallel to XY. \
b |XY|=k|BC|

Write down the value of the constant k.

@ 5 The diagram shows a cuboid, ABCDEFGH.

A

Y

(9

M 1is the midpoint of BC aind the point N is on FG such that FN: NG is 1:3.
()
Given that AG = | 4 J, find the displacement vector:
2
\

_— —_—

a AM b AN. A p B

6 ABCDEFGH is aregular octagon. AB=p, AH =q. HG =r and HC =s. /+\
H > C

>

a Using the vectors p, q, r and s, write down expiessions for: s

— P, r
i BC ii L£F.

b Explain why s = kp and find the exact value of k. G D

o 7 Use a vector method to stiow that, when the diagonals of a quadrilateral bisect one another, then the opposite
sides are parallel and equal in length.
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9.2 Position vectors

A position vector is simply a means of locating a point in space relative tc an origin,
usually O. This means a position vector is fixed in space. Position vectors are sometimes
called location vectors

Up to this point, the displacement vectors we have been working with have been free
vectors. This means they are not fixed to any particular starting point or origin. Many free
vectors can represent the same displacement.

Position vectors are different because they start at a given point or origin. This fixed

starting point means there is only one arrow that represents each vector. Look back at vectors
LM and P at the

Since we can apply the same mathematics to all vectors, the results derived for start of this chapter.

displacement vectors (free vectors) also appiy to position vectors.

The fixed starting point is often called O, as in the origin of a system of Cartesian

coordinates.
1
So a point with coordinates 4(1, 2, 3) can be represented by the position vecior OA4 =| 2
3

Position vector of any point in a plane

Consider this case in 2-dimensional space.

Given that a and b are position vectors relative to the origin O and that P is any other point
in the same plane as a and b, then the position vector of P can be written using a and b.

This is because OP is some scala: multiple of a plus some scalar multiple of b:
OP = ma + nb, where m and n are scalars.
All the other vectors in this plane can be written using combinations ot the vectors a and b.
Cartesian components
When the vectors a and b are

e perpendicular to each other
and
© unit vectors

the plane looks like the usual set of x- and y-axes (called the Oxy plane) we use for
Cartesian coordinates.

In this case, the unit vector in the x-direction is called i and the unit vector in the
y-direction is called j.
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P(x, y)

3. >
b > >
1 X

o

OP = xi + yj, where x and y are scaiars.
In this case, OP is some scalar multiple of i plus some scalar multiple of j:

The point P with coordinates (4, 5) has position vector ( 4 J, which can also be written as
4i + 5j.

This can be extended to three dimensions.

The unit vector in the z-direction is called k.

Ox, y, 2)

| Y

kA j _
"”’

i 4

>
>
X

0

In this case, @ is some scalar multiple of i plus some scalar multiple of j plus some scalar
multiple of k:

@ = xi + yj + zk, where x, y and z are scalars.

4
The point Q with coordinates (4, 2, 3) has position vector | 2 ) which can also be written
as 4i +2j + 3k. 3 )

\/
WORKED EXAMPLE 9.5

Chapter 9: Vectors

The position vectors of the points 4, B and C are given by a, b and ¢, respectively, where
| 2 0 —4
a= 50, b=|4]andc=| 2 |

-3 6 24 )

a Writea, b and ¢ in terms of i, j and k.
b Giving your answers in terms of i, j and k, find the vectors representing:

i AB i AC

¢ Describe the relationship between the points 4, B and C, justifying your answer.

Copyright Material - Review Only - Not for Redistribution




222

N

-\
Cambridge International AS & A Leve@g\ematics: Pure Mathematics 2 & 3

Answer

a a=2i+5j-3k b=4j+6k and ¢ =—4i+2j+24k.

b i A simple sketch should help you to calculate the
answer correctly. L/ A
o
AB =40 + OB = OB - 04 Substitute the Cartesian form.
' AB =b—a = 4j+ 6k — (2i + 5§ 3k) Expand and simplify.
AB = -2i-j+9k
i AC =40 +0C =0C - 04 Substitute the Cartesian form.
AC =c—a=—-4i+ 2y + 24k — (2i + 5j — 3k) Expand and simplify.

AC = —6i - 3j+ 27k

¢ AC = 3A4B and so these vectors are parallel. Since the vectors also have point 4 in common, then 4, B and
C must be collinear (so they lie on the same straight line)

WORKED EXAMPLE 9.6

The diagram shows a cube OABCDEFG with sides of length 4cm. Unit vectors i, j
and k are parallel to OC, OA4 and OD, respeciively. The point M lies on FB such that
! FM =1cm, N is the midpoint of OC and P is the centre of the square face DEFG.

Express each of the vectors NP and MP in terms of i, j and k.

E F

The cube is of side 4cm and P’ is the centre of
the square ACC'3. NPis parallel to the
y-direction and so the first part of the vector NP
is 2j.

P is directly above this point P’ and so the
second component P’P is parallel to the
z-direction and is +4k.

!

o

Answer

Using the displacement of P from N and M :

P =2j+4k
E F
]
i Pe
]
pf———c v
| |
PoA
! |
.
ALy S
Wi B
' p’
> o
o0 v c
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Or we can use position vectors:

NP = OP - ON

OP = 2i+2j+ 4k and ON = 2i
NP = 0P - ON =2i+2j+4k -2i
NP =2j+4k

MP = OP - OM
OP =2i+2j+4k and OM = 4i+4j+3k

MP = OP - OM = 2i+2j+ 4k — (4i + 4j + 3k)
MP = 22i-2j+k

Chapter 9: Vectors

Starting with the x-direction, move 2i left. This
1 the opposite to the positive direction indicated
by the red arrow, so the first component is —2i.

In the y-direction, again we are moving in the
negative direction, so the second component is —2j.

In the z-direction, we must move a distance
equal to MF. This is 1 unit and so the third
component is +k.

—-—_ . . . . . . .

OP is 2 units in x-direction, 2 units in
y-direction and 4 units in the z-direction and
i Y . . . .

ON is 2 units in x-direction.

Subtract vectors.

Simplify.

OM is 4 units in x-direction, 4 units in
y-direction and 3 units in z-direction.

Subtract vectors.

Expand and simplify.

1 Relative io an origin O, the position vectors of the poiuis 4 and B are given by 04 = 5i + 3j and

OB = 5i + Aj + uk.

a Inthecase where A =0 and u = 7, find the unit vector in the direction of AB.

b Given that triangle OAB is right-angled with area 5434 and u = 10, find the value of A.

2 The diagram shows a cuboid O4ABCDEFG with a horizontal base G 6cm N F

OABC'. The cuboid has a length 0.4 of 8cm, a width AB of 4cm

and a height BF of d cm. The point A is the midpoint of CE and ) :. E dem
the point N is the point on GF such that GN = 6cm. The unit Cmemmmm s o] ----JB
vectors i, j and k are parailel to 04, OC and OD, respectively. kli M 4em

It is given that OM = 4i - 2j+ k. 0> Som A

a Write down the height of the cuboid.
b Find ON.

@ ¢ Find the unit vector in the direction MN.
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3

The position vectors of the points A4, B, C and D are given by a, b, ¢ and d, respectively, where

2 (13 5 -6
a=|2 | b= 5 |be=|l -3 |and d=| -6
0 \4 4 0

a i Plnd|ﬁ|,|?é|,|7§|;md‘ﬁé|.
ii  Deduce that ABCD is a parallelogram.

b Find the coordinates of
i  the point M, the midpoint of the line AB
ii the point P such that ‘ﬁ| = -;;|B—D>|

Relative to an origin O, the position vector of A4 is i — 2j + 5k and the positioii vector of B is 3i + 4j + k.
a Find the magnitude of AB.
b Use Pythagoras’ theorem to show that O4B is a right-angled triangle.

¢ Find the exact area of triangle OAB.

The position vectors of the points A4, B and C are given by
a=5i+j+2k,b=7i+4j-k and c=i+j+ k.
Given that the length of 4B is equal to the lengti of AC, find the exact possible values of the constant g.

The diagram shows a triangular prism, OABCDE. The
uniform cross-section of the prism, OA4%, is a right-angled
triangle with base 24 cm and height 7 cin. The length, 4B, of
the prism is 20 cm. The unit vectors i, j and k are parallel
to OA, OC and OFE, respectively. The point N divides the
length of the line DB in the ratio 2:3.

a Find the magnitude of DB.
b Find ON.

Three points O. P and Q are such that OP =2i+ 5j+ ak and (fQ =i+ (1+a)j-3k.

Given that the magnitude of OP is equal to the magnitude of @ find the value of the constant a.

Relative to an origin O, the position vectors of the points P and Q are given by

-6k 2k +13
OP = -2 and @ = -8 .
8(1+ k) =32k )

Given that OPQ is a straight line:
a find the value of the constant k
b write ecach of OP and OO in the form xi + yj + zk

¢ find the magnitude of the vector P—Q>
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@ 9 An ant has an in-buiit vector navigation system! It is able to go on complex journeys to find food and then
return directly homie (to its starting point) by the shortest route.

An ant leaves home and its journey is represented by the following list of displacements:

1 -3
i+3j+-0k 6 10i -1 h-k
0 -5

The ant finds food at this point.
What single displacement takes the ant home?
One unit of displacement is 10 cm.

What is the shortest distance home {rom the point where the ant finds food?

EXPLORE 9.2

A system of objects with the properties:

* can be represented by a column of numbers
* can be combined using addition
* can be muitiplied by a number to give another object in the same system

is called a vector space.

Do quadratic expressions of the form ax? + bx + ¢, where a, b and ¢ are real constants, form a vector space?
| Explain your answer.

9.3 The scalar product

We have seen how to add and subtract vectors and also how to multiply a vector by

a scalar. It is also possible to multiply two vectors. It is possible to find two different
products by multiplying a paii of vectors. The first product gives an answer that is a vector.
This is called the vector product or cross product (for example, the cross product of

the vectors a and b is a x bh). The cross product is not required for Pure Mathematics 3.
The second product gives an answer that is a scalar. This is called tlic scalar product or dot
product (the dot product of the vectors a and b, for example, is a-b).

Introductory ideas

The angle between two vectors is defined to be the angle made

e cither when the direction of each vector is away from a point
e or when the direction of each vector is towards a point.

0 0
—> ~

Directions both away from a point. Directions both towaids a point.

As vectors have magnitude and direction we can think of the scalar product as being
multiplication in relation to a particular direction.
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A useful way to understand this 1s to think about the work done by a person when they
pull an object along a flat surface using a rope:

work done by the person = force needed to pull the object x distance the object moves

Direction of pull a

»

Displacement of object b

The diagram shows vector a representing the puil aiid vector b representing the
displacement of the object.

The direction of the pull is not in the same as the direction of the displacement. This means
that only some of the force the person uses to pull the object makes it move. In fact, only
the x-component of the pull is in the direction of the displacement.

|a| is the magnitude of the pull. Using the angle made between the two directions, we can
see that the magnitude of the x-component of the pull is x = |a| cos 6.

| b| is the magnitude of the displacement, which is a measure of the disiance moved.
Applying this information to the formula, we can see that the
work done by the person = (| a| cos@)| b|.

Finding the scalar (number) that is work done by the person is one application of the scalar
product.

In general, the geometric definition of the scalar product of two vectors is:

a-b=|a||b| cos6

This formula allows us to calcnlate the value that represents the impact of one vector on
the other, taking account of direction.

WORKED EXAMPLEA

8 | 4
p= ( -6 J, q =| -3 [ and the angle, 6, between the two vectors is 45°. Find the value of the scalar product, p-q.

L -10 0
Answer

| P-q=|p||q|cosb
Ip| = 82+ (=6)2 + (—10)> = 10vZ and |q| = {4 + (-3)> + 0% = 5
p~q:(10\/5)(5)(:05450:(10&)(5)(%):50
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Special case 1: Parallel vectors

a
When two parallel vectors, a and b, have the same direction (not opposite directions), /
0 = 0° or 0 radians. /

Therefore a-b=|a||b|cos0
a‘b=|a||b|

This also means that, for example: a-a =|a||a|or|a|

Special case 2: Perpendicular vectors

Y

When two vectors, a and b, are perpendicuiar, 8 = 90° or g radians. b
a-b =|a||b| cos 90°
a-b=0

».

This is very important. ‘When two vectors are perpendicular, their scalar product is zero. It is also
true that when the scalar product is zero, the two vectors are perpendicuiar.

EXPLOR/E

Show that the scalar product has the following properties:

| a-b=>b-a

a-mb = ma-b = m(a-b), where m is a scalar
a-(b+c)=a-b+a-c
(a+b)(c+d)=a-c+a-d+bc+b-d

Scalar product for component form
When we write a = ;i + ayj + azk and b = bji + byj + bk the properties of the scalar
product give an algebraic method of finding the same value that we found using
|al|b| cos 6.
a-b = (aji + arj + azk)(bii + byj + b3k)
= ali(bli + sz + b3k) + azj(bli + sz + b3k) + a3k(h; 4 Dzj + b3k)
= albli- i+ a1b2i~j + a1b3i- k
+ azblj i+ (lzsz . j + a2b3j -k
+ Cl3b1k'i + a3b2k-j + a;LgL-k
However, as i is parallel to i, j is parallel to jand k is parallel to k then:
ifi=jj=kk=1

Also, as i, jand k are perpendicuiar to each other, scalar products such as i-j, i-k, etc. are
all 0.

a-b= Cllbli'i + gl»bf.r; T W
+_(£’¢'*13;'T + abj-j+ EM
+asbik 1 + ash k7§ + asbsk -k
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KEY POINT 9.6

In general, the algebraic definuon of the scalar product of two vectors is:

a-b=ab + ayb, - us05

a b] \
When wriiten in column form, a =| a, | and b =| 4, |, soitis perfectly valid to
as by

use the components of column vectors in the algebraic form of the scalar product
a-b= albl + a2b2 + a3b3.

We now have a way to find the dot product when we do not know the angle between the
two vectors.

Sometimes the two versions of the scalar product are written together like this:
a-b= Cllbl + Cl2b2 + 03133 = iai | b| cosf

This can be useful as 1t ailows us to find the angle between the two vectors when we know
the components of the vectors.

WORKED E, M LE9.8

228 p =8i—6j—10k and q = 4i — 3j
Show that the angle, 6, between the two vectois is 45°.
Answer
P-4= g+ g2+ P3gs Find the value o the scalar product p-q.
p-q=38(4)+(-6)(-3)+ (-10)0)=32+18 =50 Find the magnitude of p and of q using
Pythagoras’ theorem.

|p| = /82 + (=6)2 + (—10)> =102

lq| = 42 + (=32 +02 =5 Use p-q =|p||q| cos®.

50 = (10\/2 ) (5) cos@ Make cos 6 the subject.
i),; = cos6 Solve for 6.
5072

1
0 = = | =45°
. cos ( 5 )
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WORKED EXAMPLE 9.9

Relative to the origin O, the position vectors of the points 4 and 2 are given by

. sY . (-
OA=| -2 |and OB =| 3

4 ) 1
Fiid engle OBA.

A sketch will help
| Answer you to make sure
you choose a correct
A . — ) . pair of directions
OB and AB are the two directions f
\ . ) or your scalar
» towards the point B, so these are tie
product.
\ vectors we need to use.
o
B
Find OB - 4B. First of all, find the column vector AB .
O\ -1 5 -6 -1
AB=0B-0CA=| 3 |-| =2 |= 5 Using the given vector OB =| 3 |,
-1 4 -5 -1

find (he value of OB- AB.

OB-AB = (-1)(=6) + (3)(5) + (=1)(-5) = 26 ﬂl}d the magnitude of OB and of
AB using Pythagoras’ theorem.

-6

|4B|=|| 5 ||=(-62+5 + (=57 =36
-5
-1 “ O

0B|=|| 3 ||=JD’+3+0 =T Use 0B 4B |08 28| cos0B4
)

26 = \/R6/11 cosOBA Make cos OBA the subject.

~\Z6 = cosOBA Solve for angle OBA

| Y86 BT

Angle OBA = 32.3°
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1 Find which of the following pairs of position vectors are perperidicular to one another.

For any position vectors that are not perpendicular, fina the acute angle between them.

2 7 ( 5) 3 4 4
a a= 8, b=| -1 b c¢=|i2(,d=| -1 c e=| -9 |, f=] =2
-2 3 L13 J 3 -2 1
=5 1
2 Relative to the origin O, the position vectors of the points 4 and B are given by OA=| 0 |and OB=| 7
3 2
Find angle BOA.

3 Given that the vectors 6i — 2j+ Sk and ai + 4j — 2k are perpendicular, find the value of the constant a.

4 Relative to the origiin C, the position vectors of the points P and Q are given by

Sk \I k
OP = —2 |, 00 =| k+2 | wherek is a constant.
Tk +9 J -1

a Find the values of k for which OP and @ are perpendicular to one another.

b Given that k =2, find the angle, 6, between {ip and 0Q.

230 5 The diagram shows a cuboid OABCDEFG in which OC = 6¢cm, E F
0OA = 4cm and OD = 3cm. Unit vectors i, j and k are parallel to OC, OA4 i »
and OD respectively. The point M lies on £B such that FM = lcm, N is ! * M
the midpoint of OC and P is the centre of the rectangular face DEFG. D ’ E G
Al
Using a scalar product, find angie NPM. o ST B
S | i 4
/V
0 > ; v C
6 The position vector a is such that a = 4i — 8j + k. Find a-j and hence
. . . M
find the angle that a makes with the positive y-axis. G F
]
]
7 Explain why a-b-c has no meaning. 1
D H E
8 The diagram shows a cube OABCDEFG with side length 4 units. The unit i
vectors i, j and k are parallel to O4, OC and OD, respectively. The point M is i
the midpoint of GF and AN:NB is 1:3. C:
[ I
—_— —_— s 7 B B
a Find each of the vectors OM and NG. kKA YW
b Find the angle between the directions OM and NG. o> f N
1

@ 9 The diagram shows a triangular prism, OABCDE .
The uniform cross-section of the prism, OAE, is a right-
angled triangle with base 77 cm and height 36cm. The
length, AB, of the prizm is 60 cm. The unit vectors i, j and
k are parallel to 0.4, OC and OE, respectively. The point
N divides the length of the line DB in the ratio 4:1 and M
is the midpownt of DE.

Use a scalar product to find angle MAN.
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@ 10 The diagram shows a pyramid VOABC. The base of the pyramid, D4BC,
is a rectangle. The unit vectors i, j and k are parallel to OA4, OC and OV,
respectively. The position vectors of the points 4, B, C and V" are given by

04 = 6i, OC = 3j and OV = 9k.
The points M and N are the midpoints of AB and BV, respectively.
a Find the angle between the directions of AN and OC.
b Find the vector MN.

¢ The point P lies on OV and is such that PNM is a right angle. Find the
position vector of the point P.

9.4 The vector equation of a line

We already know that, in 2-dimensional space, a line can be represented by an equation
of the form y = mx + ¢ or ax + by = c. In 3-dimensional space, we need a new approach
because introducing the thiid dimension gives an equation of the form ax -+ by + ¢z = d,
which is actually the Cartesian equation of a plane. One way around this problem is to
write the equation of the line using vectors.

The equation of « line in vector form is valid in both 2- and 3-diimensional space.
So what information do we need to be able to do this?

When a line passes through a fixed given point and continues in a known direction then it
is uniquely positioned in space.

Therefore, to form the vector equation of a straight line, we need:

by
e a point on the line, A(a;, a, az). and a direction vector, b =| b, |, that is parallei to
the line. by
I
by
Aay, aypa) R(x7.2) b= 2§
|
01(0,0,0)

K is any point on the line and so OR represents the position vector of any point on the
line.

To reach R, starting at O, take the path OR = OA + AR.
OA is a vector we know. To move from A to R, we need to travel in the direction of b.

Multiplying b by different scalars changes the position of R on the line, so simply gives
us different points on the line. Using the parameter ¢ to represent the variable scalar

OR =04+
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Sometimes Greek
letters such as A and u
are used as parameters.
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Using lower case notation for vectors, the vector equation of the line is:

r=a+tb

e Or two points on the line, 4A(«;, a,, a3) and C(c;, ¢, ¢3). One can be used as the fixed
given point and the direction can be found from the displacement between the two points.

R(x,,2)

C(cy, €9, C3)
Alay. ar, a3) v

00,0, 0)

The situation is almost the same. In this case, however, we do not know the direction of
the line. We can find the direction using the position vectors of the poinis A4 and C.

Any known point can

Using the paramcter ¢ as before, be used for the position

OR =0A+ tAC. vector, so you could
also use
p2 —_
KEYPINT98 OR =0C+1tAC

232 Using lower case notation for vectors, the vector equation of a line is:

r=a+t(c—a)

L

In each case, the structure is:

general point on line = position of knewn point + some way along a known direction

Parametric form

R(x, y, z) represents any point on the line.
X

The position vector of this point can be writtenas r =| y | or r = xi + yj+ zk.
zZ

In the equation r = a + tb, using the position vectors in component form:

g fa) [

Y |=1a |+t]| by | or xi+ yj+zk = @ji + ay1 + a3k + t(byi + byj + b3Kk)
\ z ) as b3
Simplifying the right-hand side of this:

+th
X “a tbl Xi+ yi+ 2k = agi+ thi + o + thyj + ask + thik

= a, + or

Y 2T O g i ok = (ay 4+ thy)i+ (a + thy)j + (a3 + thy)k
z as + lb3

Comparing the components:

X=611+[b1
y2612+lb2
z:a3+tb3

These three equations are called the parametric equations of the line.
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WORKED EXAMPLE 9.10 Q

Chapter 9: Vectors

Find:
a the vector equation of the line

b the parametric equations of the line.

| Answer

Using ¢ as the parameter:
a General point=r
Known point = 3i- 2j + 4k

Known direction =i—j+Kk

3 1
r=| 2 [+¢] -1
4 1
3 1
o r=| =2 |+¢| =1 Jorr=3i-2j+4k+1#(i—j+k)
4 |
X 3+¢
y =] 22—t |or
z 4+1¢

xi+yji+zk=0CB+0Di+(2-0Dj+@+1k

x=3+t ya=2-t z=4+t¢

A line passes through the point with position vector 3i — 2j + 4k and is parallel to the vector i— j + k.

General point on iine =
position ¢f known point

-- soine way along a known direction.

Write r as a column vector and collect
together the x-, y- and z-components of the
right-hand side.

Comparc components.

WORKED EXAMPLE 9.11

The position vectors of the points 4 and B are given by
a=3i+2j—7k and b =1i-4j+8k,

| respectively.

a Write down the vector AB.

b Find the vector equation of the line AB.

Expand and simplify.

Answer
a AB=b-a Substitute for a and b.
AB = i-4j+ %k — 3i +2j-7k)
AB = -2i - 6j+ 15k

Copyright Material - Review Only - Not for Redistribution




N

-\
Cambridge International AS & A Leve@%‘nematics: Pure Mathematics 2 & 3

b Using a = 3i+4j— 7k as the known
point, ¢ as the paramcier and AB from
part a as the known direction:

General point = r General point onr line =
Known point = 3i + 4j — 7k position of ¥known point
Known direction = -2i — 6j + 15k + some way along a known direction.

r=3i+2j- 7k + (4B
r = 3i+2j— 7k + {(=2i — 6 + 15k)

@ KEY POINT 9.9

The angle between two lines is the angic between the two direction vectors of the lines.

\
WORKED EXAMPLE 9,12\
[ )

The vector equation of the line L; is r = 3i+ j— k + A(i — 8j + 5k).

Recall, you could also
use b=1i-4j+8k as
- the known point.

a The line L, is parallel to the line L; and passes through the point A(0, 2, 5).

Write down the vector equation of the line L,.

PR b Find the angle between the line Z; and the line r = 4i + 3j — 2k + u(5i — j + 2k).

Answer

a Using u as the parameter,

General point is r General point on line =
Known point is 2j + Sk position of knewn point
The direction of the line L; is i — 8j + Sk + some way along a known direction point.

The line L, is theretore
r =2j+ 5k + u(i-8j+5k)

b Find the angle between Find the scalar product d, -d,
d; =1-8j+5k and d, = 5i—j+2k. Now find the magnitude of d; and d, using
d,-dy = (1)(5) + (=8)(=1) + 5(2) = 23 Pythagoras’ theorem

|dy] = I +(=8)* + (5)* = 3J/10
|dy| = 5% + (=1)? + 22 =30 Use d;-dy =|d;||d,]| cos6.

23 = 3/10/30 cosO Make cos 6 the subject.
050 = — 2 Solve for 4
cos6 = o5 olve for A.

23 \ .
o5 | — =2 1= 63.727...°= 63.7°
o8 (3\/10\30} ’
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Chapter 9: Vectors

1 Write down the vector equation for the line through the point 4 that is parallel to vector b when:
a A0,-1L5)and b =2i+6j—k
b A40,0,0) and b=7i—j—k
¢ A(7,2,-3)and b = 3i - 4k.

2 Write each of your answers to question 1 in parametric form.

3 Show that the line through the points with position vectors 9i + 2j — Sk and i+ 7j+ k is parallel to the line
r = A(16i — 10j — 12k).
4 Find the parametric equations of each of the lines.
a r=2i+13j+k+:i+j—k)
b r=10j+t2i+5j)
¢ r=i-3{+{2i+3j+4k)
5 a Find the parametric equations of the line L through tiic points A4(0, 4, -2) and B(l, 1, 6).
b Hence find the coordinates of the point where the line L crosses the Oxy plane.

@ 6 TTheline L, has vector equation r = 2i — 3j+ k + A(6i + j+ 3k) and the line I, has parametric equations
x=u+4, y=u-7, z=3u.

a Show that I, and L, are not parallel.
b Find the angle between the line 7, and the line L,.

@ 7 The vector equation of the line 7, is given by
b -3 ( 4)
y = 0 |+¢t| -1 |
z 8 ) -3
a Find the vector equation of the line L, that is parallel to L, and which passes through the point A(S, -3, 2).
b Show that A(S5, -3, 2) is the foot of the perpendicular from the point B(4, -7, 2) to the line L,.

@ 8 The points 4, B and C are position vectors relative to the origin O, given by

o (3) 0 . 1)
OA=|1| OB=| -1 and0C=|L'.
5 2 \3J

a Find a vector equation for the iine L passing through 4 and B.

b The line through C, perpendicular to L, meets L at the point N. Find the exact coordinates of N.
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9.5 Intersection of two lines

In 2-dimensional space, two lines are either parallel or they must intersect at a point.
In 3-dimensional space it might be that:

e they are parallel
e or they are not parallel and intersect
e or they are not parallel and do not intersect.

Lines that are not parallel and do not intersect are called skew.

Parailel lines have the same direction vectors and so if a pair of lines is parallel, this can
casily be seen by examining the vector equations of the lines.
Non-parallel intersecting lines

In 2-dimensional space, to find the point of intersection of a pair of non-parallel linzs
using their Cartesian equations ( ax + by = ¢ ), we solve the equations of the lines
simultaneously. In other words, we put the two equations equal to each other.

The process is the same in 3-dimensional space and using the vector equations of the lines.

WORKED EXAMPKE'9.13

A

Given that the lines with vector equations
r=i-2j—4k+ A(-i—j+k)

236

and r=2i-2j+k+pu(i+2j-7k)

' intersect at the point A4, find the coordinates ot A4.

Answer

The lines are equal at the point of intersection, so write the vector equation in
parametric form so that the components can be equated.

r=i-2j-4k+A(-1-j+k) r=2i-2j+k+pu(i+2j-7k)

x=1-21 x=2+U
y=-2-2 y=-2+2u
z=—4+4 z=1=-Tu
Now equate the components.
1-A=2+u --------- (D)
2-A=-24+2U ------- (2)
A4+ A=1-Tu -------- (3)

I Solve these equations to find the value of 2. and of u:
From (1): A=-1-u
Substitute into (3): —A4-1-u=1-7u

OU =6 u=1
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Chapter 9: Vectors

When u = 1: A=-1-1==2
Check:

x=1-(2)=3 | x=2+1=3 It is good to check that
y=-2-(2)=0]| y=-2+2=0 the value of A and of
;7 =-4-2=_6 r=1-7=-6 1 that we have found

give us the same point.

| I'he lines intersect at the point A(3, 0, —6)
|

Skew lines

Skew lines have no point of intersection.

When two lines are skew, they are not parallel and they do not intersect.

~

WORKED EXAMPLE $:{a)

Show that the ines with vector equations
r =4i+7j+ 5k + A(-2i+j+ 3k)
r=i+j+ 10k + u(-6i +j+4k)

do not intersect.

Answer
As —2i+ j+ 3k is not a scalar multiple of —6i + j+ 4k the lines are not parallel.

Writing the equations in parametric form:

r=4i+7j+5k+ A=2i+j+3k) r=i+j+10k+ u(-6i+j+4k)
x=4-21 x=1-6u

y=7+2 y=1+u

z=54+34 z=10+4u

Now equate the components.

4-2A =164 ------- )
T+ A =14 -mmmme- ©)
5434 =10+4p ------ 3)

Attempt to solve these equations to fina the value of A and of u that should give a consistent point:

From (2): A=Uu-6

Substitute into (3): S5+3(u—-6)=10+4u
u=-23

When u =-23: A=-23-6=-29
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Check:
-
A=-29 u=-23
x=4-2(-29) =62 x=1-6(-23)=139
y=7-29=-22 y=1+(-23)=-22
z=5+3(-29)=-82 z=10+4(-23)=-82
The values of A and u do not give a consistent point, so there is no point of intersection and the lines are skew.

Find whether the following paiis of lines are parallel, intersecting or skew.

State the position vector of the common point of any lines that intersect.

a x=31+4 x=u+l
y=51+1 y=u+4
z=4) -3 z=2u+5
b r=i-5)+4k+ A(3i-4j+9k) r=1i-5j+4k + A(-6i+8j—18k)
¢ v =T7i+2j+6k+ A%+ 3j+9k) r=4j+ %X+ u(8i+j+14k)
d r=2i-3j+4k+ A(6i + 4j —2k) r=4i-9j+2k+u(-i-8j-k)

Given that the lines with vector equations
r=2i+9j+k+ A(i—4j+5k)
and r = 11i + 9j + pk + u(—i— 2y + 16k)

intersect at the point P, find the value of p and the position vector of the point P.

Three lines, L;, L, and 7, have vector equations
r = 16i — 4j— 6k + A(—12i + 4j+ 3k)
r = 16i+28i + 15k + u(8i+ 8j+ 5k)
r=1i+9j+ 3k +v(4i—12j-8k)
The 3 points of intersection of these lines form an acute-angled triangle.
For this triangle, find:
@ the position vector of each of the three vertices
b the size of each of the interior angles

¢ the length of each side.

The line L; passes through the poiuts (3, 7,9) and (-1, 3, 4).

a Find a vector equation of the line L.

b The line L, has vector equation
r=1i+2j+k+u3j+2k).

Show that /,, and L, do not intersect.
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 Always carry out the
check with both 4
and p as it is easy to
make a mistake.

» Re-read the question
to check whether you
were asked to find the
position vector or the
coordinates of the
point of intersection
and give your answer
in the correct form.




Chapter 9: Vectors

5 The point 4 has coordinates (1, 0, 5) and the point B has coordinates (-1, 2, 9).

Find the vector AB.
Write down a vector equation of the line 4B.

Find the acute angle between the line 4B and the line L with vector equation
r =i+3j+4k+u(-i-2j+3k).

Find the point of intersection of the line 45 and the line L.

D &
© Checklist of learnin a@ﬂmderstandin {
8 a 8 ()

N\
® For position vectors OA =a ond OB = b, AB=b-a.

‘s

The magnitude (length or size) is worked out using Pythagoras’ theorem:
When a = aji + a,i + 2k, |a| = \/m

Two vectors are parallel if one is a scalar multiple of the other.

Problem solving with angles will involve the use of the scalar product.

When a = aji+ aj+ ask and b = bji + sz + bk

a-b = a\b + ayby + azbs :|a||b| cos O

239
' Vector equation of a line: r = a + tb

$ To find the point of intersection of two intersecting lines, solve the parametric equations of the
lines simultaneously.
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END-OF-CHAPTER REVIE 6' RCISE 9
A —

1 Relative to the origin O, the position vectors of points A4, B and C are given by

(2 3m 4
0=\ 3 , OB=| 1 and OC = -m
7 1 —m(m + 1)

a Itis given that AB = OC. Find the anglc OAB.
b Find the vector equation of the linec AC.
2 With respect to the origin O, the position vectors of the points 4 and B are given by

/

. -2 W\
OA=| 0| and OB=| -1
6 4

a Find whether or not the vectors OA4 and OB are perpendicular.
b i Write down the vector AB.
ii ind a vector equation of the line AB.
¢ The vector equation of the line L is given by
r="7i-12j+ 7k + u(-3i +10j — 5k).

Show that the lines AB and L intersect and find the position vector of the point of intersection.

G

The diagraim shows a prism, ABCDEFGH , with a parallelograni-shaped uniform cross-section.

The peoint E is such that OF is the height of the parallelogram. The point M is such that OM is parallel to

[4]
131

2]
1
2]

151

DC and N is the midpoint of DE. The side OD has a length of 5 units. The unit vectors i, j and k are parallel

to OA, OM and OE, respectively.

The position vectors of the points A, E, C and M are given by OA =9i, OM = 15j and OE = 12k.
a Express the vectors AH and NH in terms of i, jand k.

b Use a vector method to find anglc AHN.

¢ Write down a vector equation of the line AH.
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Chapter 9: Vectors

4 The position vectors of 4, B and C relative to an origin O aie given by

6 2 . 8
OA=|3|,0B=| n |and OC =| 9
2 -1 0
where #n is a constant.
a Find the value of n for which | 72| =|CB|. [4]
b In this case, use a scalar product to find angle ABC. 3]
5 a Given the vectors 8i-- 2j+ Sk and i+ 2j+ pk are perpendicular, find the value of the constant p. [3]

b The line L; passes through the point (-3, 1, 5) and is parallel to the vector 7i — j — k.
i Write dowa a vector equation of the line Z,. 12]
ii The line L, has vector equation
v=1i-2j+2k+ u(i+8j—-3k).
Show that 1, and L, do not intersect. 4]

6 The origin O and the points 4, B and C are such that OABC is a rectangle. With respect to O, the position
vectors of the points 4 and B are —4i + pi -- 6k and —10i — 2j — 10Kk.

a Find the value of the positive constant p. [3]

b Find a vector equation of the line AC. [3]
¢ Show that the line AC and the line, L, with vector equation
r=3i+7j+k + p{-4i - 4j - 3k)
intersect and find the position vector of the point of intersection. [5]
d Find the acutc angle between the lines AC and L. [4]

7 Relative to the origin O, the points A4, B, C and D have position vectors

OA = 4i+ 2j—k, OB =2i-2j+ 5k, OC =2j+ 7k, DL = —6i + 22j + 9k

2 Usea scalar product to show that angle ABC is a right angle. [3]
b Show that AD = kBC, where k is a constant, and explain what this means. 12]
¢ The point E is the midpoint of the line AD. Find a vector equation of the line EC. [4]

8 With respect to the origin O, the points 4, B, C, D have position vectors given by
OA4 = -3i+j+8k, OB = —10i + 2j+ 15k, OC = 5i - 2j— 2k, OD = i + 6j + 10k.
a Calculate the acute angle between the lines AB and CD. 4]
b Prove that the lines /B and CD intersect. [5]

¢ The point E has position vector 5i + 3j+ 4k. Show that the perpendicular distance from E to the
line CD is equal 10 /5. 151
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9 PQRS is a rhombus. The coordinates of the vertices P, Q and S are (9, 2, 4), (-0.5, 6, 6.5) and (4.5, -4, -3.5),
respectively.

a [rind the vectors P_Q and PS. 12]
b Find the coordinates of R. 131
¢ Show that PORS isin fact a square and fnd the length of the side of the square. [3]
d The point T is the centre of the square. Find the coordinates of T'. [3]

e The point I has coordinates (5, 17.5, —13.5).

i Find a vector equation of the line VT . 13]
ii Verify that T is the foot of the perpendicular from V" to PR. 12]
i Describe the solid VZQORS. ]

10 The points P and ! have coordinates (0, 19, —1) and (-6, 26, —11), respectively.
The line L has vector equation

r = 3i+9j+ 2k + A(3i — 10j + 3k).

a Show that the point P lies on the line L. 1]
b Find the magnitude of @ 12]
242 ¢ Find the obtuse angle between PQ and L. 131
d Calculate the perpendicular distance from Q to the line L. [5]

11 The points A and B have coordinates (7, 1, 6) and (10, 5, 1), respectively.
a Write down a vector equation of the line AB. [3]
b The point P lies on the line AB. The point Q has coordinates (0, -5, 7).
Given that PQ is verpendicular to AB, find a vector equation of the line PQ. [6]
¢ Find the shortest distance from Q to the line AB. [1]
12 The line L; has vector equation
r = 3i+2j+5k+ A4i+2j+ 3k).
The points 4(3, p,5) and B(q, 0, 2), where p and ¢ are constants, lie on the line ;.
a Find the value of p and the value of ¢. 2]
The line L, has vector equation
r=3j+k+ u(7i+j+ 7k).
b Show that L; and L, interseci and find the position vector of the point of intersection. [5]

¢ Find the acute angle between L, and L,. 4]
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This chapter is for Pure Mathematics 3 students only.

In this chapter you will learn how to:

m formulate a shnple statement involving a rate of change as a difierential equation

m find, by integration, a general form of solution for a first order differential equation in which the
variables are separable

B use an initial condition to find a particular solution

wterpret the solution of a differential equation in the context of a problem being modelled by the
cquation.
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PREREQUISITE KNOWLEDG < @
A AN =
Where it comes from | What you should be able to do —IL Check your skills
IGCSE /O Level Express direct and inverse variation | 1 The weight, w newtons, of a sphere is
Mathematics in algebraic terms and use this directly proportional to the cube of its
form of expression to find unknown radius, rcm. When the radius of the sphere
quantities. is 60 cm, its weight is 4320 newtons. Find
an equation connecting w and r.
IGCSE/ O. Level Understanq agd apply 2 Iny—In(20— y) = X n3
Mathematics e laws of indices Find and simolif 4 on f .
o laws of logarithms ind and simplify an expression for y in
terms of x.
Chapter 5 Integraie 3 Find:
e standard functions a J 1 dx
. . Sx—1
| @ using substitution AN
| ® using parts b .} SLLE Y
cos x
| c J.xe *dx
Chapter ¢ Decompose a compound fraction ) 2
: . 4 Find | ————— dx.
with denominator (x - 2)3x +1)
o (ax+bXex+d)ex+ )
244 o (ax+hb)cex+d)
| e (ax+h)ex*+d)
into its partial fractions and
integrate the resuit.
Chapter 1 Sketch graphs of standard functions | 5 a Sketch the graph of y = e¥.
e.g involving Inf(x) and e™ 12e*
| (including understanding end b s kasxoe
| behaviour as x — + o). ¥ind the value of the constant k.
What is a differential equation?
2
An equation that has a derivative such as j—y or g—g as one of its terms is called a
X X
differential equation. When the equation has the first derivative :11_y as one of its terms,
X
it is cailed a first order differential equation. For example, the equation b =3x? isan

alternative way of representing the relationship » = x* + C, where C is a constant.

To solve a differential equation, we integrate to find the direct relationship between x
and y, such as y = x* + C. The direct equation y = x* + C is called the general solution

of the differential equation j—y = 3x”. To find a particular solution, we must have further
b

information that will enable us to find the value of C.

The solution of an algebraic equation is a number or set of numbers. The sclution of a
differential equation is & function.
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Chapter 10: Differential equations

In this chapter, we will learn thie initial skills needed to master the solution of one type
of first order differential equitions. These simple skills will be the foundation for further
study of this subject.

You might wonder about the usefulness of such seemingly abstract cquations in the real
world. In fact, ditferential equations are excellent mathematical models for many real-life
situations and are essential to solve many problems. First order differential equations
can model rates of change, in other words, the rate at which one quantity is increasing

or decreasing with respect to another quantity. There are many examples in the physical
worlid that can be modelled using such relationships. A few examples are the rate of
inciease of the number of bacteria in a culture, simple kinematics problems, the rate of
decrease of the value of a car and the rate at which a hot liquid cools.

10.1 The technique of separating the variables

Solving a differential equation such as g—y = 6(x +1)> can be done using an
X

anti-differentiation approach

We know, from the Pure Mathematics 1 Coursebook, Chapter 9, that if we integrate both
sides with respect to .x. we have:

J% dx = Jf 6(x + 1) dx

_ 6(x+1)>
3
2x+1)P+C

y +C

1
v

Notice that the first line on the left-hand side 1s j j—y dx = J. 6(x + 1)’ dx and from
X

anti-differentiation we can see that, if we integrate d—y with respect to x we obtain an
X

expression for y.
This means that J j—y dx = ... isequivalent to .[ dy =...,whichis y=...
X

This result is generally true.

\®

@ KEY POINT 10
[\

Integrating an cxpression of the form f(y) j—y with respect to x is equivalent to integrating f(y)
with respect to y. .

Theietore j f(y) g—y dx is equivalent to J. f(y)dy.
x

dy

The differential equation j—y = 6(x + 1)? is easy to solve because x isequal to a
X x

function that we know how to integrate. This is not always the case.

How do we solve the differential equation b =xy when y>07?

dx

As it is written, we cannot iitegrate both sides with respect to x and find a sclution.
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Separating the variables in the expression xy means that we are then able to integrate.

((ii_y =Xy Separate the variables x and y.
X
1 g—y =% Form integrals of both sides with respect to x.
y dx
J 1 (‘1— dx = j xdx
y dx
;
J L dy = J. xdx Integrate each side.
y
x2 . .
Iny+A4= > + B The modulus of y is not required as
we know that y > 0.
2
Iny= % +C The constants of integration can be combined
as one term and we only need to write a
constant on one side.
=-C . . . .
y=e? This is the general solution of the differential

e equation as we do not know the value of the
y=De?2 where D =eC arbitrary constant C.

m When we have further information, we can find the particular solution of the differential
solution given by that information.

For example, solve j—y = xy given that y =2 when x =0.
X
Using this information:

x? 02
lny:7+C and so ln2:7+c‘, C=In2

X2 . . Q. .
y=c¢e? " This is the particular solution of the differential
equation.
X’
y=e? xehn? Note that you often need to write your answer as
" an expression for y in terms of x. This commonly
y=2e?2 means using laws of indices or logarithms.

By separating the variables we are rearranging the differential equation to the form

) j—){ - g(0).

f(y) % = g(x) (Note: Other variables may be used such as v
and 1.)

Jf(y) % dx = J. g(x) dx

jf(}') dy = J g(x) dx
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Chapter 10: Differential equations

So, in the case where the derivative is g—y:
X

e form an expression in x only on one side of the equation

e form an expressionin y x 211_)/ on the other side of the equation.
X

This gives us a torm of the equation that can be integrated on both sides, one side with
respect to x and the other side with respect to y.

\ ]
(WORKED EXAMPLE 10.1
. . cop L . dy 1+x
The variables x and y satisfy the differential equation — = 7
y
It is given that y = 3 when x = 0.
Solve the differential equation 2nd obtain an expression for y in terms of x.
Answer
Even though the question does not ask for it directly, you are expected to use the initial condition that you have
been given to find a particular solution.
dy _lex Separate the variables x andy.
dx 2y
Here we have moved the 2y. It was not
essential to move the 2, we could have moved
the y only. This would be just as valid as
| it would also give expressions that can be
integrated.
2y g‘ =1+x Form integrals of both sides with respect to x.
J 2y & dx = J- (14 x)dx
dx
J 2ydy = J. (1+5)dx Intcgrate each side.
2=x+ Y—z +C
YA y=3 when x=0.
02
9=0+ 5y +C, Cc=9
2
3P =x+ 249
2
| 1
2 2
y= (\ + % + 9] You can check this by differentiating.
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WORKED EXAMPLE 10.2

Find the general solution of the differential equation (x? + 1)y + x? S

dx
Answer
2 1, 2 d :
(x"+ 1)y +x F 0 Separate the variables x and y.
= (2 )y°
dx ’
, 2
| 11 ji‘ __k j' D % % Form integrals of both sides with respect to x.
y> dx X<
Here we are assuming that y # 0.
d
J. -3 4y dA,.:J./;fz “ 1D dx
b% bY (—x ) dx
dx
J y3dy = J‘(—.\"2 -1)dx Integrate each side.
1 1
——=—-x+C
2y°  x .

Is this the complete solution?

Earlier in the solution (at line **) we assumed that y # 0. However, when y = 0, the original differential equation
y 0 . . L . S . .

becomes — = — = 0. Since y = 0 is the x-axis, it is true that its gradient is 0 at all points and so y = 0 is also
x  x°

a solution of the differential equation and must be 1ncluded for the general solution to be complete.

L ] 1 ,
| The complete general solution is, therefore, - Sy i x+C or y=0.

yoox
I

In Worked example 10.2, we saw that, when rearranging to the form f{(y) g_y = g(x), there
b
. . 1
are cases where f(y) is a function such as, for example, —-. In these cases, a value {or
JE
values) of y must be excluded for the separation of the variables to take place.

As a final step, when hinding the general solution in these cases, we must check if the value
(or values) we have excluded when separating the variables gives (or give) a valid solution
of the original differential equation. When they do, we should include them.

/
WORKER EXAMPLE 10.3
dx _ x(300 — x)

It is given that, for 0 < x < 300, = ——
¢ di 600
differential equation, giving your answer as an expression for x in terms of 7.

and x =50 when ¢ = 0. Find the particular solution of the

Answer
dx _ x(300 — x) Separate the variables. The derivative is with
dt 600

respect to ¢ and so the expression in x needs to
be moved o the left-hand side.
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x(300 — x) dr
1

1

1

1 dx

x(300 - x) dr 600

dt =

X =

X =

1

I
wjd’

|
fid;—.[d
Jx300-x) T s00) Y

Lol 1 _LJ'
300 J (x+300—,\~)dx_ 600 )

| ]
L (lnx-In(300-x))=—1+C
300 (I~ In€ )= %00
1nx—ln(300—x)z%l+€
X 1
1 = —t (/‘
"300-x 2"
50
C =1 C=1n02
1300-50 "
lnT-——:lt+ln0.2
300—x 2
X -~ —t+In 0.2
300 — x
X . EI In0.2
00—~ o X¢

0.2¢2'(300 — x)
1

PR —1
x +0.2¢2 x = 60e2

1

x(1+0.2¢2") = 60e2’

1

60e2’

1
5!

14+0.2e

Chapter 10: Differential equations

Formw integrals of both sides with respect to ¢.

Note that it is simpler to leave the 600 on the
right-hand side here.

Write the expression on the left in terms of its
partial fractions.

Integrate each side.

The modulus signs are not required as we
know that 0 < x < 300.

x =50 when 7 =0.

1 Find the general solution of each of the following differential equations.

dy 3

2 —x3_6
ax
dv

d V'=—=2
dt

dA4

b ££=2
dr r
e v _y+i
dx X

xX+secxsiny

c s’ % = cos(t +5)

a_,
X

2 Find the particular solution foi cach of the following differential equations,
using the values given.

) dy

a cos"x——=y given y=5 when x=0
dx

dy x3-

dx 1-

b xy—=—‘,;‘-‘ given y =4 when x =3
~

dy

3 Giventhat — =¢e¢""” and y =In2 when x = 0, obtaiun an expression for y in

. X
terms ot x.
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4 The gradient of a curve at the point (x, y) is 5)°x.
a Write down the diiferential equation satisfied by y.

b Given that the curve passes through the point (1, 1), find 1* as a function of x.

1 . A B
5 a Express ————— in the form + .
AT O T oG+ 2~ hqd
b The variables x and ¢ satisfy the differential cquation X is an alternative
. dx
d—x:(Z—x)(x+1). notation for TR

dr
It is given that =0 when x =0
i Solve this differential equation and obtain an expression for x in terms of 7.

ii  State what happens to the value of x when ¢ becomes large.

@ 6 The variables w and ¢ satis{y the differential equation

dw ,
—— = 0.001(100 — w)?.
dr ' )
Given that when 7 = 0 w = 0, show that the solution to the differential equation
can be wriiten in the form w = 100 — 1000 .
t+10
7 Solve the differential equation 4 ((11—); = (3x? — x) cost given that x = 0.4 when
¢ = 0. Give your answer as an expression for x in terms of ¢.
ﬂ . . N o dy _aP-d
8 Find the general solution of the differentinl equation xy A= o
x e
. . . . dy 1+)?
9 Find the equation of the curve that satisfies the equation Fioialyynpe:
X X

and passes through the point (0, 1). Give your answer in the form y = f(x).
10 Find the general solution of the equation x? Zli_y +2y=1
X

11 Solve the differentiai equation % =4x cos’t given that x =1 when 7 = 0.

Give your answer as an expression for x in terms of ¢.

12 a Use the substitution u = ¢> to find Jte’z dr.

dx _ t(e" +5)
- L2 0O

b Solve the differential equation @ given that x =1 when 7 = 0.

@ 12 At a point with coordinates (x, y) the gradicnt of a particular curve is directly
proportional to xy?. At a particular point P with coordinates (1, 3) it is known
that the gradient of this curve is 6.

Find and simplify an expression for y in terms of x.

14 The variables x and ¢ satisfy the differential equation
(3x +2x%) % = k(3x% + x%)
for x >0 where k is éonstant. When =0, x =1 and when 1 = 0.5, x = 2.
Solve the differential equation, finding the exact value of k, and show

A2
o X~ +X4

that 7% =
4 4
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1
x Inx

15 a Use the substitution # = Inx to find J. dx.

b Given that x >0, y > 0, find the general solution of the ditferential equation
d}‘

Inx<t =2
dx  x
m 16 A type of medicine that reacts to strong light can be used to treat some skin
problems.

It is important that, after treatment with this type of medicine, the person stays
out of bright light until the amount of medicine remaining in the skin is at a safe
level.

Jonty is treated with a medicine of this type.
After the treatment, 65 mg remains in the treated area of skin.

The rate at which the medicine disappears from the treated area of Jonty’s skin Notice that the rate

at which the medicine
disappears is with
medicine, in milligrams, in the skin ¢ hours after the treatment. respect to time but the
words ‘with respect to
time’ are usually not
included.

is modelled by the differential equation (ii—r:l =—0.05m, where m is the amount of

Jonty is safe to go out in bright light when no more than 6 g of the medicine
remains in his skin.

How long must Jonty wait before he goes out in bright light?

a

Newton’s law of cooling or heating

Many differential equations arise from miodelling natural laws and relationships. One
example is Newton’s law of cooling or heating:

The rate of change of temperature of an object is proportional to the difference
in temperature of the object and its surroundings.
We define T as the temperature of the object
¢ astime
T, as the temperature of the object when =0
s as the constant temperature of the surroundings
k as the constant of proportionality.
Discuss the following.

e Why it is necessary to define the variables and constants.

150

e Why the differential equation E:i _; -= k(T —s), k>0 issatisfied by T'.

e Other possible correct ways to represent Newton’s law of cooling or heating as a
differential equation with this set of defined variables and constants.

o Why the general soluticn of the given form of the differential equation may be

written as:

|T - s| = AeM where A4 = €.
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e How many arbitrary constants there are in the general solution of any first order
differential equation.

e Why the modulus m the general solution is required.

e How the general solution can be used to represent the temperature of an object
cooling down or warming up.

10.2 Foiming a differential equation from a problem

Tlic key 1o forming a differential equation from a problem is the successful interpretation
of the language used in the question.

For example, when you are given a problemi such as:

The rate of increase of the number ot bacteria in a dish is & times the number of
bacteria in the dish. The number of bacteria present in the dish at time 7 is x...

Replacing the words the ntinber of bacteria in a dish by x the problem becoincs:
The rate of increase of x is k times x.

This rate of increase of x is with respect to time, ¢, and is mucli easier to translate into a

differential equation: ((11—); = kx.

\_/
\ WO RKED EXAMPLE 10.4

Velocity is defined to be the rate of change of displacement with respect to time.

252

The velocity of a particle at time 7 seconds is inversely proportional to its
displacement, s metres, from an origin, O.

a Form a differential cquation to represent this data.

b Initially, the particle has a displacement of 2 metres from O.
After | second, the particle has a displacement of 5 metres irom O.

Solve the differential equation giving your answer in the form ¢ = f(s).
¢ Find 7 when the displacement of the particle from O is 10 metres.
Answer

a The velocity of a particle at time ¢ seconds is inversely proportional to its displacement, s metres, from the

origin, O.
ds ds 1 . ds k
V= & and so m o< — which means that & == At the moment, you do not have enough
dr s S

information to find the constant of
proporticnaiity, k
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ds k
b TR Scuarate the variables s and ¢.
9 ds /‘, . . .
S Form integrals of both sides with respect to 7.

ds
s B 4 =Jkdz
ds

J.sds = Jkdz Integrate each side.
52
7:kr+C s =2 when z=0.
2
C:2=72k1+2 s =5 when ¢ = i.
52
—=k+2, k=105
2
s? 21 ’
5T r+ Write in the form 7 = f(s).

.2 4

¢ Find # when s = 10

=4.5714... = 4.57 seconds correct (o 3 significant figures.

,_100-4
2

—_—

WORKED EXAMPLE 10.5

The population density, P, of a town can be modelled as a continuous variable.

In the year when records begai:
« the population density, P, of the town was increasing at the rate of 0.5 people per hectare per year
* the population density of the town was 2 people per hectare.

It is suggested that, 7 years after records began, the rate of increase of the population
density is inversely proportional to the square of the population density.

a Form a differential equation to model this inforination.
b Solve the differential equation, giving youi answer in the form P = f(z).

¢ The table shows the actual population density of the town, every 5 years for the first 20 years after records
began.

5 10 15 20

3.5 4 5.5 7

Comment on how good a fit the model is to the actual data in the longer term.
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Answer
a The rate of increase of P is inversely proportional to P?:

dP 1 Pk

dr P° dt P?

When 1t =0, (31—1; = 0.5 and P =2, therefore:

Pk Kk

—=— S=—,k=2
de P 03 4 g
. ar _ 2
dt  P?
b dap - 2’ Separate the variables P and ¢.
dr P~
, dP . . .
p- P 2 Form integrals of both sides with respect to ¢.
» dP {
P-—dt =\ 2ds
.[ dt J
J. Plir =2 J‘ dr Integrate each side.z = 0, P =2
P3
254
' Write in the form P = f(¢).
c A
S 10 15 20
3.5 4 | 5.5 7
-
34 4.1 4.6 5.0

In the longer term, the model is not a particularly gocd fit as the values it generates when time increases are
under-estimates of the known data.
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WORKED EXAMPLE 10.6 Q

The value, $V, of a motorbike as it gets older can be modelled as a continuous variable.

A model is snggested to estimate the rate of decrease of the value of the motorbike. This model is that the value I/
when the motorbike is # months old decreases at a rate proportional to V.

a Write down a differential equation that is satisfied by V.
b The motorbike had a value of $10 000 whien it was new.

Solve the differential equation, showing that ' = 10 000e %, where k is a positive constant.
¢ After 3 years the motorbike has lost half of its value when new.

Find the value of the motorbike when it was 2 years old.
Answer
a The rate of decrcase of V' is proportional toV. Thus describes exponentia] decay. The rate

is decreasing and so the constant of

i . . roportionality is negative.
O V" and so dd—IZ/ = —kV, where k is a positive constarnt. prop y &

b (L—I[/ =—kV Separate the variables I and ¢.
1 dV . . .
voar Form integrals of both sides with respect to ¢.
Jid’ dr=J—kdt
vV de
J Vl dVv = J. —k dt Integrate each sice.
In|V|=-kt+C t=0,V =10000
In10000 = C For this particular solution, V' is positive and
so thie modulus is not required.
InV =—ki+1n 10000 Write in the form V' = f(¢).
V =¢ ki+In 10 000
V= ekt % In10000
V =10000e
c ¥V =10000e t=3, V=15000
5000 = 100003
5000 o3k
10000
In0.5 =-3k
P In0.5
3
77( -1 0.5 )
V' =10000e 3

V =$6299.605.... = $6300

correct to 3 significant figures
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1 Write the following as differential equations. Do not solve the equations.
a For height 4 and time ¢:

The rate of decrease of the height of water in a tank is proportional to the
square of the height.

For number of infected cells » and time ¢:

e

The rate of increase of the number of infected cells in a body is proportional
to the number of infected cells in the body at that time.

¢ For velocity v and time 7:

The rate of decrease of the velocity of a particle moving in a fluid is
proportional to the product of vand v+ 1.

d For volume IV and iime ¢:

The rate at whicii oil is leaking from an engine is proportionai to the volume
of oil in the engine at that time.

e Forcost C and time ¢:

The rate at which the cost of an item increases is proportional to the cube of
the cost at that time.

f Forspeed v and time 7:
m The rate of change of the speed of a skydiver just after he jumps out of a

plane is inversely proportional to e?.

2 Alarge tank is full of water. The tank starts to leak.
t seconds after the tank starts to leak the depth of water in the tank is x mctics.

The rate of decrease of the depth of water is proportional to the square root of
the depth of water.

a Write down a differential equation relating x, ¢ and a constant of
proportionzlity.

b At thie instant when water starts to leak from the tank, the depth of water is
0.25 metres. Given that 120 seconds after the tank starts to leak, the depth of
water is 4 metres, solve the differential equation, expressing 7 in terms of x.

¢ Find the time it takes for the depth of the water to halve.
3 The cost of designing an aircraft, $4 per kilogram, at time ¢ years after 1950

can be modelled as a continuous varizble. The rate of increase of 4 is directly
proportional to A4.

a Write down a differential equation that is satisfied by 4.

b In 1950, the cost of designing an aircraft was $12 per kilogram. Show thiat
A =12e" where I is a positive constant.

¢ After 25 years, the cost of designing an aircraft was $48 per kilogram. Find
the cost of designing an aircraft after 60 years.
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A liquid is heated so that its temperature is x °C after 7 seconds. It is given that
the rate of increase of x is proportional to (100 — x). The initia! temperature of

a Form a differential equation relating x, r and a constant of proportionality,
k, to model this information.

b Solve the differential equation and obtain an expression for x in terms of # and k.

c After 180 seconds the temperature of the liquid is 85°C. Find the temperature
of the liquid after 195 seconds.

d The model predicts that x cannot exceed a certain temperature. Write down
this maximum temperature.

The diagram shows an inverted cone filled with liquid paint. < 10 cm

An artist cuts a small hole in the bottom of the cone and the liquid
paint drips out at a rate of 16cm? per second. At time ¢ seconds after
the hole is cut, the paint in the cone is an inverted cone of depth /i cm.

11/
a Show that - = gnhz.

b Hence {ind an expression for TR

15cm

¢ Sclve the differential equation in part b, giving ¢ in terms of 4.

d Find the length of time it takes for the depth of the paint to fall to 7.5cm.

The size of a population, P, at time ¢ miirutes is to be modelled as a continuous
variable such that the rate of increase of P is directly proportional to P.

a Write down a differential equation that is satisfied by P.

b The initial size of the populiation is F.
Show that P = PyeX’, where k is a positive constant.

¢ The size of the population is 1.5F) after 2 minutes.
Find when the population will be 3F,.

A ball in the shape of a sphere is being filled with air. After 7 seconds, the radius
of the ball is rcm. The rate of increase of the radius is inversely proportional to
the square root of its radius. It is known that when 7 = 4 the radius is increasing
at the rate of L.4cms™ and r = 7.84.

a Form a differential equation relating r and ¢ to model this information.
b Solve the differential equation and obiain an expression for r in terms of z.

¢ How much air was in the ball at the start?

Maria makes a large dish of curry on Monday, ready for her family to eat on

Tuesday. She needs to put the dish of curry in the refrigerator but must let it cool

to room temperature, 18°C, tirst. The temperature of the curry is 94°C when it You must define your
has finished cooking. own variables in this
question as they have
not been defined for
you.

At 6 pm, Maria places the hot dish in a sink full of cold water and keeps the
water at a consiant temperature of 7°C by running the cold tap and stirring the
dish from time o time. After 10 minutes, the temperature of the curry is 54°C.
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10

11

12

13

Itis given that the rate at which the curry cools down is proportional to the
difference between the temperature of the curry and the temperatuie of the water
in the sink.

At what tinie can Maria put her dish of curry in the refrigerator?

The half-life of a radioactive isotope is the amount of time it takes for half of the
isotope in a sample to decay to its stable form.

Carbon-14 is a radioactive isotope that has 2 haif-life of 5700 years.

It is given that the rate of decrease of the mass, m, of the carbon-14 in a sample is
proportional to its mass.

A sample of carbon-14 has initial mass m,. What fraction of the original amount
of carbon-14 would be present in this sample after 2500 years?

Anya carried out an experiment and discovered that the rate of growth of her
hair was constant. At the start of her experiment, her hair was 20 cm long. After
20 weeks, her hair was 26 cm long. Form and solve a differential eqnation to find
a direct relationship between time, ¢, and the length of Anya’s hair, L.

A bottle of water is taken out of a refrigerator. The temperature of the water
in the bottie is 4°C. The bottle of water is taken outside to drink. The air
temperature outside is constant at 24°C.

Tt 1s given that the rate at which the water in the boitle warms up is proportional
to the difference in the air temperature outside and the temperature of the water
in the bottle.

After 2 minutes the temperature of the water in the bottle is 11°C.
a How long does it take for the water to warm 20°C ?
b According to the model, what temperature will the water in the bottle eventually

reach if the air temperature remains constant and the water is not druiik?

The number of customers, n, of a food shop ¢ months after it opens {or the first
time can be modelled as a continuous variable. It is suggested that the number of
customers is increasing at a rate that is proportional to the square root of n.

a Form and solve a differential equation relating » and ¢ to model this information.

b Initiaily, » = 0, and after 6 months the food shop has 3600 customers. Find
how many complete months it takes for the numbei of customers to reach 6800.

¢ The food shop has a capacity of serving 14000 customers per month. Show
that the model predicts the shop will have reached its capacity sometime in
the 12th month.

Doubling time is the length of time 1t takes for a quantity to double in size or value.

The number of bacteria in a liquid culture can be modelled as a continuous variabic
and grows at a rate proportional to the number of bacteria present. Initially, there
are 5000 bacteria in the cuiture. After 3.5 hours there are a million bacteria

a What is the donbling time of the bacteria in the culture?

b What assuription does the model make about the growth ot the bacteria and
how realistic is this assumption?
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EXPLORE 10.2

Modelling growih

Many of the modeis we have been using have assumed exponentiai growth. This type
of growth is unlimited as the rate of growth of a population is proportional to the
size of the population at that time.

This means that i—f = kP.

| Is an exponential growth model appropriate for modelling the population of the
planet Earth in the long term?

It is thought that the maximum capacity of the Earth is about 10 billion people.

In 1987, the population of the Carth was about 5 billion people and the growth raie
of the population was about 1.24%.

Some people think that the problem of the Earth’s increasing population can be solved
by sending some peopic to live on other planets, such as Mars. In 2021, the first people
to live on Mars will launch into space. The environment on Mars is different to Earth
and many chalicnges must be overcome. This will all take time

When a population is modelled as growing exponentially at a constant rate of r % per

year, it takes about 7 years for the population to double.
r

& 1Jse the data given so far to investigate whethier going to live on Mars is a good
| solution to the population problem.

e Comment on any assumptions you have made in your investigation.

There is statistical evidence that the population of the Earth is not growing at a
constant rate each year. In 2017, the growth rate had decreased to 1.11% per year
The population needs resources to survive and so the growth rate has decreased as
resources have decreased.

A different model, logisiic growth, can be used when resources are liniited. This
model takes into account the changing growth rates of the population.
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Here are sketch graphs of exponential and logistic growth models:

Exponential growth

Maximum possible pgpulation

Population size

o | Time

Logistic growth

m Maximum possible population

Population size

Y

“9 Time

For example, for a population of size P,
dP _ 1Pk P)
dt k

where the constant r is the maximum natural growth rate (birth rate — death rate)
and the constant k is the maximum capacity of the limited environment.

e® Show that as time increases this model suggests that P tends to k.

@ Comment on the limitations of this modei
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General procedure to solve a differential equation using the technique of separating the
variables

® Separate thc variables f(y) g—}c = g(x).

® Integrate both sides J‘ f(y) :11—1 dx = J g(x) dx
X

[ 1014y = [ a0 a.
® Solve to find a general solution.
® Substitute any given conditions to find 2 particular solution.
® Check your answer by differentiating.
Other points to remember
® Take care with modulus sigos in expressions such as In | f(x) |

® When finding a generai sclution, check to see if any values excluded when the variables are
separated are possible solutions.

Chapter 10: Differential equations
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END-OF-CHAPTER REVIEW ‘»" CISE 10
A s

1 The variables x and y satisfy the differential equation

ﬂ/_ — xZey+2x
QX

and it is given that y = 0 when x = 0.
Solve the differential equation and obtain an expression for y in terms of x. 9]

2 The number of birds, x, in a particular area of land is recorded every year for ¢ years. x is to be modelled
as a continuous variable. The rate of change of the number of birds over time is modelled by
dx _ x(2500 - x)

dr 5000
It is given that x = 500 when ¢ = 0.

a Find an expression for x in terms of ¢. 9]
b How many birds does the model suggest there will be in the long term? [1]

3 Given that y =2 when x = 0, solve the differential equation

33 dy = 1+*
dx
obtaining an expression for y* in terms of x. [6]

4 The gradient of a curve is such that, at the point (x. y), the gradient of the curve is proportional to x,/y.

At the point (3, 4) the gradient of this curve is —5.

262 . . . . .
a Form and solve a differential equation to find the equation of this curve. (7]

b Find the gradient of the curve at the point (=3, 4). 1]

0

(5-x)10 - x)

b A chemical reaction takes place between two substances 4 and B. When this happens, a third substance, C,
is produced. After 7 hours there are 5 — x grams of A, there are 10 — x grams of B and there are

x grams of C present. The rate of increase of x is proportional to the product of 5 — x and 10 — x. Initially,
x =0 and the ratc of increase of x is 1 gram per hour.

5 a Given that x <5, find j dx. 3]

i Show that x and ¢ satisfy the differential equation 50 Z—l =(5-x)(10 - x). 1]
i Solve this equation, giving x in terms of ¢. [6]

iii According to the model, approximately how inany grams of chemical C are produced by the
reaction? 1Y

6 The variables x and y are related by the diftcrential equation

dy _ xe™
dx  5y*

Itis given that y = 4 when x = 0. Find a particular solution of the differential equation and hence find the

value of y when x = 3.5. 8]

3
7 a Use the substitution u = \/y* —1 to find J. \/ﬁ dy. [1]

: 2x + 1)y =1 . :

b Given that :—:}% = %, y =+/3 when x =1, find 4 relationship between x and y. [6]

)
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8 The height, / metres, of a cherry tree is recorded every year for ¢ years after it is planted. It is thought that the
height ot the tree is increasing at a rate proportional to & — /i. When the tree is planted it is 0.5 metres tall and
after 5 years it is 2 metres tall.

a Torm and solve a differential equation to modei this information. Give your answer

in the form 4 = (7). [6]
b According to the model, what will the height of the cherry tree be when it is fully grown? 1]
9 The variables x and y satisfy the dif{erential equation
g—i =&’ and y =0 when x = 0.
Solve the differential equaiion and obtain an expression for y in terms of x. [6]

10 At the start of a reaction, there are x grams of chemical X present. At time ¢ seconds after the start,
the rate of decrease of x is proportional to xz.

a Using k as constant of proportionality, where k > 0, form a differential equation to model this
reactioi tate. 1l

b Solve the differential equation obtaining a relation between x, ¢ and k. [5]

¢ Initially, there are 150 grams of chemical X present and after 10 seconds this has decreased to
120 grams. Find the time after the start of thc reaction when the amount of chemical X has

decreased to 1 gram. 131
11 a Using partial fractions find J- — r dp. [4]
P2(5-P)
b Given that P =3 when ¢ = 0, solve the differential equation ((1:1_P = P(5 - P), obtaining an expression
for P in terms of 7. ! 141
¢ Describe what happens to P when ¢t — eo. [1]

12 The population of 2 country was 50 million in 2000 and 60 million i: 2010. The rate of increase of
the population is incdelled by

dP _ kP(100 - P)

dr 100
Use the model to predict the population of the country in 2025. [7]
13 a Use the substitution u = x? to find J' xsinx” dx. [R]]
)
b  Given that g_y = m, y =—1 whern x =0, find a relationship between x and y. [5]
X Y

14 Solve the differential equation

dy _tanx
dx e

given that x = 0 when )

J

= (). Give your answer in the form y = f{x). [6]

15 There are 2000 mice in a field. At time 7 hours, x mice are infected with a disease. The rate of increase of
the number of mice infected is proportional to the product of the number of mice infected and the number of
mice not infected. initially 500 mice are infected and the disease is spreading at a rate of 50 mice per hour.

a Form ana solve a differential equation to model this data. Give your answer in the form ¢ = f(x). 7]

b Fiud how long it takes for 1900 mice to be infected. 1]
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®

16

The variables x and y are related by the differential equation
dy
dx

When x =2, y = 0. Solve the differential equation, obtaining an expression for y in terms of x. [8]

Cambridge Internaiional A Level Mathematics 9709 Paper 31 Q6 November 2012

The variables x and 6 satisfy the differential equation

% = (x +2)sin? 26,

and it is given that x = 0 when 8 = 0. Solve the differential equation and calculate the value of

x when 6 = % T, giving your answer correct to 3 significant figures. 19]

Cambridge International A Level Ma:iliematics 9709 Paper 31 Q8 November 2015
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This chapter is for Pure Mathematics 3 students only.

In this chapter you wil! learn how to:

understand the idea of a complex number, recall the meaning ot the terms real part, imaginary
part, modulus, argument and conjugate and use the fact that iwo complex numbers are equal
if and only 1f both real and imaginary parts are equal

carry out operations of addition, subtraction, multiplication and division of two complex
numbers expressed in Cartesian form x + iy

use the result that, for a polynomial equation with real coefficients, any non-real roots occur in
conjugate pairs

represent complex numbers geometrica!ly by means of an Argand diagram

carry out operations of multiplication and division of two complex numbers expressed in polar
form r(cos@ +isin@) = rel?

find the two square roots of a cornplex number

understand in simple terms the geometrical effects of conjugating a complex number and of
adding, subtracting, muliipiying and dividing two complex numbers

illustrate simple equations and inequalities involving complex numbers by means of loci in an
Argand diagram.




N

-\
Cambridge International AS & A Leve@ga\ematics: Pure Mathematics 2 & 3

PREREQUISITE KNOWLED e" @
—_— ‘ -

Where it comes from What you should be able to do Check your skills

IGCSE /O Level Add, subtract and multiply pairs of 1 Simplify each of the following.
Mathematics binomial expressions. a (a+bx)+(2a—-3bx)

b (a+bx)(2a—-3bx)

Assumed prior Manipulate expressions involving 2 Simplify.
| knowledge (not in the surds and calculate with surds. a J32-38
IGCSE / O Level course)
b (2-45)(2+5)
4-\3
5423
IGCSE / O Level Draw simple loci. 3 The diagram shows a triangle ABC.
Mathematics | Understand, for example, that the A
| locus of a point which moves so that }
e itis always the same distance away
from a fixed point is a circle
e it is always equidistant from two
fixed points is a perpendicuiar B C
bisector.
Copy the diagram and shade the
m region that is less than 4 cm from A4
‘ and nearer to B than to C.
Pure Mathematics 1 Understand the convention for 4 a Solve tanx =—-1for -t <x<m
Coursebook, Chapter 5 positive and negative angles and use radians.
trigonometry to find the size of an . (3
angie that is not acute. b Emdys-sm (Z )
Chapter 9 . @ Find the magnitude and direction | 5 The point 4 has position vector
| of avector. | a=3i+4j and the point B has
e Know and use the relationship | position vector b = 5i — 7j. Find:

AB = b - a when the position
vector of A is a and the position
vector of Bis b. b the angle made between a and the
positive x-axis

—_—

¢ B4

a the magnitude of a

What are complex numbers?

To understand the structure of a complex nuinber we must first introduce a new set of
numbers, the set of imaginary numbers.

The number system we use today has developed over time as new sets of numbers have
been needed to model new situactons. Early mathematicians used natural numbers tor
counting. Later, zero and negative numbers were accepted as valid numbers and the set of
integers was established. In Pythagoras’ time, mathematicians understood that rational
numbers existed as they were the values in between integers. Pythagorean mathematicians
thought that all numbers could be written as rational numbers. These same
mathematicians were shocked by the discovery of irrational numbers such as /2 and
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Chapter 11: Complex numbers

they did not trust them as valid quantities at the time. Even as late as the 17th and 18th
centuries, some famous mathematicians still doubted that negative numbers were of any
use and thought that suttracting something from nothing was an impcssible operation!

We will start with some simple facts.

In the set of natural or counting numbers (N) there are no negatives and no zero.
In the set of integers (Z) there are no part or fractional vaiues.
In the set of rational numbers (Q) there are no irrational quantities such as n.

in rhe set of real numbers (R) there are no numbers that when squared result in a
negative value.

Until now, the numbers with which we have been working have all been real numbers. That
is, they belong to the set of real numbers, which includes the rational and irrational numbers.
Real numbers can be represented on a i-dimensional diagram called a number line.

In the 17th century, the set of imaginary numbers (I) was accepted as a valid number set.
René Descartes described the collection of number sets that had been accepted as valid
before that point as the set of real numbers. The new set, which he did not like very much,
he described as imaginary. He intended this to be an insult as he thought they were not
of great importance. Many other famous mathematicians agreed with him. They were,
however, quite wrong about that. This name has often confused students who are new to
this area of study.

So what is an imaginary number and how is it related to a complex
number?

In the new set of imaginary numbers there are nuinbers that when squared result in a
negative value.

@ KEY POINT 11.1 N A

The set of complex numbers combiies the real numbers and the imaginary numbers into a
2-dimensional rather than a 1-diinensional number system. Descartes described the nambers in the
set of complex numbers as the sum of a real part and an imaginary part. Complex iiumbers are
represented as points on « plane rather than points on a number line because of thieir 2 -dimensional
nature.

Clearly, accepting new sets of numbers as being valid is something mathematicians have
struggled with over time. You might not feel comfortable with this new idea. The set of
real, imaginary and complex numbers does have application in the real world. Without
imaginary and, therefore, complex numbers there would be no mobile telephones, for
example, as they are used to find audio signals. Complex numbers are used to generate
fractals, which are used in the study of weather cystems and earthquakes. Fractals are also
used to make realistic computer-generated images for movies.

11.1 Imaginary numbers

In the set of imaginary numbers we introduce a new number i and we define i’ = - 1.
This means that i = +/-1.

Note that:

e Engineers call this quantity j as i is used in engineering for a diffcrent quantity.

e Just as with some other important numbers, i is described as a letter rather than a digit.
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Consider the equation x* +1 = 0.

How many solutions does this equation have in the set of real numbers?

X+1=0 x*=-1 x==%J-1 No solutions in the set of real numbers.
How many solutions does this equation have in the set of imaginary numbers?
2+1=0 x*=-1 x=+/-1=4i Two solutions in thie set of imaginary numbers.

We can use laws of surds to extend the use of i to find other imaginary numbers.

-‘0 RKED EXAMPLE 11.1
\ 1%

Write the following numbers in their simplest form.

a /-9 b /-5 c J-18
Answer
a -9 =9%x-1 When solving x?> +1 =0 we needed * in the
= 9 % 71 = 3i solution. Why do we not necd it here?
b V-5 =+5x-1 When the multiplier is a simple surd, it is better
=5 xJ-1 =i/5 to write the i before the surd to avoid any
confusion with +/3i or we can write (ﬁ ) 1.
¢ J-18=2x9x-1
=2 xJ9 xJ-1

=2 x3xi=(3J2)i

The imaginary number i is called the unit imaginary number as it has a coefficient of i.
All other imaginary numbers arc multiples of i.

Imaginary numbers are therefore of the form bi or iy, where b is a real number or y is a
real number.

We calculate with imaginary numbers in the same way that we calculate with real
numbers.

Many calculators are able to calculate in the set of compiex numbers. You must practise without a
calculator but can use one to check your answer.

You need to demonstrate your ability to work with these numbers without a calculator. It is
therefore important to practise writing dowu your method steps. Working without a calculator wiil
also help to improve your understanding and recall of this subject (and do not forget that not 2ali
calculators are able to calculate with complex numbers).
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WORKED EXAMPLE 11.2 4

Without using a caiculator, find:

91 + 16i e

a (3i%)+(3i)° b —8i+(—4i) v

Answer

(3i2) + (3i)% = 3i% + 92 = 12i% = 12

]

b —8i+(—di)} = —8i + 64i = 56i

oit16i _ [251 _ 25 _ 5
Vo4 V4 N4 2
d i76:‘i: -1 j— 1 _—l

o Y

Do not use a calculaior in this exercise.

1 Write the following numbers in their simplest form
36

a J-144 b 51 ¢ V990 d =16 + V=81
2 Simplify.
b . 3 100i* — 16i2 -5
a -5 +3i b 9i-(iw2) ¢ T — d =
3 Solve.
a x2+%=0 b 4x2+7=0 ¢ 12x243=0

Without using a calculator, find 2.

11.2 Complex numbers

A coniplex number is defined as a number of the form x + iy, where x and y are real
values and 1 is the unit imaginary number.

Note: Other general cases are common too, such as a + bi, where a and b are real.

1

A complex number is often denoted by the letter z so z = x + iy:

e the real number x is called the real part of z, Re z
e the real number y is called the imaginary part of z, Im z. Q

When x = 0, then z =iy and z is completely imaginary. Sometimes iy is

When y = 0, then z = x and z is completely real. considered to be Im 2.
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The relationship between the set of complex numbers (C) and other sets of
numbers is often represented using nested rings.

Equal complex nurinbars

Two complex numbers are equal if and only if their real parts are equal
and their imaginary parts are equal.

So when z; = x+1iy and z, = a + bi then z; = z, means that x = a and y = b.

Complex conjugate

The complex conjugate of z = x + iy isdefined as z* = x —iy. Sometimes z* is

WORKED EXAMPLE 11.3

Solve the equation 5z2 + 14z + 13 = 0.

written as z.

Answer

Using the quadratic formula ¢ =5,b =14, ¢ = 13.

—14+ [14% — 4(5)(13)
10
-_l:i m

270 < A 10

—14 + 64 x —1
10

7 .
z=——+ = or ———— Note that the two roots are complex conjugates
of each other.

WORKED EXAME @
()

Cx+y)+i(y-5=0

Find the value of x and the value of y.

Ariswer

' Two complex numbers are equal if and only if their real parts are equal and their imaginary parts are equal.

Cx+y)+i1(y-5=0+01

Therefore
2x+y=0------ D
and
y—=5=0------- )
From (2): y =5

Substituting intc (I1): 2x+5=0, x = —%
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The processes we need to use are the same as those we use when manipuiating expressions

involving surds.

For example, when z; = 2 4 3i and z, =8 —1 we have:

Additiozn

Subtraction

Multiplication

Division

Z1+zp=2+31+8—1
Z1+ 2z, =10+2i
z1—zp =2+31—(8-1)
71— 2y =—0+4i

71z, = (24 31)(8 —1)

Z1Zy = 16 — 21+ 24i - 312

212y = 16+22i+3
Z1Zp = 19 + 22i

z1z% = (2 31)(2 - 31)
z.5% = 4 — 61 + 6i — 9i?
221¥=4+9

z1z1¥ =13

o _ 8-

1 2+31

z _ (8-D)2-30)
2 (2432 -3i)

5 16-24i-2i+3"
Z] 13

z _ 16-24i-2i-3

Z1 13
Z _ 13- 261 12
P 13

Collect like terms.

Collect like terms.

Expand the brackets and simplify.
iZ=-1

It is important to show all your
working out clearly.

Expand the brackets and simplify.

i2=-1

Multiply the numerator and
enominator by the complex
conjugate of zj.

Expand the brackets and simplify.

We have already found 13 so we did
not show full working. You should
usually show all your working to
demonstrate you understand the
method you are using.

When we multiply a complex number by its conjugate the resuit is always a real number as, if we
let z = x +1y, and so z* = x — iy, then zz* = (x +ip)(x —iy) = x* + y%. Since x and y are real,

| 2+ 2 is also real.
|
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Do not use a calculator in tins exercise.

0 60

1

10

zp=5-3tand z, = 1+2i

Write each of the following in the form x + iy, where x and y are real values.

a z1+ ¥ b z*-z, C 717y d =L
)

Solve these equations.

a z22+2z+413=0 b zZ2+4z+45=0 c 2z22-2z45=0

d z2-62+15=0 e 3z2+824i0=0 f 2z2+5z+4=0

Find the value of x and the vaiue of y.

a (x+2y)+iBx—-y)=1+101 b (x+y-4)+2xi=(5-y)i

¢ (x=y)+2x—-yyp=-1

Write each of the following in the form x + iy, where x and y are real values.

a (1+3i2-1) b (4-5i)4+5) ¢ (7-3i)°

d ,3__1)4 17—.1 f —1+1.11
3+1 6 - 51

\ 13(1+1) h (3 -2i)

S 2438 541

2.6

a Show that z = 1 + ? is a solution of the equation 5z — 2z +5 = 0.

b Write down the other solution ¢f thie equation.

Find the quadratic equations that have the following roots.
a o=-T1 fp="7i b a=1+5 p=1-5i

(z-a)z-p)=0
¢ a=2-3 p 5 31, 5, 31
Find the compiex number z satisfying the equation z +4 = 3iz™.
Give your answer in the form x + iy, where x and y are rcal.
Find the complex number u, given that u(3 — 5i) = i3+ 1.

z = 5+14/3 isaroot of a quadratic equation. 'ind this quadratic equation.

In an electrical circuit, the voltage (voits), current (amperes) and impedance
(ohms) are related by the equation
voltage = current X impedance

The voltage in a particular circuit is 240 V and the impedance is 48 + 361 chms.

Find the current.
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11.3 The complex plane

As complex numbers have two dimensions, one real and one imaginary, a diagrammatical
representation must have two dimensions. This means it has to be a plane and not a line.
Jean-Robert Argaud (1768—1822) is credited for the diagram used to do this.

Argand diagrains

The complex number x + iy can be represented by the Cartcsian coordinates (x, y).

The liorizontal axis is called the real axis and the vertical axis is called the imaginary axis.

For example, we can represent the numbers Im(z) A
z; =2+ 3i and z, =5 - 3i by the points A(2. 3) and 44
B(5, —3) on an Argand diagram. 34 Ax
We can also represent the numbers 7 = 2 + 31 and 21
— 11
z, = 5 =31 by the position vectors OA = [ § ] and | R
— 5 10 1 2 1 4 5 R
OB = . 1
-3
-2
Im(z) A -
N =3 X,

Modulus-argument ferm

When a complex number 1s written as x + 1y where x and y are real values, we say it is in
Cartesian form. There are other ways of writing complex numbers

The vector representation of a complex number on an Argand diagram helps us to
understand a different representation called the modulus-argument form.

Before we do this, we need to define the modulus and the Im(z) A
argument of a complex number.

The modulus of a complex number x + iy is the magnitude

of the position vector ( ; J

Therefore, the modulus of x + iy is defined to be /x? + 2.

Notation: The modulus of z = x +iy is]z|.

Also note that the plural of inodulus is moduli.
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Real numbers can

be ordered along a
number line. Complex
numbers cannot be
ordered as they are
represented by points
in a plane rather than
on a line.

When drawing an
Argand diagram, make
sure you choose equal
scales for the real and
imaginary axes. This
will give you a good
picture and not stretch
any shape you draw.
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The argument of a complex number x + iy is the direction of the position vecior L ’ )

More precisely, it is the angle made between the positive real axis and the position

vector. The principal argument, 6, of a complex number is an angle such that -t <6 <.
Sometimes it might be more convenient to give 6 as an angle such that 0 < 6 <2m. Usually,
the argument 1s given in radians.

Notation: The argument of z = x + iy isarg z.

We can use trigonometry to find the argument. For example, when 6 is acute, tan 6 = 2
X

A diagram must be drawn first to check the position of the complex number.

WORKED EXAMPLE 11.5

Find the modulus and argument of each of the following complex numbers.

a S5+12i b -3+4i c 12-51 d —-4-3i

Answer
A simple sketch of the Argand diagram is always necessary whei finding the argument.
a |5+ 12il =5* +122 =169 =13 From the definition of the modulus.

Im(z) A
The diagram shows that the angle is in the first
quadrant and so the angle is acute and positive.

274

| BN

12
0 [P
o 5 Re(;)
. 4 12 .
arg(5 + 121) = tan L? =1.1760... From the definition of the argument.

= 1.18 radians correct to 3 significant figures

b |-3+4il=(=3)?+4>=25=5 From the definition of the modulus.
Im(z) A The diagram shows that the angle is in the

second quadrant and is obtuse and positive.
This is calculated by subtracting the value of
the acute angle o from n. Remember that the
principal argument is -t < 6 < 1.

»

Re(z

Copyright Material - Review Only - Not for Redistribution



Chapter 11: Complex numbers

. o 4
arg(-3+4i) = 7 - tan l( 3 ) =2214... Fromu the definition of the argument.
== 2.21 radians correct to 3 significant figures
c [12-51 =122 + (-5 =169 =13 From the definition of the modulus.
Im(z) A . ..
The diagram shows that the angle is in the
fourth quadrant and is acute and negative.
Again, recall that the principal argument is
12 G —T<O<Tm.
0 o L Re(z)
5
0=-0
arg(12 - 5i) = —tan’]( %) =-0.3947... From the definition of the argument.
= —0.395 radians correct to 3 significant figures
d |-4-3i=J(-4)?+(3)? =25 =5 From the definition of the modulus.
Im(z) A . -
The diagram shows the angle is in the
third quadrant and is obtuse and negative.
Again recall that the principal argument is
—<€=m.
4 A -
:_J o0 y Re(z)
31
i
i
]
[}
0=-n+o
arg(-4-3i) = -+ tan’l( %) =—-2.498... From the definition of the argument.
= —2.50 radians coirect to 3 significant figures
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Using trigonometry, we can now write a complex number in modulus-argument form. Im(z) A

X . X
cos® = = and sinf = —.
r r

Therefore, x = rcos # and y = rsin 6.

Substituting thesc cxpressions into the Cartesian form of a complex number, we have y
z=x+1y
z =rcosf +1i(rsinfh) 0 =
z = r(cosO + isin 0) I9) N Rg(:)

where ris|z|and 6 is argz.

When a complex number is written as z = r(cosd + isin@) where r is|z|and 0 is argz, we
say it is in modulus-argument form.

WORKED EXAMPLE 11.6

u=6-31 and w=-7+5i
Write each of u and w 1n modulus-argument form.
Answer
u==06-31
r=|ul =6 +(-3) From the definition of the modulus.
276 =45 = 35
. Im(z) A The diagram shows the angle to be acute and
negative.
6 A -
o w L Re(Z)
3
0=-u
arg(o - 31) = —tan’l( jj
6
=—0.4636... From the definition of the argument.
i = —0.464 radians correct to 3 signiiicant figures
u = 3/5(cos(—0.464) + i sin(—0.464))
w=-7+5i
r=|w|=(7)?*+5 From the deiinition of the modulus.
= J7a
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I ;
A The diagram shows the angle to be obtuse and
nozitive.
E |
3 ~
1 ¢aN]° R
7 0 Re(2)
| b=m—-o
‘ . (5
arg(—7 + 51) = T — tan 7
=25213... From the definitior of the argument.
= 2.52 radians correct to 3 significant figures
w = /74(cos(2.52) + i sin(2.52))

Exponential form
The mathematician \.eonhard Euler (1707-1783) discovered the relationship
cos@ +isin@ = ¢’
This is the basis for another representation, called the exponential form.
z = i(cosB + isin0)

z = relf

where r is|z|and 6 is argz.
The coordinates (r, 0), where r is | z| and 9 is argz, are called the polar coordinates.

When a complex number is written as z = re'®, where r is |z|and 6 is argz, we say it iz in
exponential form.

The modulus-argument and exponential forms of a complex number are polar forms.
A polar form uses polar cocrdinates; a Cartesian form uses Cartesian coordinates.

WORKED EXAMPLE21.7
[\

in
. = noo.. T
=141 z, = 5e3 z3=2(cosﬁ+1sm§)
a  Write z; in b Wrile z; in ¢ Write z3 in
* modulus-argument form > modulus-argument form e exponential form
* exponential form. e Cartesian form. e Cartesian form.
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Answer
a Im(z)A
Tie diagram shows the angle to be acute and
positive.
[
1
0 R
o 1 Re(z)
\
|z =V +12 =2 From the definition of the modulus.
arg(l+1) =tan"'(1) = T From the definition of the argument.
4

Modulus-argument form:
To.. T

e — P cae cipy

Z —\/_(L(b + isin )
4 4

Exponential form:

in
o= \/jC‘1

278

Modulus-argument form:

2 = 5( COS% i isin% ) Comparing the modulus-argument form with

X + iy.
Im(z) A
y
5
T
N\ 3 (i
0 x Re(z)
| x=5 cosg y=5 sin% Evaluate.
5 3 .. . .
X = % - % Write in Cartesian form, x + iy.

Cartesian form:

z:§+i(slﬁ\]
2 ) )
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T
C | Z3 | =2 6= 1—2'
in
Exponential form: z; = 2e12 Comparing the modulus-argument form with
X +1iy.
Im(z) A
2 y
1
12 r >
o X Re(z)
X =2cos~ y =2sin iﬂ Evaluate.
12 12
/_ —
X = @ y = V627\/§ Wrie in Cartesian form, x + iy.
Cartesian form: z3 = Vo er V2 +1 ( Vo ; V2 )

m D EXAMPLE 11.8

u =5 and w = 10e™3

a Find the modulus and argument of:
. LW
i uw i —
u
w . .
b Show u, w, uw and — on a single Argand diagram.
u

Answer

; g 2 -3i . 3
a i uw=5xe’x10xe Using laws of wdices.

uw = 50 x g2
The exponential form

uw = 50e™ of a complex number
w10 x e is very useful when
" W Sxed Using laws of indices. multiplying or dividing

W 5 o g i two complex numbers.

o xe Im(z) A

W= e

u

—51s less than —m and so this argument

is not a principal argument. o \ ~OX o

The equivalent principal argument, in \\ao/ Re(2)

this example, is ¢ = 2w —5

W o 9e@n-3)i |
u i
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b u=>5cos2+1isin2)=-2.08 +4.551 A= (-2,4.5)
w = 10(cos(=3) + 1 sin(—3)) = -9.90 — 1 .41 B = (-10, 1.5) It is not essential to
uw = 50(cos(=1) +1sin(-1)) = 27.0 — 42.1i C = (27,42) find the Cartesian
. form, but you might
— = 2{cos(2n = 5) +isin(2n — 5)) = 0.567 + 1.92i D = (0.5,2) find it easier to plot in
u
the correct quadrant if
Im(z) A c you do.
A (D
B - —
0 Re(z)

Using laws of indices and the exponential form of a complex number, we can derive some
very important and useful results.

Let the complex number z; be such that | z;| = 5; and argz, = 6, and
let the complex number z, be such that |zz | =71 and argz, = 0, then:

280 . 4 . . , R
z, = 1'%, z, = pel®, ziz; = ne'® x pe® = {re® %) and L = = o = L ¢i6i-6,)

o) ne 1)
Therefore, the complex number z;z, is such thai:

|Z122| =nn = | 4] | | Zz| and arg(zlzz) = lj‘; + 92 =argz; +argz,

zy .
and the complex number Z—l is such that:
2

7 z z; )
:—lzu and arg(—_'—}zel -6, =argz —argz,.
n |Zz \ 22

2]

2
These results greatly simplify the multiplication and division of complex numbers.

We can see that, when in exponential form,

e to multiply two complex numbers we multiply the moduli and add the arguments
e to divide two complex numbers we divide the moduli and subtract the arguments.

m‘.‘ D EXAMPLE 11.9

The complex numbers u and w are given by u =9 +12i and w = =5 - 3i.
Find the modulus and argument of:

u

w

a uw b

Answer
|u| = V9% + 122 =225 = 15 Ry definition for the moduli of # and w.
|| = 52+ (3 = 34
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Im(z) A From the diagram, the angle for u« is acute

/ and positive.

12

0 ]

0 9 Re(z)

arg u = tan’l(%) =0.9272...

= 0.927 radians correct to 3 signiticant figures
Im(z) A

From the diagram, the angle for w is obtuse
and negaiive.

) ’&'a' /(':*y Ry

Od=-m+o
43
argw = —T + tan 5)° -2.601

= —2.60 radians correct to 3 significant figures

a |uw| :|u| | w| =15/34 Using | z1z3| = 1 =| z1| | 22|
arg(uw) = arg u +arg w = 0.9272... + (=2.601...) Using arg(zjz; ) = 6, + 6, = arg z; + arg z,

= —1.67 radians correct to 3 significant figures

b |X _lul 15 15y s | L n_lal
w |M'i \/3_4 34 SIng Zy 16} |Zz|

(u .
arg | ;) =argu—argw = 0.9272... - (-2.601...) Using arg(ﬂ) —0,— 6, = arg 7, — arg 7,
2

= 3.528 radians

>

However, 3.528... is more than n and so this argument is Im(z) 4
not a principal argument. The equivalent principal
argument, in this example, is

0=—-2m—3.528...) /\\
= -2.754... = =2.75 radians correct to 3 significant figures ) >

Copyright Material - Review Only - Not for Redistribution




N

-\
Cambridge International AS & A Leve@gmematics: Pure Mathematics 2 & 3

1 u=5-2i

a Onan Argand diagram, show the points 4, B and C repiesenting the complex numbers u, u* and —u,
respectively.

b The points ABCD form a rectangle. Write down the complex number represented by the point D.
2 s =Il+5and z, =-7-1
a Onan Argand diagram, show the points P and Q representing the complex numbers z; and z,, respectively.
b Write down the complex number represented by the point R, the midpoint of PQ.
3 Find the modulus and argument of each of the following complex numbers.
a -12+5i b 5i c 8+15i
d 60-1L e -9-40i f -1-i/3
g JS+2i h —24-7i i k(1-1i), where k>0

ES

4 Im(2) A
VR

.(:
2
14 xB

32 -1 1 2 3 Re(2
282 —1
2

31 &«

44 .
a Write each of the complex ntimbers shown in the Argand diagram in modulus-argument form.

b Show that ABC is a right-angled, isosceles triangle.

5 Write each of these complex numbers in Cartesian form.

a 3(cos£+ist -15\‘ b 5:/cos3—n+isin3—n)
3 3) L8 8
in _in
C e d 3¢ 4
2
6 Given that z(4 — 91) = 8 + 3i, find the value of | z2| and the value of arg z2.
7 w=5(cos£+isin£) and z = 3_7¥
6 6 5-21

a Write w in exponential form.
b Write z in exponential form.

¢ Find and simplify an expression for Z
w
@ 8 The complex number a + bi is denoted by z. Given that | z| = 5 and arg z = -*, find the value of
a and the value of b. °
9 Given that z = r(cos€ + isin0), find and simplify an expression for

-

a zz* b+ &2
o 10 z = r(cos@ + 15in0)
a Show that z? = r?(cos26 + isin20). b Show that z — 1_ i(2rsin O).
z
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EXPLORE 11.2

Using Argand diagrams and position vectors, investigate the transformations of the
plane that are:

e the geometrical relationship between a complex number and its conjugate

e the geometrical effects of combining two complex numbers by addition,

subtraction, multiplication and division.

L A

11.4 Solving equations

We have already solved quadratic equations with complex roots.

From the Pure Mathematics 1 Coursebook, Chapter 1, we know that when solving
quadratic equations for solutions that are real:

| pode Dot o

>0 } 2 real and distinct roots o and B
=0 2 real and equal roots (repeated roots) oand B, =f
<0 0 real roots

We can now update this for solving quadratic equations for solutions that are complex:

| Pode Mot [Res

>0 2 real and distinct roots ocand f
=0 2 real ana equal roots (repeated roots) oaand B, o0 = 3
<0 2 complex roots of the form x iy with y # 0 o and o*

(a complex conjugate pair).

| This means that one root is the conjugate of the
| other root.

Using the set of complex numbers to find solutions, a quadratic equation always has
two roots.

Higher order polynomial equations

We soived cubic and quartic equations for real roots in Chapter 1.

The degree of a
We will now consider solving these equations for complex roots. quadratic equation is
) ) 2, the degree of a cubic
The Fundamental Theorem of Algebra states that a polynomial equation of degree » has equation is 3... the
n complex roots. degree of a polynomial

equation is the same as
its largest power.
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WORKED EXAMPLE 11.10_ 4

a Show that z = 4 is a root of the equation z* —3z> =3z -4 = 0.

b Find all complex solutions of z3 —=3z> =3z -4 = 0.

Answer

a letf(z)=2%-322-32z—-4 then

f(4) = 43 —3(4>) = 3(4)— 4
—64-48-12-4=64-64=0

b As z =4 isarootthen z —4 is a {actor, therefore

23322 -3z-4=(z-4)(F+az+)) Multiply out and compare.

23-322-3z-4=2:3+ az* + z
- 72— 4az — 4 This can also be done by synthetic or long
24 (a-427 +(1-4a)z - 4 .

P -32-3z2-4=+(a-d>+(1-4a)z-4 Compare the coefficients of z2.
—3 = a — 4, therefore a =1 Check, using the coefficients of z.
B=1-41)v/

\
(:—4)(:2+:+1):0
z=4 Given.
224z41=0
s EN IO
T 2
e ]
AN 2
1113
2

When a polynomial equation with real coefficieiits has complex roots, they occur in complex
conjugate pairs.

A cubic equation has three roots {(by the Fundamental Theorem of Algebra).
A cubic equation can always be written as the product of a linear factor and a quadratic factor.

This means that a cubic equation must always have at least one real rooi.
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Cubic equations either have Q

@ three real roots or

To understand this,
think about the shape

e one real root and two complex roots of the form x £1iy with y # 0 {a complex conjugate

pair). of the graph of a cubic
. ¢ equation.
A quartic equation has four roots (by the Fundamental Theorem of Algebra).
Quartic equations either have
e four real roots or
e iwo real and two complex roots of the form x + iy with y # 0 (a complex conjugate pair) or
e four complex roots of the form x +iy with y # 0 (two complex conjugate pairs).
A quartic equation can never have one reai and three complex roots. Make sure you
understand why this is true.
WORKED EXAMPLE 11.11 ¢
It is given that z — 21 1s a factor of the equation z* + 1322 + 36 = 0. Soive this equation.
Answer
As z —2i isafactor z+ 2i must also be a factor Complex roots of the form x £iy with y # 0
occur in pairs.
(z - 2i)(z +2i) = 2% + 2iz — 2iz — 4i?
=z2+4
241322436 = (22 +4) (2 + kz +9) Multiply out and compare.
24 +1322 436 = 24 + k2P + 922
+ 4z + 4kz + 36 This can alsc be done by synthetic or long
24 ks34 1322 + 4k + 36 SRR
24 41322 +36 = 2% + k23 +132% + 4kz + 36 Compare the coefficients of z°.
k= Check, using the coefficients of z.
0=40)v
1322436 = (22 +4) (22 +9)=0
z=%2i From factors given.
2249=0 so z=+J-9
z =431
z =421, z = £3i 4 complex roots of the form x £ iy with y # 0.
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Finding the square roots of a complex number

We can find the square roots of 2 complex number.

9
WORKED EXAMP m

Find the square roots of -2 — (2J§)i and show the positicn of these roots on an
Argand diagram.

Answer

Find x + iy, where x and y are real, such that x + iy = /-2 — (2+/3)i.

X+ iy = £-2 - (2J3)i Square both sides.

(x +1iy)?> = =2 - (2/3)i Multiply out the left-hand sidc.

When we want to
work in exponential

form, we square re'?
to obtain r2ei??).
x2 4 2xyi+i%y? = 2 - (2.2 Collect real and imagina:y parts. We then equate this to
the complex number
(x2 =y + 2xp)i = =2 - (2/3)i Equate real and irmaginary parts. whose square roots we

are finding.
X2 —p? = 2D

2xy = 233 -------- ) Solve simultaneously.
286
: 3 , 3 \ .
From (2): y = andso x~ — = = -2 Multiply by x?.
\ X
x* =3 =-2x? Rearrange and let u = x2.
W +2u—-3=0 Solve.
(u+3)ue-1)=0
u=-3 u=1
v2=-3 x2=1 x is real, so disregard x> = =3,
x ==l Substitute into y = ﬁ
X
J3
= =4/3
yEg =
Therefore, the square roots of —2 — (2+/3)i Notice that the modulus of the
are 1+1/3 and —-1-1i3. two square roots is the same
and the difference between the
Im(zz) f \ arguments of the square roots is
1 T 7 radians.
T T
-1 Re(z)
Xiz_
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The cube roots of one (unity)
By the Fundamental Theorem of Algebra, z* —1 = 0 has three roots.

We know that one of these roots is 1, since z = J/1 =1 is the real solui:tion we are familiar with.

To find the two complex roots of the form x £ iy with y # 0, we can use this method:

As z =1 isarootthen z —1 is a factor and so

2 -l= (=) +kz+1) Multiply out and compare.
DB ol=2P 4k +z
-z —kz -1 This can also be done by synthetic or
D (k-D22+(1-k)z-1 long division.
Fol= 4 (k=D + (- k)z -1 Compare the coefficients of z>
k-1=0,k=1
0=1-1+ Check, using the coefficients of z.
P-l=E-D+z+]) Solve.

S O O R EN )
2 T 2
-1+iV3 Z_—l—i\/§

2 2

z=1z=

z=1z=

These roots can be very useful when solving related equations.

WORKED EXAMPLE 11.13

Solve z3 = 8.

Answer

z=38 =23 As zis 2 x 31 replace 1 by each of the cube
roots of 1 we have already found.

:=2><,_-—_2><“*2‘*/§,;=2><‘1‘27“/§ Simplify.
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1 a Giventhat z; = —i isaroot of the equation z* + z? + z + & = 0, find the value of the constant k.

b Write down the other complex root of the equation aind iind the third root, stating whether it is
rcal or complex.

2 Soive:
1
-53 =8 b (2z+3) =—.
a (z-3) 2:+3) =
3 Find the roots of the equation 2z> + z + 3 = 0, giving your answer in modulus-argument form.

4 Ttis given that z — 3 isa factor of z° —3z% + 25z - 75.

Solve z3 =322 4252 -75=0.

5 (x+iy)? =55+48i

Find the value of x and the value of y, when x and y are real and positive.

6 Itisgiven that 2z +1 isa factor of 223 —11z% + 14z + 10.

Solve 227 —=11z% + 14z +10 = 0.
7 Given that z = 3i isa root, solve z* —2z3 + 1472 - 182+ 45 = 0.

8 Find the square roots of:
a 24-10i b 7+(6v2)i c S-iv6

T

o

d 7-24i e —4+(2J5) f

9 23 -12z% + pz+¢q = 0 where p and ¢ are real constants.
a Given that z = 2 -1 is a root of this equation, write down another root of the equation.
b Find the valuec of p and the value of ¢.

¢ Represent the roots of this equation on an Argand diagram.

@D 10f)=:"-3+2022-162+64 = (2 +a)(z2 +bz +4)

Solve the equation f(z) = 0.

11.5 Loci
A lscus is a path traced out by a point as it moves following a particular rule. The rule is
expressed as an inequality or an equation.

In order to draw the correct locus on an Argand diagram, we need to interpret the
inequality or equation we have been given.
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Circles with centre (0, 0)
e |z|=r, |z|<r, lz|<r  whererisaconstant.

In this case, the length of the position vector representing the coraplex number, z, is the
constant value r. The argument of z can vary.

A point that moves so that is it always the same distance from a fixed point is a circle.
The fixed point is the centre of the circle. The fixed distance is the radius of the circle.

Recall that a position vector is simply a means of locating a point in space relative to an
origin, usually O.

For the complex number z = x + iy, where x and y are real, the locus of the point
P(x, y) that satisfies:

® |z|=r is the circumference of a circle with centre (0, 0) and radius r

® |z| <r isall points witliin a circle with centre (0, 0) and radius r, but the
circumference is not included

° | z| < r is all points within a circle with centre (0, 0) and radius » or the
circumference of the circle.

WORKED EXAMPLE 11.14

On separate Argand diagrams, sketch these loci.

a |z|=5 b |z]<3 ¢ |z|=4
Answer
a |z| =5 isthe circumference of « circle, centre Im(Z)f
(0, 0), radius 5. 6
It is only the circle, not the points within the —
circle. 4
3 .

The circle is drawin as a solid line as it is
included.
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b |z| <3 isacircle. centre (0, 0), radius 3. Im(2)4“
It is only the pornts within the circle.
B P
. ~ . . L4 ~
The circumterence of the circle is drawn as a dotted R N
line as it is not included. /' 21 \‘
. .
:' 11 “
L )
r 1
1 L -
N R S I T S S
4 4 2 4 : Re(c)
\‘ 1 "
\ . I}
. 4
‘\ -2 '.'
~ ’
~~ ] “f
S u ::'+ - -
4
. . . Im(z) A
¢ |z| =4 isaciicle, centre (0, 0), radius 4. i

[t is all points within the circle and on the
circumference.

The circumference of the circle is drawn as a

solid line as it is included.
290

W
=
o)
) /

Circles with centre (a, b)
® |z—z|=r|z—z|<r |z-z|=<r whererisaconstant and z| is

the fixed point a + bi. ()4

>

We nced to understand the vector representation of the complex P(x,y)
number z — zj.

Let P(x, y) be the moving point that represents z = x +1y onan
Argand diagram.

Let O(a, b) be the fixed point that iepresents z; = a + bi on the
Argand diagram.

— — O(a, b)
z=0P and z; = 0Q ‘

Y

— 0 Re(z
Therefore, QP = -z, + z e(2)

Q—ﬁ: zZ—
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We now interpret |z — z | = as:
the length of the vector Q—f’ isr.

For the complex number z = x + iy, where x and y are real, and the fixed point
z1 = a + bi, where a and b are real, the locus of the point P(x, y) that satisfies

® |z- z| =r is the circumference of a circle with ccitre (a, b) and radius r

¢ |z - z| <r isall points within a circle with centre (a, b) and radius r, but the
circumference is not included

® |z -z | =<r isall points within a circle with centre (a, b) and radius r or the
circumference of the circle.

WORKED EXAMPLE 11.15

On separate Argand diagrams, sketch these loci.

a |z-(2+4i)|=3 b |z-3i|<4 ¢ |z+5|<5

Answer
a 1 = 2+ 4i

|z - (2+4i)| = 3 is the circumference of a circle, centre
(2, 4), radius 3.

It is only the circle, not the points within the circle.

The circle is drawn as a solid line as tt 1s included.

-2
b z =3i Im(z) A
B
|z - 3i| <4 is a circle, centre (0, 3), radius 4. Lot ..
'¢' 6 ‘~~
It is only the points within the circle. Re .
4 5_ [N
. . . 4 A
The circumference of the circle is drawn as a 4 X
dotted line as it is not included. 4 44 A
L] 1
' 3¢ :
1 1
1 L
l‘ 2_ "
A3 ’
A3 4
. 1- ;
A\l L4
- ’
A3 L -
T LI o T T T T >
4 3 "o 1 © 120" 3 4Re(d)
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1t is all points within the circle and on the circumtzrence. m

C z—z1=z+5=z-(-5) Take care with signs.
z1=-5 Im(z) A
4
| z+ Sl =<2 isacircle, centre (=5, 0), radius 2. 3
2

The circumference of the circle is drawn as a solid line as it is A% 5 4 F 2390 1 3 rer
included. ~14
\ 2
—3
4_
Half-lines and part-lines
e arg(z - z;) = o, where « is a fixed angle and z; is the fixed point a + bi. m(z) A
P(x,y)
With z — z; defined as previously
Z:O_ﬁ, Z] :O—Q> and @22—21
292 Ai ...........
O(a, b)
% Re(z)
We now define arg(z — z;) as the angle made between the direction parallel to
the real axis and the direction of the vector QP.
Points below Q are not parti of the locus as the angle made between these points
and the relevant horizonta!l line is ™ — o, not c.
e arg(z; — z) = B, where B is a fixed angle and z; is the fixed point ¢ + hi Im(z) A
With z; —z = -(z — z),
Z:0_>P,LIZO_’Q and@:zl—z P(X.’y) .......
/éj
O(a. b) >
o Re(z

We now define arg(z; — z) as the angle made between the direction parallel to
the real axis and the direction of the vector @

Points above P are not part of the locus as the angle made between these points
and the relevant horizontal line is T — 3, not .
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‘
\\

WORKED EXAMPLE 11.1¢

On a single Argand diagram, sketch the loci |z| = 4 and arg(z + 2 + 3i) = %
Show that there is only one complex number, z, that satisfies both loci.

Label this point as P on your diagram.

Answer
| |z| =4 Circle, centre (0, 0), radius 4
arg(z + 2 + 3i) = %
z—z1=z+2+3i
=z—(-2-23i)
z1=-2-3i

Half-line from (-2,-3) at an angle of%radians.

Im(z) A
6

>

T T T r—>
5 6 7 8K

e > - e = - - - - s - - - - - -

~5
6

Parpendicular bisectors

¢ |z-z|=|z-2| |z-=z|<|z-=z| lz-z|<|z-2| wherez is the fixed point a + bi

and z, is the fixed point ¢ + di.

Let P(x, y) be the moving point that represents z = x + iy on an Argand diagram,
QO(a, b) be the fixed point that represents z; = a + bi on the Argand diagram,
R(c, d) be the fixed poiut that represents z, = ¢ + di on the Argand diagram,

then
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e when |z - z| =|z - z|. the point P(x, y) moves so that it is always the same
distance from Q as it is from R. The locus is, therefore, the perpendicular bisector

of the line QR.

® |z-z|<|z-z,]|isall points such that P is nearer to Q then to R. The
perpendicular bisector marks the boundary of this region but is not included.

® |z-z|=|z- z|isall points such that P is nearer to Q than to R or equidistant
from Q and R. The perpendicular bisector marks the boundary of this region and

15 included.

.
@ XKED EXAMPLE 11.17

Find the Cartesian equation of this locus.

Answer
|:,4+i|:|:,(4,i):
Z] :4—i

|:+51|=|: —(—51)|
:::—Si

Midnocint of QP, (4, —1) and (0, -5),

(4+0 —l+(—5))_ 5
e N

bisector = —1.
Cartesian equationis y+3 =—-1(x -2)

y=-x-1

On an Argand diagram, sketch the locus |z — 4 +i| =]z + 5i|.

Gradient of QP =1 and so the gradient of perpendicular

Witc as |z — z;| and find z

Write as | z — z,| and find z,.

The locus is the perpendicular bisector of
(4,-1) and (0, -5).

304 5 6 7 Re(:)
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Chapter 11: Complex numbers

Describe. in words, the locus represented by each of the following.

a arglz-2+3) =7 b |z-10]<|z-6i|
. 5w
lz+6-1i|=7 d =—
c | i arg(z) B
On different Argand diagrams, sketch the foliowing loci. Shade any regions where needed.
a |z-Q+1)|=|z-(4+3)] b arg(z+3i) = - 3
¢ |z+4-5i<2 d |z-2i|=<|z-4]

On a single Argand diagram, sketch the loci |z| =4 and |z + 2| =| z — 4|. Hence determine complex numbers
that satisfy both loci, giving your answers in Cartesian form.

On an Argand diagram, sketch the locus |z| =|z + 8i|. Find the Cartesian equation of this locus.

Sketch the locus |z — (3 - 6i)| =3 on an Argand diagram. Write down the Cartesian equation of this locus.

Sketch the ioci arg(z + 4 + 21) = %T and | z— 5i| =4 on an Argand diagram. Determine whether or not there
is a coniplex number, z, that satisfies both loci.

For complex numbers z satisfying |z — 8 — 16i| = 24/5, find the least possible value of | z| and the greatest
possible value of | z .

By sketching the appropriate loci on an Argand diagram, find the value of z that satisfies |z| = 13 and
arg(z — 12) = g

On a single Argand diagran, sketch the loci | z+3- 2i| =4 and arg(z +1) = T Hence determine the value
of z that satisfies both loci, giving your answer in Cartesian form.

The complex number z is represented by the point P(x, y) on an Argand diagram.

It is given that the locus of Pis |z —5-5i| = 5.

a Write down the Cartesian equation of the locus of P.

b Skeich an Argand diagram to show the locus of P.

¢ Write down the greatest possible value of arg z and the least possible value of arg z.
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and understanding Q

Checklist of learning

Cartesian form: X -+ 1> where x and  are real values.

Arithmetic operations on z; = a + bi and z, = ¢ + di:
Addition: n+zn=(@+c)+(b+d)
Subtraction: z1—z=(a-c)+(b-d)
Multiplication: 212y = (ac — bd) + (ad + b

.. (ac +bd) + (bc - ad)i
. Q Division: =l

Q\@ Modulus: |z| = Jx? + p?
Argument: Found using a diagram with tan6 = -
X
|z122| = 1y =| 71 || 22| nd arg(z12,) = 6, + 6, = argz) +arg 2,

)= 0, — 0, =argz —argz,

Polar forms
® Modulus-argument form: r(cos 6 + i sin 0)

296 ® [.oonential form: rei?

Roots of equations occur in complex conjugate nairs

. @ ® Quadratic equations have 2 real or 2 complex roots of the form x £ iy with y # 0.
@A ® Cubic equations have 3 real or 1 real and 2 complex roots of the form x + iy with y # 0.
Q\ ® Quartic equations have 4 real or 2 real and 2 complex roots of the form x iy with y # 0,

or 4 complex roots of the form v =iy with y # 0.

143 _-1-iJ3

The cube roots of ope are: z =1, z = >



Chapter 11: Complex numbers

END-OF-CHAPTER REV E@ERCISE 11
N =

a Express
b 1+

b Solve w? —2w+26 = 0.

2i . .
3 in the form x + iy where x and y are real numbers.
i

¢ On asketch of an Argand diagram, shade the region whose points represent complex numbers
satisfying the inequality |z + 1 - 5i| < 2.
a The complex number z is defined as z = k — 61, where k is a real value.

Find and simplify expressions. in terms of k, for zz* and —;> giving your answers in the
. z
form x + iy where x and y are real.

b The complex numbers « «nd w are defined as u = 4 ( cos% + isin?—f\. and w = 2e'™.
2)

Find and simplify expressions for uw and —, giving your answers in the form re'®,
. w
where ¥ >0 and -t <O <Tm.
The complex number w = 1+ 2i.

a Represent w and w* by points P and Q on an Argand diagram with origin O and describe
the polygon OPQ.

b Given also that u = =3 — i, write the complex number Y in the form r( cosO + isin0),
where »r >0 and -t <6 <m. W

z=2-51
a Find the real values x and y such that z* = (2x + 1) + (4x + y)i.

b On an Argand diagram, show tiie points 4, B and C representing the complex
numbers z, z* and —z. What type of triangle is ABC?

¢ Without using a calculator, express i—z
i inthe form x +1iy where x and y are real
ii in the form r(cos@ +isin@), where r >0 and -t <O <m

24+ (4S3)z+13=0

a Find the roots of this equation, giving your answers in the form x + iy where x and y are real.

b On an Argand diagram with origin O, show the position vectors OA and OB representing
the roots of the equation. Describe the geomctrical relationship between OA and OB.

¢ Find the modulus and argument of each roo.
z =43 — 4

a Find the exact values of the moduius and argument of z.

) T .. T . ) :
b Given that w =22 ( cos— + 1sm—), write = in the form rei®, where r > 0 and -1 < 6 < .
i2 n

12
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7 a Find the complex number w satisfying the equation w * -2 — 2i = 3iw. Give your answer
in the formn x + iy where x and y are real. [5]
b i Onasingle Argand diagram, sketch the loci |z —3—-3i| =2 and arg(z — 3 -3i) = % 4]
ii  Hence determine the value of z that satisfics both loci, giving your answer in the
form x + iy, where x and y are real 2]

8 a (x+ip)? =7-(62)i

Given that x and y are real numbers, find the values of x and the values of y. I5]
b i Showthat z -3 isa factor of 2z —4z> — 5z — 3. 1
i Solve 223 —4z2 -3z -3=0. [4]
9 a Giventhat z; =5 -3i and zz, = 21 +1, find z,, giving your answer in the form x + iy,
where x and y are real. 12]
b Solve (37 + 1) = -27. 131

10 a [Itis ziven that w =1 is a root of the equation f(w) = 2w* + 5w> = 2w? + w -6 = 0.

i Show that w + 3 is a factor of 2w* + 5w = 2w + w — 6. [1]
i Solve the equation. 4]
m b i Onan Argand diagram, sketch the locus |z +1- i\/§| =1. 12]
ii  Write down the minimum valve of argz. 1]
iii Find the maximum value of argz. 2]
11 a i Giventhat z; = - i— N »\;—/i is a root of the equation z> + pz + ¢ = 0, where p and ¢
are real constants, iind the value of p and the value of ¢. [3]
ii Find|z]. 1]
b i Find the roots of the equation z3 +1= 0. 13]
ii On an Argand diagram, show the points 4, B and C iepresenting the roots of the equation.
What type of triangle is ABC? 12]
12 z=5-1i
2 Show that = =2 - gi. 131
b Find the value of ’% and arg ( —_Z—) 2]
&

¢ Find and simplify a quadratic cquation with integer coefficients that has roots i* and its conjugate.  [2]
. 4

13 The complex number z is defined by z = % where k is an integer.
-1

a The imaginary part of zisIm z = % Find the value of k. [4]

b Find the argument of z. [3]
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Chapter 11: Complex numbers

@ 14 i  Withont using a calculator, solve the equation
2w + 2iw* = 17 + 81,
where w* denotes the complex conjugate of w. Give your answer in the form a + bi. (4]

ii  Inan Argand diagram, the loci
arg(z—2i)=%n and |z - 3| =|z - 31

intersect at the point P. Express the complex number represented by P in the form re'?, giving
the exact value of 6 and the value of r correct to 3 significant figures. [5]

Cambridge International A Level Mathematics 9709 Paper 31 Q7 June 2013

@ @ 15 Throughout this questicn the use of a calculator is not permitted.
i  The complex numbers u and v satisfy the equations
u+2v =721 and iu+v =3.
Solve the equations for u and v, giving both answers in the form x + iy, where x and y are real. [5]
i Onan Argand diagram, sketch the locus representing complex numbers z satisfying |z +i| =1

and the locus representing complex numbers w satisfying arg(w —2) = %n. Find the least value
of |z —w| for points on these loci. I5]

Cambridge niernational A Level Mathematics 9709 Paper 31 Q8 November 2013
@ @ 16 Throughout this question the use of a calcu!ator is not permitted.

The complex numbers w and z satis{y the relation

Z+1
iz+2°

i Giventhat z =1+ 1, find w, giving your answer in the form x + iy, whcre x and y are real. [4]

ii  Given instead that w = z and the real part of z is negative, find z, giving your answer in the
form x + iy, where x and y are real. 4]

Cambridge International A Levei Mathematics 9709 Paper 31 Q5 November 2014
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This exercise is for Fare Mathematics 3 students only.

1  Relative to the origin O, the position vectors of the points 4 and B are given by

7

I =5 . 1
OA=| 0| and OB=]| 7
3 2

a Find a vector equation of the line 45 3]

b The line AB is perpendicular to the line L with vector equation:

4 m)
r = 2 |+ul 3 L

-3 9
i Find the vaiuc of m. 131
ii  Show that the line AB and the line L do not intersect. 4]

@ 2 Given that y = 0 when x = 1, solve the differential equation

d
xy£=y2+4,

m obtaining an expression for y* in terms of x [6]

Cambridge International A Level Mathematics 9709 Paper 31 Q5 June 2010

3 Thepoint P(p,q,—1) lies on the line L with vector equation
r=i-j+2k+ A(i+8j+k).
a Find the value of each of the constants p and g. 12]
b The position vector of Q, relative to the origin O, is @ =—-10i-j—Sk.
i Find the unit vector in the direction OQ. 2]
ii Find angle POQ and hence find the exact area of triangle POQ. [5]

@ 4  The complex number z is given by
Z = (\/§ ) +1.
i  Find the modulus and argument of z. 12]

ii  The complex conjugate of z is denoted by z*. Showing your working, express in the
form x + iy, where x and y are re2l,
1%
a 2z+z% b li, [4]
V4

iii  On a sketch of an Argand diagram with origin O, show the points 4 and 8 representing

the complex numbers z and iz* respectively. Prove that angle 408 = én . 3]

Cambridge International A Level Mathematics 9709 Paper 31 Q6 November 2010
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Cross-topic review exercise 4

@ 5  The variables x and 6 are related by the differential equation
sin20 &% = (x +1) cos 26,
deé
where 0 <6 < %n. When 6 = %n, x = 0. Solve the differential equation, obtaining an

expression for x in terms of 6, and simplilying your answer as far as possible. [7]

Cambridge International A Level Mathematics 9709 Paper 31 Q4 November 2011

6  PQRS is a parallelogram. The vertices, P, Q and R have position vectors, relative to an origin O,

1 3) 2
oP=|4|,00=|2 land OR =| -1
5 L0 ) 5
a Find OS. 12]
b Find the iengths of the sides of the parallelogram. [3]
¢ Fiud the interior angles of the parallelogram. [3]
@ 7  The complex number u is defined by u = (12%1)1
¥4 i Without using a calculator and showing }lolur working, express u in the form x + 1y,
where x and y are real. 4]
i Sketch an Argand diagram showing the locus of the complex number z such that |z — u| =|u|. 3]

Cambridge International A Level Mathematics 9709 Paper 31 Q4 June 2012

@ 8  The complex number 2 + 21 is denoted by u.
i  Find the modulus and argument of u. 12]

ii  Sketch an Argand diagram showing the points representing tiic complex numbers 1, i and u.
Shade the region whose points represent the complex numbers z which satisfy both
the inequalities | z—1|<|z-i| and |z—u|< 1 14]

iii.  Using your diagram, calculate the value of | z | for the point in this region for
which arg z is least. 131

Cambridge International A Level Mathematics 9709 Paper 31 Q7 June 2010

@ 9 A certain substance is formed in a chemical reaction. The mass of substance formed 7 seconds
after the start of the reaction is x grams. At any time the rate of formation of the substance

is proportional to (20 — x). When ¢ =0, x = 0 and % =1
i Show that x and ¢ satisfyv the differential equation
dx
— = 0.05(20 — x). 2
ar = 00320 - x 2]
ii  Find, in any forin, the solution of this differential equation. I5]
iii. Find x when ¢ = 10, giving your answer correct to 1 decimal place. 12]
iv State what happens to the value of x as 7 becomes very large. 1]

Cambridge International A Level Mathematics 9709 Paper 31 Q10 November 2010
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10

14

The line L; has vector equation

r=-2j+k+ A% + 3k).

The line L, passes through the point P(-2, 1, —1) and is parallel to L.

a  Write down a vector equation of the line 7, 12]
b Find the shortest distance from P to the line ;. I5]
In a certain country the government charges tax on each litre of petrol sold to motorists. The revenue

per year is R million dollars when tiie rate of tax is x dollars per litre. The variation of R with x is
modelled by the differential equation

d_RzR(l—o.57),
dx X

where R and x are taken to be continuous variables. When x = 0.5, 2 = 16.8.

i Solve the differential equation and obtain an expression for R in terms of x. [6]

ii  This model predicts that R cannot exceed a certain amiount. Find this maximum value of R. K]
Cambridge International A Level Mathematics 9709 Paper 31 Q7 November 2014

The complex number z is defined by z = 9\//2 +—? -. Find, showing all your working,

i an expression for z in the form re'®, where r >0 and —-t <6 <, I5]

i the two square roots of z, giving your answers in the form re'®, where r >0 and -t <6 < . [3]

Cambridge International A Level Mathematics 9709 Paper 31 Q5 June 2014

The variables x and y are related by the differential equation

d_y_ 6ye3x
dx  2+e&

Given that y = 36 when x = 0, find an expression for y in teriis of x. [6]

Cambridge Internationul A Level Mathematics 9709 Paper 31 Q4 June 2014

a  Show that the straight line L with vector equation

1 8
r = 2 |+ Al -1
-10 3

intersects with the line through the points 4 and B with coordinates (0, 2, 7) and (7, 1, 27),
respectively and find the position vector of this point of intersection. I5]

b Find the acute angle betwcen these two lines. [4]

The variables x and y satisty the differential equation x j—y = p(1 - 2x’). and it is given
X

that y =2 when x = 1. Solve the differential equation and obtain ai expression for y in
terms of x in a 1oiin not involving logarithms. [6]

Cambridge Internatioral A Level Mathematics 9709 Paper 31 Q4 June 2016
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Cross-topic review exercise 4

@ 16 The complex number u is defined by u = ?;231 .
i

i Showing all your working, find the modulus of u and show that the argument of u is — 175. [4]
ii For complex numbers z satisfying arg(z — 1) = %n, find the least possible value of |z|. 131
i For complex numbers z satisfying |z — (1 + i)u| = 1, find the greatest possible value of | z|. 131

Cambridge International A Level Mathematics 9709 Paper 31 Q8 June 2011
17  With respect to the origin O, the posiiion vectors of the points 4, B, C and D are given by

2 3 (1 2
OA=|1|,0B=| m |,0C = —5 | and OD=| -4
5 4 m+11 —2m
a In the case where ABC is a right angle, find the possible values of the constant m. [3]
b In the case where D is the midpoint of the line BC, find the value of the constant m. 2]
¢ In the case where m = -5, find whether the lines 4B and CD intersect. I5]
@ 18 The complex number w is defined by w = (222 +‘)2 .
-1
7] i Without using a calculator, show that w = 2 + 41. 3]

ii Itis given that p is a real number such that in <argw+ p) < %n. Find the set of
possible values of p. [3]

iii The complex conjugate of w is denoted by w*. The complex numbers w and w* are
represented in an Argand diagiam by the points S and 7" respectively. Find, in the
form |z — a| = k, the equation of the circle passing through S, 7' and the origin. 3]

Cambridge International A Level Mathematics 9709 Paper 31 Q8 June 2015
@ 19 Given that y =1 when x = 0, solve the differential equation

@ = 4x(3y% +10y + 3),
dx

obtaining an expression for y in terms of x. [9]

Cambridge International A Level Mathematics 9709 Paper 31 Q7 June 2015

A tank containing water is 1 the form of a cone with vertex C. The axis is vertical and the
semi-vertical angle is 60°, as shown in the diagram. At time ¢ = 0, the tank is full and the depth
of water is H. At this instant, a tap at C is opened and water begins to {low out. The volume

of water in the tank decreases at a rate proportional to /4 where /2 is the depth of water at time .
The tank becomes empty when ¢ = 60.
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i Show that /2 and ¢ satisfy a differential equation of the form

3
d1— N _Ah 2 )
at
where A 1s a positive constant. [4]
ii Solve the differential equation given in part i and obtain an expression for 7 in terms of 4z and H. [6]

iii Find the time at which the depth reaches %H .

[The volume V' of a cone of vertical height / and base radius r is given by V' = % mwr?h.] 1]
Cambridge International A Level Mathematics 9709 Paper 31 Q10 November 2013

a Find, in the form r = a + b, a vector equation of the line 4B where the points have

coordinates A(2,5,7) and B(9,-1,-2). I3]
b Find the obtuse angle between the line AB and a line in the direction of i+ 3j + 2k. (4]
The complex number 3 — i is denoted by u. Its complex conjugate 1s denoted by u* .

i Onan Argand diagram with origin O, show the points 4, B and C representing the

coniplex numbers u, u* and u*—u respectively. What type of quadrilateral is OABC? [4]
*
ii  Showing your working and without using a calculator, express X in the form x + iy,
u

where x and y are real. [3]
*
iti By considering the argument of u_’ prove that
u

tan™! (%) =2 tan™! (%) 13]
Caombridge International A Level Mathematics 9709 Paper 31 Q9 November 2015

The complex number 1+ (v2)i is denoted by u. The polynomial x* + x> + 2. + 6 is denoted by p(x).

i  Showing your working, verify that u is a root of the equation p(x) = 0, and write
down a second complex root of the equation. 4]

ii  Find the other two roots of the equation p(x) = 0. [6]
Cambridge International A Ievel Mathematics 9709 Paper 31 Q9 November 2012
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Cross-topic review exercise 4

24

G F
: -l
N |
|
| hcm
|
D ; E
|
Cr———~ - O ————
M
kl i
A 4 cm
o i 10 cm A

The diagram shows a cuboid O4BCDEFG with a horizontal base OABC. The cuboid has a
length OA of 10cm, a width 48 of 4cm and a height BF of 4cm. The point M is the
midpoint of CB and the point N is the point on DG such that ON = j+ 3k. The unit
vectors i, j and k are parallel to OA4, OC and OD, respectively.

a Write down the value of /. [1]
b  Find the unit vector in the direction ON . 12]
¢ Find angie NME. (4]
d Fiud, in the form r = a + Ab, a vector equation of the line MF. [3]

@ 25 Tiic variables x and y are related by the differentia! equation

dy _ 6xe
dx ¥y

Itis given that y = 2 when x = 0. Solve the differential equation and hence find the value of y when
x = 0.5, giving your answer correct to 2 decimal places. [8]

Cambridge International A Level Mathemaiics 9709 Paper 31 Q7 June 2012

@ 26 i Showing all your working and without the use of a calculator, find the square roots of the complex
number 7 — (6-/2)i. Give your answers in the form x + iy, where x and y are real and exact. I5]
ii a Onan Argand diagram, sketch the loci of points represcenting complex numbers w
and z sach that [w—1-2i| =l and arg(z - 1) = %n. ]
b Calculate the least value of |w - z| for points ou these loci. 12]

Cambridge International A Level Mathematics 9709 Paper 31 Q10 June 2016

) \ (1
27 Theline L; has vector equation r =| 3 |-+ 4| —1
0 | 2
/
—4 -1
The line L, has vector equation r=| 5 [+u| O
m 1
a In the case where 1 = 2, show that Z; and L, do not intersect. 4]
b Find the value of m in the case where L; and L, intersect. 12]
¢ For your value of m from part b, find the acute angle between L; and L,. 4]
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@ 28 The number of birds of a certain species in a forested region is recorded over several years.
At time ¢ vears, the number of birds is N, where N is treaied as a continuous variable.

The variation in the number of birds is modelled by

dN _ N(1800 - N)
dr 3600

1t is given that N = 300 when ¢ = 0.
i  Find an expression for N in terms ot i [9]
ii  According to the model, how many birds will there be after a long time? [1]
Cambridge International A Level Mathematics 9709 Paper 31 Q10 June 2011
@ 29 i Showing your working, find the square roots of the complex number 1— (2+/6)i. Give your
answers in the formi x + iy, where x and y are exact. [5]

ii  On a sketch of an Argand diagram, shade the region whose points represent the complex
numbers z which satisfy the inequality |z - 3i| < 2. Find the greatest value of arg z for
points in this region. [4]

Cambridge International A Level Mathematics 9709 Paper 31 Q10 November 2011
@ 30 Liquid is flowing into a small tank which has a lcak. Initially the tank is empty and ¢ minutes later,
m the volume of liquid in the tank is ¥’ cm®. The iiquid is flowing into the tank at a constant rate of

80 cm? per minute. Because of the leak, liquid is being lost from the tank at a rate which,
at any instant, is equal to k" cm? per niinute where k is a positive constant.

i Write down a differential equaticn describing this situation and solve it to show that

v=1 (80 — 80e~7). [71
k 4 — 4e—15k
ii Itis observed that I = 500 when ¢ = 15, so that k satisfies the equation & = 5
Use an iterative formula, based on this equation, to find the valuz of k correct to 2 significant figures.
Use an initia! vaive of k& = 0.1 and show the result of each iteration to 4 significant figures. 3]

iii Determine how much liquid there is in the tank 20 minuies after the liquid started flowing, and state
what hiappens to the volume of liquid in the tank afier 4 iong time. 12]

Cambridge International A Level Mathematics 9709 Paper 31 Q10 June 2013
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Pure Mathematics 2 Practice exam-style paper

PURE MATHEMATICS 2 PR ﬂ' ICE EXAM-STYLE PAPER

8,

Time allowed is i hour 15 minutes (50 marks)

1

A cos X
By writing cot x as show that 4 (cot x) = —coscc” x.
sin x

dx

Solve the inequality |3x — 1| =|2x|.
Solve the equation 3*¥ — 3**! = 10 giving the value of x correct to 3 significant figures.

The polynomial x* + 8x? + px — 25 leaves a remainder of R when divided by x —1 and a
remainder of —R when divided by x + 2.

a Find the value of p.

b Hence, find the remainder when the polynomial is divided by x + 3.

The sequence of values given by the formula

8x,>
xn+1 = )
3sec .,

with initiai value x; = 1, converges to c.

a Usc this formula to calculate o correct to 2 decimal places, showing the result of each
iteration to 4 decimal places.

b State an equation satisfied by o and hence fiud the value of o correct to 7 decimal places.

The parametric equations of a curve are x = In(2t + 1), y =t — e*.

a Find an expression for % in terms of 7.

b Find the equation of the normai to the curve at the point where ¢ = 0.

o

Express 8sin6 + 6cos in tiic form Rsin(6 + « ), where R >0 and 0° < a < 90°, giving
the value of o correct to 2 decimal places.

b Hence solve the equation 8sinf + 6cosf = 7 giving all solutions in the interval 0° <6 < 360°.

¢ Write down the greatest value of 8sin@ + 6cos6 + 3 as 0 varies.

a Show that cos3x = 4cos’x — 3cos x.

T

b Heince show that J'z cos’xdx = %
0
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PURE MATHEMATICS 3 PRA ‘6" EXAM-STYLE PAPER
A\ =

Time allowed is 1 hour 50 minutes (75 marks)

1

Use logarithms to solve the equation e>* = 2¥*3 giving your answers correct to 3 decimal places.

5
Show that j
0

The polynomial 2x® — 9x? + ax + b, where a and b are constants, is denoted by f(x). It is given
that x — 4 is a factor of f(x), and that when f(x) is divided by (x —1) the remainder is —12.
Find the value of @ and the value of b

xInxdx = 2745(11125— 1).

Solve the equation 2sin(x — 60°) = 3cosx for —180° < x < 180°.

P YA
/\!
+—>
@] X
\
0

The diagram shows the curve y? = 4x? — x* + 5. The curve is symmetrical about both axes.
The point P is one of the curve’s maximum points and the point Q is one of the curve’s minimum
points. Find the exact distance between the points P and Q.
X2 =5x+27
(x=2)(x%+5)

a Express f(x) in partial fractions

f(x)

b Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x2.

},y

A 4

0] 1

1 . . T
The diagram shows the curve y = xsin2x for 0 = x < >

2 ,
a Find ¥ and show that x? d—JZ} _ox Wy 2(1 +2x2 )y =0.
dx dx dx

b Find the area of the region enclosed by this part of the curve and the x-axis.
a The complex numbers u and w are such that:
3u—iw =15
u+w=>5+10i.

Without using a caiculator, solve these equations to find # and w, giving each answer in
the form x + iy. where x and y are real.

b The compiex number z is defined by z = /2 e +. Onan Argand diagram, show the
points 4, B and C representing the complex numbers z, 7* and z2, respectively and
find the length of the longest side of triangle ABC.
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Pure Mathematics 3 Practice exam-style paper

9 a Given the vectors 5i+ 7j+ pk and i—2j+ pk are perpendicular, find the possible values of
the constant p.

b The line L; passes through the point (5, 0, 2) and is parallel to the vector i — 6j + k.
i Write down a vector equation of the line 7.

ii  The line L, has vector equation:
r=4j+3k+pu(3i+9+ k)

Show that Z; and L, do not intersect.

10 A liquid is heated so that its temperature, x °C, at time ¢ seconds satisfies the differential equation
dx
— = (100 — x
o - )
where ¢ is a positive constant. The temperature at ¢z = 0 is 25°C.

(75
a Show that 'n( 100 = ot.
- X

b Ttis given that x = 500« when ¢ = 2. Show that ¢ = 0.2 — 0.15¢ 7%,

¢ Use an iterative formula based on the equation in part b to find the value of « correct to 2 significant
figures. Use a starting value of 0.1 and show the result of each iteration to 4 significant figures.

d Find the temperature of the liquid when ¢ = 30.
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Prerequisite kriowledge
1 a 357

¢ 133 remainder 27

2 Straight line, gradient 2, crossing axes at (é, 0
o]

N

b 381

and (0, -5). S
Exercise 1A
5 22
1 -1, = b -2,3 -6, ==
) ¢ 3
d -153 e -20,40 f 7
2 a g,u b -13 c 1,2
7 3 46
d L3 e 2 f -7,3
3 a -1, 1 b —3,é c 2,4
3 5
d —4, -2 e 7,1 £ o0 2
5 13
4 a 13
1 1
b 1,2, o (-1-+33), 5 (V33 -1)
c -2, 1
d 3-1,1+.5
e 1,2, 1-3, 1+3
f 0,2,6
8 16
5 :0 —4 — Y = —
a x % or x 3,y 3
5 15
b x=-l,y=30r x=-2,y=—=
X y=3c0r X > y >
4 o
6 = — = —
X 5OIX 5
7 a x=12, x=43
b y |
6 I'
[}
I\
5 3 o 9 =~ 1 »
c x=0

)

N
@ggmematics: Pure Mathematics 2 & 3

Exercise 1B
1 a v-shaped graph, vertex = (=2, 0), y-intercept = 2
x+2 ifx=-2
YT c(x+2)if x< -2
b v-shaped graph, vertex = (3, 0), y-intercept = 3
x-=3if x=3
PT) 3o xifa<3
¢ v-shaped graph, vertex = (10, 0), y-intercept = 5
[

L —x—5if x=10
2

WS—lxifx<10
2

2 a
0 1123 ]14]5]6
5141131213 4]5

b v-shaped graph, vertex = (3, 2), y-intercept = 5

V=
J

c Translation( 3 \
2 /

o
Translat?on'k _2' j

b Translation[ ; )
¢ Reflection in x-axis, translation( 5 )

d Stretch, stretch factor 2, with y = 0 invariant,

translation ( 2 J

e Reflection in x-axis, translation( _21 )
f Stretch, stretch factor 2, with y = 0 invariant,

reflection in x-axis, translation( (5) J

4 a v-shaped graph, vertex = (-1, 2)
b v-shaped graph, vertex = (5, -2)
¢ a-shaped graph, vertex = (0, 2)
d v-shaped graph, vertex = (0, —3)
e a-shavned graph, vertex = (-2, 1)
f A-shaped graph, vertex = (0, 5)
5 3=flx)<14
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Answers

6 a,b YA 3 a 2sx=<1 b 2<x<6
8
c X = —% or x=3
: 7 1
©.5) 4 a §$X$3 b X>§
44 ¢c x=1
4 8
5 a x<-— orx>4 b x<2or x>—
2 3 3
@D ¢ x?% d 3<x<7
2100 123 45 6° e x<2 orx=8 f 1<x<%
5
6 x<-=orx>-=
7 4
Exercise 1D
1 a x?+3x-1 b x*-5x+7
c 3" —4x+2 d x?-2x+5
A > e —5x2+3x-4
f —6x°—6x2—6x-19
2 Quotient = x” + x + 4, remainder = -8
8 a Quotient = 6x> + 19x + 38, remainder = 70
¢ Quotient = 4x? + %x + %, remainder = %
d Quotient = —2x? + 3x + 9, remainder = —36
e Quotient = x + 3, remainder = —10x — 4
. f Quotient = 5x* — 7, remainder = 15— 13x
T 230 1 3 3§ 3 a Proof b Proof
b x=%2 4 a Proof
. (x=2)2x-3)(x+7)
Exercise 1C 1 4
1 3< y <7 5 a Proof b iE’_E
2 a 6 a Proof b Proof
7 -3, l, 5
2
Exercise 1E
1  Proof
D I AR R 2 Proof
2 3 a=-4
b x<-= orx>2 1-b
3 4 = S\
X7
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5 a=-2,b=1
6 a p=-1 g=-6 b Proof
7 —4,0,1

8 a p=-7, ¢g=-6

b (x+1)(x+2)(x—-3) and (x+1D)(x+3)(x+4)
9 a p=-19, ¢=30

b (x=D(x+2)(x-=5)(x+3)

10 a 2,5 b -7,-1,5

¢ —2.2.3 d -4, -2, 1

2 3

e -3, %2,1 t —%, 1, 4
11 Proof
12 0<k<5
Exercise 1F
1 a 6 b 8 c 4 d ——
2 a a=5 b b=28

3 a=2,b=2
4 a=4,0=0

5 a a=6b=-14
b (3x —4)(2x + 1)(x +2)

6 a p=14 b 57
7 a a=5 b=-15
b 2 _7+\/§ _‘7_\/§
’ 2 ’ 2
8 a k=2 b 36
9 2550

10 a=2,b=-4, c=-2.

End-of-chapter review exercise 1

L4 2
37

2 xs—éorx>2
5
3 I<x<=
Y3

10

11

12
13

14
15

16

17

19

20

21

22

+5, +3
a a=6
b Bx+1D)2x+3)(x—4)

a Bx-1DR2x+3)(x-5)

b J_rl, +5
3

-10, b=28

N}
Il

a Quotient = x — 3, remainder = 2x — 6
Proof

a Quotient = 4x? + 4x — 3, remainder = 5

3 |
b _57 _17 551
a k=7
I+ /s 1 1
b E\_/_\/H)az(_7+m)75(7_\/§)a
1
— 7+ 53
5 (7+453)
a a=06
b Cx—-D(x+3)(x—-2)(x+1)
a a=7 b -5, %,2
a 33

Quotient = 2x + 13, remainder = 41x — 15
a a=3b=-10 b 3x-4
a a=-21 b - é, -
3
a a=-3 b=-11
b 2x-D(x+2)(x-3)
a a=2,b=-16 b -18

a Quotient= 5x> —8x +9
b Proof

a k=-29 b -2, —,9

c I3, il
2

a a=3b=50

b Quotient = 2x — 3, remainder = 56 — 4x
a a=-11 5h=30 b 2,25

i x+2 3x+4

Copyright Material - Review Only - Not for Redistribution



23 i -16 ii

24 i a=2,b=-6
i (2x+3)(x - (x=3)

2 Logarithmic and exponential

functions
Praerequisite knowledge
1
1 — b 4
DT
, 1
g L3
3 a 2x 2 b — x2
5
Exercise 2A
1 a 2=1log,gl00 b
¢ x =logn0.05
2 a 1.72 b
¢ -0319
3 a 10000 =10* b
¢ x=10700
4 a 759 b
¢ 0.0398
5 a 2 b 4
1 1
d 3 e 2§
6 (x)=1log(x+3)
7 1010
Exercise 2B
1 a 2=logs25 b
1
-5 = logs——
¢ —5=logs 3 d
e x=loggl5 f
g b=1log,c h
2 a 23=8 b 3*=81
! 1
d 162 =4 e 83=2
g =1 xV =35
3 a 8 b 9 c
4 a 4 b 1! c
5 a 3 b 2 c

c 1!
8X15
27
x = log;, 200
2.40
x = 10!2
575
c 1.5
f 0.5
4 =log, 16
1
~10 = log, ——
0=log> 7057
y =log, 6
Sy =log.7
¢ 80=1
f 2=y
1 d 7
3
1
- d -3
2

Answers

3 1 4
-2 f = -— h ——
¢ 2 & 72 3
1 5
6 3 b - = d 4
’ 3 €2
5 2 9
-6 f = = h =
¢ 2 £ 3 2
7 Y (x)=3+2""
8 a 3 b —3,%
9  logs 3, log, 2, logs 4, log, 3, log; 9, logs 20, log, 8
Exercise 2C
1 a log,77 b logg5 ¢ logs2
d log;2 e log,18 f logy8
2 a3 b 2logs10 ¢ 2+1log,3
3 a logs4 or 2logs2
b logs4 or 2log;2
3
4 23,272 -=
2 B 2 7 3
5 3 b — -1 d -=
a 1 c >
x-2
6 =
Y )
1
7 =
1-3y3
8§ a5 b 2+y
3 3
c =y-5 d —
2y y
9 a 3:x b 1
3 y
c 4% d 2x—%y—1
9
10 3 p -2
A 2
5
16 d =
¢ 3
11 x=2logz2-2log,5,
y =log,5—-2logs2,
z =log, 5 —log; 2
Exercise 2D
1 a 10 b 3.5 c —% d 54
41 9 3 3
2 o Z . 2
2 b3 M) 45
3 a5 b 10 ¢ 36 d %
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4 a 8 b
5 a 8§, 32
c L,25
3125
6 a x=3y=27

12

¢ s=dy=-12

7 logypx =3,logy=-2

Exercise 2E
1 a 1.80
d 3.64
g 0.397
i 6.76
2 a Proof
3 a —-0.322
1.03
4 23

5 a 0431, 0.683

c 0,1.77
6 2,258
7 a 28I
¢ 0431, 1.29
8 a 1.58
¢ 1.58,2.32
9 a 1.77
10 0,20%8
11 a 1.29,1.66
d 0.834
g *1.89
12 a 13.5
13 0,1,2

5.13
3.860
0.632
—-0.443

1.26

1.11
3.21

= T

e o

0.510

1.63
—-0.515
+2.81

1.45
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N

0.946
1.71
-0.756
1 -154

e BN o]

o

1.83
f 0.535

(g}

0,2.32
0.792. 1.58

1.46
0.792, 0.161

-0.792, 0.792
1.37

c 198

¢ 191,291
f 187

N
@meatics: Pure Mathematics 2 & 3

Exercise 2F
1 - log5s
o log?2
log3
lo 2
&3
2 a x>5- !
log8
b oyt log20
2\ log3
1 IOg%
c < —| —= -1
~ 2] log5s '
logi
d x>3- 7
logé
6
1
3 x<0or x> 0g2
log5
4  Proof
5 a 61
Exercise 2G
1 a 20.1
¢ 223
2 a 1.10
¢ —0.105
3 a2 b 3
4 a 5 b 15
5 a 289 b 1.61
6 a Inl3
c %(1+1n6)
7 a x>Inl0
b x<%(2+1a?j)
1
¢ x<-35(3+nj)

e~ T

e T

C

C

= T

. log7
log5

log0.3
>
log0.8

1.08
% In7
2[In(4) - 3]



8 a 148 b 0.0183
¢ 405 d —0.432
9 a 122 b 5.70 ¢ 141
0.690 e 1.16 f 1.08
1
10 =
2y x—-2
2
b =
PSR
17 a In3 b In2,In3
ln(%) d In7

12 f(x) = ln( x=2 )

5
13 0.151
14 a x=e,y=é
O 1
b x=21n2,y=—§1n2

15 —%<x$3

Exercise 2H
1 a lny=ax+b, Y=Ilny, X=x, m=a, c=b
b logy=ax-b,Y =logy, X =x, m=a,
c=-b

¢ Iny=-blnx+1Ina, Y =lny, X =Inx,
m=-b, c =Ina
d ny=xlnb+1ng, ¥V =lny, X =x,

m=1Inb, c = ina

e x’=-by+Ina,Y=x> X =y, m=-b,

c=1lna
a In8
f lny:—zlnx+T,Y=lny,X=lnx,
me_4 I8
b b

g Inx=-ylna+Inb, Y =lnx, X =y,
m=-1Ina, c=Inb

h Iny=-bx+Ina, Y =lny, X =x,
m=-b,c=Ina

2 a=66,n=-0.53
3 k=95nr=042

logloy=%x+2

3x
b »=100x102

S a Iny=3lnx-2

3
X
b y=2
y62

6  Gradient = iﬁ—z , y-intercept = (0

Inm A
4

7 a

In3
> 21In

5

Answers

)

0 10 20 30 40
my =50, k = 0.02
35 days
In(T —=25)=—-nt+1Ink
k =45,n=0.08
i 70°C
ii 34 minutes
iii 25°C

=]
e T 6 T

End-of-chapter review exercise 2

20.1
1 2log2 —log3
’ log?2
4
3
K =739 m=1.37

i Proof
9.82

ii 0,1.58

o e I &
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10 i (x+2)dx+3)3x—2)

ii 3=

11 3.81

2
=, y=-0.369
3 Y

12 22.281
13 0.438
21n3
In5
L 21n3
> In5

15 K=1.73,b=1.65

14

Prerequisite knowledge

1 a
K 8 W%O“
70

b A
0 j
/0

c
k 6:Y
2 a— b £

2 2
Y} a 31.0° 211.0°

180
180 2

b 30°, 150°, 270°

Exercise 3A

1

(<)

10

a

d

=

-e a 6 o 0™ --e e 6 T W

=N}

(o]

2 b

~

S
S-L & 6

[\
=

-
i

1
Na
70.5°, 289.5° b 51.3° 231.3°
199.5°, 340.5¢ d 41.4° 318.6°

T 5w

6 6
0464, 3.61

Slw

T

2.76, 5.90
28.2°, 61.8°

22.5°, 112.5°

60°, 180°

2.82, 5.96

—2.28, —1.44, 0.865, 1.71

37.8°, 142.2°
24.1°, 155.9°

35.9¢, 84.1°

T o T & T

~150°, =30°, 30°, 150°
~109.5°, ~70.5°, 70.5°, 109.5°
~112.6°, 112.6°

~180°, 0°, 180°

~135°, 45°

—~60°. 60°

48.2°, 180°, 311.8°

31.0°, 153.4°, 211.0°, 333.4°
19.5°, 160.5°, 203.6° 336.4°

60°, 180°, 300°

107.6°, 252.4°

27.2°, 152.8°

41.8°, 138.2°

13.3°, 22.5°, 102.3°, 112.5°
45°, 60°, 120°, 135°

97.2°, 172.8°
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) 1
8 8 — (1+cos 4
2 +1 5 (1 cos 4x)
9 L 9 a Proof
2 1 b sin3x = 3sinx — 4sin’x
10 a — b 2
g 10 35.3°, 60°, 120°, 144.7°
11 a 2 b 0.2 | 11 a Proof b 4
12 a Proof b —30°, 150° 12 a Proof b —2?“, —g, g 2?"
13 a 19.1°, 199.1° b 70.9°, 250.9°
) 13 a Proof b _5_1c, _E, E, Bl
¢ 5.9° 185.9° d 150°, 330 6 6 6 6
14 a 384° 111.6° b 184° 116.6° 14 a Proof
¢ 16.0° § 35.0° sin360 = 3sin6 — 4sin’ 6, cos26 = 1—-2sin’ 9
e 18.4°, 26.6° it 74.1° ¢ Proof
\/g _1
15 22.5°, 112.5° d —==
16 Proof 15 %13 <0< 4_7'5
P+qt-2 ; 3
17 — 16 210° <60 < 330°
. | 17 Proof
Exercise 3C
1 a sinS56° b cos68° ¢ tan34° 18 a Proof
24 7 b 0°<x<45° or 120° < x <135°
2 a E b —E
19 45° <0 <135° or 225° <9 < 315°
24 44
c - = d - — -
7 17 Exercise 3D
R] a % b - % 1 a Proof b Proof ¢ Proof
7 24 d Proof e Proof f Proof
¢ 25 d 7 g Proot h Proof
4 a - % b % 2 a Proof b Proof ¢ Proof
24 d Proof e Proof f Proof
¢ = d 2 g Proof h Proof
5 % | 3 a Proof b Proof
6 a 14.5° 90°, 165.5°, 270° 4 Proof
b 60° 300° 5 Proof
¢ 48.6° 131.4° 270°
6 Proof
7 a 30° 150°
b 33.6° 180° Exercise 3E
¢ 30° 150° 1 a 17sin(8 - 25.07°) b 64.1°, 172°
d 33.2° 90°, 146.8° 2 a J12cos(6+56.31°) b 12.6° 234.8°
e 39.2°, 90°, 140.2° )
3 a 17sin(0-28.07°) b 38.2° 197.9°
f 24.9° 98.8° 2
c
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Answers

4 a 2\/ESIH(9—56310) b 80.9° 5 41.80, 138.20,194.50, 345.5°
¢ 49,3 6 a Proof b 30°, 330°
5 a Ssin(6+53.15°) b 103.3°, 330.4° AD Proof
¢ 2 b 61.3°, 118.7°, 241.3°, 298.7°
n
6 a 2005(9 —g) b Proof 8 i Proof i 18.4°, 26.6°
7 a 4J5sin(26 + 26.57°) 9 a Proof b 35.8°, 125.8°
b 66.9° 176.5°, 246.9°, 356.5° 10 i R=+10, o = 18.43°
c 1 ii 34.6°, 163.8°, 214.6°, 343.8°
8 11 a Proof
8 a /3cos(@+54.74°) b 70.5°, 180°
NG)
1 b i —
c — 2
6 i 159, 75°
b4 23n
9 a \/5008(94‘2) b F 12 a Proof
¢ F<k=<d b 2JI3 cos(6—56.31°)
c 52

10 a /10sin(6—71.57°) b 32.3°, 290.8°

¢ 1+4/10, 80.8° 13 i R=2J13, o =5631°
11 a 3cos(6 - 41.81°) b 41.8° ii 80.9°, 211.7°
e 300.6° iii 60, 8
12 a Proof b Ssin(6 + 53.13°) 14 i Proof i Proof
¢ 115.3°, 318.4° iii 0.322, 0.799, —1.12
13 a /3sin(6 +60°) b 84.7° 335.3° 15 a Proof
14 a 1045 10-5 b 60° 104.5° 255.5°, 300°
16 a Proof b 21.8°, 161.6°
b 18.4°, 45°, 198.4°. 275° 7 a Pk b Ssin(2x + 36.87°)
¢ 71.6° 161.6°

End-of-chapter review exercise 3

1 Ry Cross-topic review exercise 1
2 0.631, —0.369
3 7
3 i x=- i 0.222
0 6
B 4 i - % i ~0.569
5 A4=85b=16
6 i 1.77 i +1.77
2 1318° 7 i n=150, C=6.00
3 _g ii 7lnx+1Iny=InC islinearinIny and Inx.
4 0° 131.8°, 22%.2°, 360° 8 0405, 139
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9 0=135° ¢=063.4° or € =53.1°, ¢ =161.6°
2 4

10 -z, 2 i —0.161
375 .

1 i a=-16 =, —-=,3
1 a 11 2 2

12 i a=-4,0=6
ii quotient = 2x — 4, remainder = -2
13 i R=410, a=71.57°
i 61.2° 10.4°
i4 i Proof
i (x—2)dx+1)
iii 2
15 i a=6,b=-3
i (x+D@Ex+D2x-1)
16 i a=-17,b=12

i x=-3 x=—, x=1

Wb

17 i a=15=-10

ii quotient=x-1 x=1 x=2, x=-4

18 i a=19, b=-36
i (x+2)(x+3)5x—6), 0.113

19 i quotient = x> +2x + 1, remainder = 5x +2

ii p=7,¢g=4
iii x =-1
2 9
20 i 2 .9
i 3 ii 20

21 i 29sin(20 +21.86°)
i 13.1°, 55.1°, 193.1°, 235.1°
1
116
22 i a=2b=-5

iii

ii a Proof
b 109.5°

Prerequisite knowledge

6 1
1 1552 + 5+ —
TN TR

b §x4—4x—%

2 2x

2 a 12(3x-5)

4
3

(1-2x)2

3 x-5y=16

4 {0, 2) maximum, (2, —=2) minimum

Exercise 4A

1 a (6x-2)(x-2)* b 52x+1)>(8x +1)

3x+4 d 3x+9

2Jdx+2 2dx+5
x2(7x = 3)
V2x -1
(13x2 +2)(>7 +2)?
24x
g (x-2)(x+2)*(Tx-11)

h 22x — D*(3x +4)3(27x + 14)

i 203x% +1)(15x% = 30x + 1)

2 -15

3 lox+y=32
4 5

5 -1,=-.,3
=

c—1)2(5-2x)+3

b 2
Exercise 4B

11 1
1 - b —
(x —4) (2-x)
2(x* = x+3) 1
(2x —1)? (2 -5x)?
_2@x+D _ 20X
{(x +4)° (x2-1)°
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Answers

13x% +30x - 35 4 a xe*+e’ b 3x2e3 + 2xe3"
(x? +2x+5) x
¢ e2%(5-10x) qa S@x+D
2042 4125 1) Jx
(x2 +D* o eb¥(6x — 1) P e 2¥(4x +1)
2 1 x? 2xJx
4 3e* 3x 6x 3x
g — 3 h 3xe™ +3e™ +e¢
3 (—6,-7),(1,0) (e +2)
. 2x%e’ +5xe’ +2xe? —e¥ -2
4 (25 1)5 (85 _5) 1 (ex + 2)2
4
5 y=9x-4 5 _Z
9
—Sx -1 x+4 1
6 a —F— —— h — 6 1L-=
2Jx(5x - 1)? El ( ) )
Pr(x-1) (2x +3)2 e
x(x? +1) g S=DAx+13) 7 y=3x+3,(10)
- 3 3
(x?-1)2 2Ax+2)2 8 (3,--¢’) minimum
73 S (1, ¢?) minimum
8 = 10 a x =0 minimum, x = 2 maximum
9 a 315 b Proof
b o -1, -2
S 33 11 1 | 1 !
x=l-—,x=1+—
Exercise 4C V2 V2
1 a 5 b -4 12 (% , 2)
¢ 125 d —15e7% 13 Proof
X
e 2e? f2e>7 14 3+3In3
2xe* 3 h 2+ ﬂ
g 2/x \
s5der N . . Exercise 4D
i —+2 i 6e 1 1
2 1 a — b —
k 3’ - e 1 10xe™ —10 . Y
c 2 d 2x
2 a, 2x+1 2l
4 1
0 f
¢ o 2(x-3)
5 1
h 3——
& x+3 X
2 1
5o .
/ ! 2x—1 ! xInx
K i | 1+5x
b y=-x+2 \/;(\/}_2) x(5x +Inx)
3 0.0283 grams per vear
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2 Possible justification: In3x = In3 + Inx and o 1 1
In7x =In7+Inx x=2 x+4 x-1
d d 1 2 1
4 — %3 — 2 h - 2% _
dx(ln3x) d_v’\lnj+lnx) 0+xand T+l x-2
d . ,._d 1 A S S
a(ln7”):(§(ln7+lnx)=0+; x+2 2x_1 X x+5
|
1 a 4x b 9x2 +2
3 a l+lnx b 2x%(1+3lnx) 2x% -1 3x3 +2x
2X L nQx+1 d 3(1+1In2x) ¢ x4
L CAR (1+In2x) (x+)(x-5)
e LJrln(ln)c) f ]—_l—r‘—sﬁ 12 =
Inx x?
_# E H E
g x(nx)? xercise 4
3x = (3x = 2)In(3x - 2) 1 a cosx b 2cosx —3sinx
h /= 7 2 2
x2(3x =2) ¢ —2sinx —sec’x d 6cos2x
24 =1 = 42x + Din2x +1) e 20sec?5x
PNy 12 .
Cx+Dldx-1) f —2(3sin3x +2c0s2x)
4 a vy 3 5 T
4 v=3 Y= @y 3) g 3sec2(3x +2) h 2cos 2v+%
. : . n
: i -6 3y —
| ; i sm( X 6)
; 2 a 3sin’xcosx b —15sin6x
0 ] A 3 7 ";"\ ¢ 2sinx(l+ cosx) d 4sinx(3 - cosx)?
; e 12sin( 260 7 Jeof 264+ 7
: 6) 6
-2- : f —12co.xfxsinx+8tan(2x—%)secz(2x—g)
2
b 7 3 a xcosx+sinx
5 _38 b 5(cos3x — 3xsin3x)
6 2+4In10,3+2In10 ¢ seerxwoxtany
d cos?2x(cos2x — 6xsin2x)
7 (»i..—,—zi),minimum e 15tan3x sec3x f secx(xtanx+1)
Je e
: xsec’ x — tanx p _L+2c0sx
3 (e, E)’ maximum & x? (2 + cosx)2
(3x —1) cosx — 3sinx
9 =5x-5 —
= ! Gx—1)
i o N3
10 a 5 b 3 i —6cot2x cosec’ 2x
2(5x -1 3x+2 k 3(1-2xcot2x)cosec2x
- P — 2
x x+1 2x+3 x-1 I ——
sin2x —1
3 2 | 1 1 ; ) !
¢ -1 - f T Yo v1a 4 a cosxe'"” b —2sin2xe?*
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Answers

29 atan3
¢ 3sec”3xe™ e 18x2y2d—y+12xy3 f 2yd—y+xd—y+y
. EN dx dx dx
d (cosx + sinx)elin<—eos)
g 3x2—7xd—y—7y+3y2d—y
e (cosx—sinxye* dx dx
f (2cos2x + sin2x)e* h xcosyd—y+siny—ysinx+cosxd—y
(2cos2x +sin2x)e dx dx
g e*(cosx —3sinx) i x—3d—y+3x21ny
2 : y dx
L x7(3— xsinx)e®~
i —2xsin2 d + cos2
i —tanx Y dx Y
i xcotx+ In(sinx) k Sd—y+excosyd—y+exsiny
. dx dx
k — 2(sin 232:+1C0s 2x) I —2xsinye®™” (% + 2e%Y
| (1-2x) s1n22)i+ 2xcos2x . 32 +2y b 5-2xp
s € 2x +3)7 X%+ 2y
Ax +5y y2-Iny)
c - d ———=
6 2J/3-6 Sx+2y X
o 2D P
7 I T 3e*y? +2 2xp% + x
63 4
g —2 p 2O+
8  Proof 2 -3x)° x(2 = 5xy)
11
9 a tanxsecx b —cotxcosecx 3 - 75
¢ —cosec’x 4 3
10  Proof 5 _1 e 9
YTy
11 y=-133x+129
3 5
6 y= 3~ + 3
12 0.464, 2.03
7 a Proof b (-1,5),(1,-5)
13 x= E, maximum
4 8 a (418),(4,-2) b Proof
14 x= kg ¢ y=4x+2
8
9 a Proof b (1,2)
15 x= T , minimum
i2 10 - 44
I 5w n 21
16 x == maximum, x = — minimum, x = —- 6
6 6 6 11 ( B _3)’ (_29 0)
maximum, x = 2T minimum
6 12 5x-8y=1
17 0452
13 ¢!
Exercise 4F
ercise 14 (-4, -8) mintmum, (4, 8§) maximum
1 a 5° % b 3x%+4y —i
Exercise 4G
¢ 10x+ ld d cosy (7
y dx dx . 1 2 - 2sin26
a — p 2=
3t cos26
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sin20
1—cos26
sin@
e ————
sec” 0
g 2sec? 6
sin20
A
—t e (t+3
P gy
I _Sk‘_l)
Py
y _3’l
3
3 33
4 (2,4
5 x+4+y=2
6 a Proof
7 a Proof
8 a Proot
1
9 =-—x+4
Y 3 X
1 a Proof
11 a Proof

b (1, 2)

N

d 4cos260
3sec? O
sin26
sin@ — 2sin260
h —e? -1
i 2e'(r+3)
] A
Jt

4
b 4,——1)
(e e’
b (1,2)

b 6, minimum

¢ Proof

b Proof

End-of-chapter review exercise 4

1 i Proof
2 i 4
3 i Proof

iii (e, 4e2+2)

4 i 5
5 i 5x+4y-6=0
6 i Proof

7 y=2866x-253

8 i Proof
. 13
iii — —
9

9 Sx-9y+22=0

10 i S
JIi=-x (x+1)
dy
11 — = —cost
ix cos

ii Proof

ol

ii (i,0)
2
25
ii Proof

ii

i -3

ii Proof

ii 0.294.1.865

ii x=

N | —

iii (-3,-2)

N
@meatics: Pure Mathematics 2 & 3

12 i Proof i (5.47,0.693)
13 i Proof ii k=5 c¢=68
Prerequisite knowledge
1 a 6cos2x+ 5sinx b 5S¢’
2
2x +1
2  Proof
Exercise 5A
1 a l e + ¢ b - l e+ ¢ 2e¥+c
2 4
1
d 82 +¢ e —2e " +c¢
i —eXyc g 1 e lie
2-3x . 1 8x-3
h —2e¢ +c i 1 e +c
2 a x-et+c b %e*(e3x+8)+c
e4x
c x—ezx+T+c d x-2e>+c
e % e‘z“‘(ex -4)+c f x—2e2+4e ¥ +c
3 a l(e6—1) b l(ez—l)
3 4
c %5 d % e(e® —1)
e o2 f l(—3+4e+e2)
e 2
g %(—17+6e2 +8e? + 3e*)

1925
2 2e

4 y=3e"-2e+1
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2 2et e?

b 1+2¢3

b 7



Proof

llnx+c

2

3In2x -5)+¢
3

Eln(Sx -1+c
%lnB

1,7
29

-In9

ln2—7
25

b Proof

Quotient = 3x + 10, remainder = 50

%sin4x +c
—1 %cos2x +c
5tan2x+c

- %cos(Zx +1)+c

(V3m-3)

10 6-7In2
11 a 1
Exercise 5B
1 a 6lnx+c¢
c %ln(3x+1)+c
o —%1n(2—3x)+c
7
2 In—
a n2
c ElnE
2 3
e —élnz
2 314
5
3 a 12+§ln?
¢ 4+1n81
4 a A=2
5 a
b Proof
6 y=x>+3In(x+e)-3In2e
7 k=4e*-3
8 (2In2, 2In2-13)
Exercise 5C
1 a —%cos3x+c
c —2cos§+c
5.
e gsm3x+c
g —%sin(]—Sx)+c
) %tan(Sx—2)+c
3
2 ~
tg
c V3
2
NE)
1= Y2
¢ 4
3 a xcosx
3 T
4 y—x+50052x—z
5 ypy=3sin2x+2cosx—-2x+m-3

6 a

Answers

b1
=5-2 Ix — =
y cos( X )

b x+2y=10—2ﬁ+§
T
7 5+\/§
21
8 -
4
9 a l(\/§—1) b Proof
2
10 a %(ﬁ—ﬁ) b Proof
Exercise 5D

1 a
b

f
2 a
c
e
3 a
C
e
4 a
5 a
6 a
7 a
8 a
9 n(
10 a
b

—x+§sin2x+c
2 4

2x +2sinx + ¢
lx—isin6x+c
2 12

2tanx — 2x + ¢

2tan3x — 6x + ¢

3 1. 1 .
3 X+ Zs1n2x + 3—2s1n4x +c
n 3 T
N2 2/3-2
6 8 b 23 6
3 on 2+1
8 6 4 6
1 1
g(2ﬂ-3\/§) f g(3\/§—n)
1 1
o5 (2m-53) b (6+2m+33)
1 St 9
§(2+57C) d ?—Z— 3
1 5J3
27 (21 +1143) =
Proof b Proof
Proof b Proof
Proof b Proof
Proof b Proof
Proof b Proof
51
2+ T)
Proof ¢ Proof
Proof
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Exercise 5E 14 i Proof il xsinx iii 1
1 a 522 b 17.09 ¢ 0.92 15 i Proof ii Proof
d 5.61 e 040 f 7.68
2 1.55
3 a 676 . Prerequisite knowledge
. . . 35
b Over-estimate since the top edges of the strips 1 57 b —48.7505...
all lie above the curve
¢ 0.223130 d 5.405465
YA
2 a x= y-13 b x=—y+7
4 3
c x=35 1+y
27
> 3  Proof
o T X
2 4 x=2,x=5
4  1.77,under-estimate since top edges of the strips
all lie below the curve 5 a A
5 4.07, over-estimate since top edges of the strips
all lie above the curve )—
. . 0 X
End-of-chapter review exercise 5
1 Froof
2 12+ ln( 81 )
25
3 1.81, under-estimate since top edges of the strips b A
all lie below the curve
1
4 —
12 —>
5  Proof 0 n X
1 3 T\\/-\/
-2k -3k
6 a 6(19—156 - 4e7%) 4
19
b —
6
7  Proof c b
8 a 4=-20 b Proof /
9 i Proof ii Proof 5, 0 > 6 :\
0 a 12e*+ % e +c b Proof
. .. .\
11 i Proof ii R + 1 16
12 i Proof ii Proof
iii — lco‘[ X +c
5 oot
13 i ltan2x + 1 X + ‘i*in4x +c
2 2778
ii In(16e*)
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0 1 2 X
c JA
1_
g- o Y

Exercise 6A

1 a v4

-1 O

b 2 points of intersection so 2 roots.
¢ Let flx)=x>-JI+x =0 then

f(-1) = (-1)> - ST+ (=1) =1 and
f(0) = (0)* - 1+ 0 = —1. Change of sign
indicates presence of root.

Y

Answers

by \
20
y=x3+5x2
10
+ 0 x
y=5—2x

3 points of intersection, so 3 roots.

Let f(x) = x" +5x> +2x-5=0 then

f(0) = 03 + 5(0)> +2(0) = 5= -5 and

f(2) = 2% +5(2)> + 2(2) = 5 = 27. Change of
sign indicates presence of root.

YA

=Y

y=1—5x

One point of intersection so one solution only
of x* +5x—1=0.

Let f(x) = x> +5x—1 then

£f(0.1) = 0.1> + 5(0.1) = 1 = —0.499 and

£(0.5) = 0.5% + 5(0.5) — 1 = 1.625. Change of
sign indicates presence of root.

YA y=3x-4
y=In(x+1)

11 /0 4 x
3

b la(x+1)=3x-4 in 2 places and so

In(x +1)=3x+4 =0 has 2 roots.
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5 a One point of intersection for —0.5 < x < 0.5
and so only one root in this domain.
8§ a YA
y= Sinf\
—t > 21 —T 0 X
ZEC x
y=2x+3

Graphs intersect at 2 points, so 2 roots.

ot f(x) e¥ — 5 the One p01nt of intersection for —2n X

f(2.0)=e?>-2-6=-0.610... and and so only one root of 1= 2s1n+x3 on this
X
f(2.1) = e>!' =2.1-6 = 0.06¢1 ... Change of domain. Also, should x be less than —21 or
sign indicates presence of root. should x be greater than — E, the line and
6 a Letf(x)=(x+2)c"-1=0 curve will not intersect again and so this is the
then f(0) = (0 + 2)e’ —1=land only point of intersection of y = 2sm+x3 and
f(=0.2) = (<0.2 + 2)e~! =1 = —0.337 ... y=1 Y
Change of sign indicates presence of root. sin x
b Let f(x) = —1=20 then
b 7}; — e 2x+3
sin(—2)
f(-2) = —1=-0.09070 ... and
(2)=7413 an
—_— in(—1.9
> f(~1.9) = % ~1=0.1828 ... Change of
sign indicates presence of root.
9 a YA
y= X3 +4dx
Graphs intersect at | point, so 1 root only.
7 a Letf(x)=cos™' 2x—1+x=0 then
£(0.4) = cos 1(0.8) =1+ 0.4 = 0.0435... and ‘7
f(0.5) = cos™' 1 -1+ 0.5 = —0.5. Change of 7 éi
sign indicates presence of root. y=Tx+4
h A One point of intersection for 0 < x <5 and so

only one root.
b Let f(x) = x* —3x—4 then
/- f(2) =23 -3(2)-4 = -2 and
f(3)=3*-33)—-4 =14

T

2 \ Change of sign indicates presence of root.

Copyright Material - Review Only - Not for Redistribution



Answers

10 YA 13 A
y=x+4 y = cosecx
y =27 y= Sin.x >
> o T 2n x
/4 0 x
Two points of intersection, so two roots. 2 points of intersection for 0 < x < 2w and so
Let f(x) =2 —x—-4=0 then 2 roots.
f(2.7)=2>7 —=2.7-4=-0.2019 ... and Let f(x) = cosec x — sinx
f§2.8? = ‘22'8 —2.8-4=10.1644 ... Change of f(3_n)= cosec3—n B sin3—n ~0
sign indicates presence of root. 2 2 2
1 iy 37n = 4.71 correct to 3 significant figures.
14 f{x) = 20x* + 8x> — 7x — 3 and so
£(0.5) = 20(0.5)> + 8(0.5)> — 7(0.5) -3 = -2
and f(1) = 20 + 8§ — 7 — 3 = 18. Change of sign
indicates presence of root.
o x " y=(5x-3)Q2x + 1)
One point of intersection so one root.
Let f(x) = cotx —x? then >
£(0.8) = cot 0.8 — 0.8%> = 0.3212... and
f(1) = cot1—1%> = =0.3579 ... Change of sign
indicates presence ot root.
12 Proof
4
is 800 = 37 +r2(20)
f(r) = 7r? + 30mr? —1200 = 0 and
f(3) = —266.946 ... and f(4) = 509.026 ...
Change of sign indicates presence of root.
Or a suitable pair of graphs drawn.
3 points of intersection for 0 < x < 27 and so Exercise 6B
3 roots. 1 a 1.1338, 1.1085. 1.1276, 1.1133, 1.1240
b Let fx) = x~tan2x = 0 then b 112, f1.115)= (11157 +5(1.115)=7
f(2.1) = 2.1 - tan4.2 = 0.3222... and ’
f(2.2) = 2.2 — tan4.4 = ~0.8963... Change of =—0.0388 ..., f(1.125) = (1.125)* + 5(1.125) -7
sign indicates presence of root. =(.0488 ... Change of sign indicates presence
ot root.
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N

f1)=In(2)+2-4=--1.306...
f(2) =In(3)+ 6 — 4 = 3.0986 ... Change of

sign indicates presence of root.

b 1.535

a Proof

b 0.7231,0.6142, 0.6584, 0.6387, 0.6472,
0.6435, 0.6451, 0.6444, 0.6447 so 0.64

a Proof b 0.5382

a Proof b Proof

c Lo 0.23448, 0.24034, 0.24169, 1.242 00,

15
0.24207 — 0.242

or % — 0.24656, 0.24311, 0.24233, 0.24215,

0.24210 — 0.242
or 0.2 — 0.23274, 0.23982, 0.24157,

0.24197, 0.242 06, 0.24209 — 0.242

0.6325, 0.3345, 0.7416, 0.7885, 0.7658,
0.7771, 0.7716, 0.7743, (0.7730, ...) = 0.77

X +5x24+2x-5=0

Proof b x,.=4%41+x,

1.2574,1.2258,1.2214,1.2208, 1.2208...->1.22

' orsa = [

X, \ sin X,

Xp4l = Sin_l(

X = sin‘l(%) — 0.4605 ..., which leads to
X
inverse sine of a value > 1.

1
sin x
1.07004, 1.067 69, 1.068 38, (1.06818, 1.06824,
1.06822) — 1.068

> 1.00125,1.08970, 1.06210,

X =

2.0794,2.1192, 2.1390, 2.1489, 2.1538, 2.1563,
2.1575,2.1581 = 2.16

x?=e* -4

Proof

1 —1.5,1.2603,1.3713,1.31%6, 1.3434, 1.3317,
1.3372,1.3346,1.3358,1.3352, ... = 1.34

or 1.4 — 1.3053,1.3497,1.3287, 1.3386,
1.3339,1.3361,1.2351,1.3356, ... — 1.34

or 1.2 — 1.4607.1.3050, 1.3499, 1.3286,
1.3386,1.3339,1.3361, 1.3351,1.3356, ... = 1.34

11

12

13

14

N
@ggmematics: Pure Mathematics 2 & 3

In(x, +1)
In(1.5)
¢ A(3.94,3.94) > 0A4=5.6

b eg x, =

a 33-Zr b Proof

¢ Proof

d 8— 8.05869, 8.03200, 8.04419, 8.03863,
8.04117, 8.04001, 8.04054, 8.040 30, 8.040 41,
(8.04036, 8.04038), ... — 8.040

e The radius of the cone that would give a
container of the required volume

X3 +1

2 s o= 0.39,
7

Xpa1 = J7x,2 -1 > B= 698
a Proof b Proof
¢ 09082 ..., 09015..., 0.9069..., 0.9026...,

0.9661..., 0.9032 ..., 0.9055 ..., 0.9037 ...,
0.9052 ..., 0.9040 ..., 0.9049 ..., — 0.90

c.g Xn+l =

d eg x,. =tan"! (L) — 0.9063 ...,
sin X,

0.9038 ..., 0.9048 ..., 0.9044 ...,
0.9045 ..., 0.9045..., — 0.90

Exercise 6C

1

a Proof
b eg x,., = §+ 2 with x = 1.5 — 1.574681,
e<'n

1.567522, 1.568184, 1.568122,
1.568128 — 1.5681
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2 a Proof

b eg 1.5—>1.432164 1.407497,1.398602,
1.395404, 1.394256, 1.393844, 1.393696,
1.393643 — 1.394

c (8,-6)
3 a Proof

b cg x = % —1,0.9093, 0.9695, 0.9330, 0.9567,
0.9419, 0.9514, 0.9454, 0.9493 — 0.95

4 a Proof b Prcof

¢ 0.3 0.257594,0.273768, (.267 462,
(0.269900, 0.268954, 0.269321,
0.269179) — 0.27

d 0.00730 correct to 2 significant figures

End-of-chaptei rzview exercise 6

1 a 1.5 1.5397, 1.5546, 1.5606, 1.5632, 1.5643,
1.5647, 1.5649, 1.5650, 1.5650, ... — 1.57

4
b x=%(x+%)—)7x=6(xx:1)—>

Ix*=6x*+6 o5 x*=6>a=%96

2 al2 b Procf

¢ e.g 1.5— 21985 1.7717, 2.0039, 1.8688,
1.9445, (1.9011, 1.9256, 1.9117, 1.9196) - 1.9

3 a Proof

b flx)=e>-14+x>=0 - (0.5 =
20+ 14 4(0.5)> =-6.4859 ... > f(1) =
e _ 144+ (1)> = 7.08553 ... change of sign
indicates presence of root.

¢ Proof

— 3y
In(14 2x,,) L i
x = 0.75 — 0.804230, 0.800597, 0.8002858,
0.800839, 0.800840, ... — 0.8008

d eg X, =

4 a 1—1.18251.1692,1.1662,1.1657,
1.1656, ... > 1.17
b Proof

5 a Proof b 3and 4

¢ 3 —3.09861 2.13095, 3.14134, 3.144 65,
3.14570. 2.14604, 3.14614, 3.14618, ... — 3.146

d x=5"=3.146, y = logs 3.146 = 0.71

10

11

12

a

b

Answers

Proof b Proof

€.g. 1.5 —1.3083,1.3689,1.3495,1.3557,
1.3537,1.3543, (1.3541), ... - 1.35
-1.35

6x ¢

[1n(3x+5)+e_} 06
3 3

0.2 - 0.164717 ...,0.16589 ...,

0.165857 ..., (0.165858 ...),— 0.166

Proof

1 —1.06366,1.07202,1.07311,1.07324,
1.07327 -5 1.073

Proof
3n
f(0)=6—-cos™! | = = £(0.8) =
{(A) =06 -cos 328 0 — (0.8)
3n

0.8 —cos™! |[———— =-0.11882... ,f(1.2) =

% \32(0.8) - 11.2)
12— cos™ |- — 0.1475 ... Change of

32(1.2)
sign indicates presence of root.
1 — 0.99715, 0.99622, 0.99592, 0.99582,
0.99579, 0.99578, 0.99578, ... = 0.996

e.g. f(x)=e"? —sinx = 0 — f(0.155) =
eX155-2 —5in0.155 = 0.00364 ...

£(0.165) = e*10-2 —5in0.165 = —0.00463 ...

Cliange of sign indicates presence of a root.

e.g. e* 2 = sinx (take logs to base ) —
x—2=In(sinx) > x =2 + In(sinx) —
¢ =2+ In(sing) when x = ¢.

e.g. 2 — 1.9049, 1.9431, 1.9290, 1.9344,
(1.9324,1.9332,1.9329, 1.9330, 1.9329,
1.9329) — 1.93

Proof

e.g 1.2 51.29439...,1.23493...,1.27370 ...,
1.24893....,1.26498 ...,1.25467 ...,
1.26123...,1.25704 ..., (1.25981...,

1.25802...,1.25917...,1.25843 ...,
1.25891...,...) > 1.26

Proof

Proof
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¢ eg f(x)= secx—(g - X J(% +x) 9 i j—y = ¢ ¥ (sec’ x — 2 tanx) = e >*(1 — tan x)?
Z X
T - ii ¢ >0and(1-tanx)’>=0
f(—0.215)=sec(-0.215) —(5+0.215)(Z—0.215) :
= 0.00495... =y
. - 10 i Proof
f(—0.205)= sec(—0.205) —(— +0.205 )(— -0.205 \
2 4 / ii a 242 b 3
=-0.00928...
0.00928 1 (S3a.-a)
Change of sign indicates presence of root. 12 i Proof i Proof i 1.54
d 1—0.4102,0.6822, 0.6936, 0.6913, (0.0918, . . 1 1
13 i Proof i y=—=—x+—
0.6917, 0.6918, ...) — 0.69 2 2
. 11 .. 5
13 a Proof 40 - X V3 S
b 0.2 — 0.30889,0.31479, 0.31509 15 i Proof ii Proof
31511 31
031511 0.315 iii Proof iv Proof
14 a [xhx-x['=5 16 i Proof i (23 i —g
b 5— 559201, 5.572 41, 5.572 39, 17 i a=9 ii 8e—14
3.572 39 = 5.572 18 i Proof i (=2, —1), (0, 1.44)
. . . 19 i Proof ii 0.678
LoEDX
Cross-topic review exercise 2 20 i A x—3et4c
L Proof 3sin 2x | 3x
b +—+c
4 2
T T i 4.84
6’3
. . 21 i VA
3 i Proof it (In3,-2) /]
4 i Proof ii 2x—-5y+8=0 /
5 a 0.1
b x+4de¥ -2 +¢ /0 >
6 i yT / \
N ii Proof iii Proof iv 1.26
22 i YA
ii Proof iii 4.84
(0] —_—
7 i Proof ii Proof
8 i Proof ii Proof
iii a 0.66
ii 1.854 b 248
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23 i
ii
24 i Proof
ii a 1.11,2.03

2% 1 Proof
ii a -0.572, 0.572 b —mn-+-—
26 i Proof ii Proof

27 i 0.362 or20.7° 1.147 or 63.77°
ii 33

Proof b (-5.15, =7.97)

28 i Proof ii Proof iii 2.728
29 i Proof ii a=2 b=-1
i 4-3v2

7 Further algebra

Prerequisite knowledge
1 a A=6,B=-3,C=-9

b A=—1,B=—§,C=4

2 a l+14x+84x2
b 243 —810x + 1080x2

3 Quotient = x — 5, rernainder = —11

Exercise 7A

20 b 3
2x—51 ; 3x+2
2
R TR
dx +7
x> +2x+3
30x+11

Tx+2+—5—— f x2+l-
(4 X x2—5 X .

2 A=1,B=4C=12,D=29

1 a 4+

d x+2-

3 A=1,B=-1,C=6,D=-6, E=5

4 A=2,B=3,C=-1, D=6

2

6
+1

Answers

Exercise 78

1

a

4 2 5 3
+ b
x+3 x-2 x—-4 2x
7 6
x—1 3x+1
1 1
2(x-3) 2(3x-5)
23 4
X x—-1 2x+1
2 2 1

2x+3_x+2+x—3

2 4
X+2 (x+2)?

3 4 2
2x+1 x+1 (x+1)7
23 1
X

x—l_(x—l)2
5 .4 1
2x -3 2x+1 (2x+1)

3 3 .3
16(x+2) 16(x-2) 4(x—-2)
2 2 1
9x+2) 9x-1) 3(x-1)7
2 3
x x2+1

3,2
2x+1 x2+5

1 2
3x+5 2x2+1

i3
2x+5 3x-=5
3 2

24+ —=
x—-1 x+2

N 7 3 7
4x-2) 4x+2)

3x-1
-4+ +
x—4 x*+1
T L __2
2x  x—-1 (x=1)7

1

2+

A=2,B=-3,C=4, D=-1

1

i)

Cx-D(x-2)Xx+1)

5 3 1
2x—-1 x-2 x+1
(2x + 1)(x = 3)?

21 + 3
2x+1 x-3 (x-3)
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8 a a=-4,b=-3 8 a=2b=-5
b (2x+)(x+3)(x—1) .
. 6 _—32__ 10 9 a C':—E
x+3 2x+1 x-1 b 1+§x+§x +§x +£x4
9 1__ 1 2772 4 16
X x+2 A
10 =-9,a=5
31 1 3was | =
:;; (n+1) n+2 2(l’l+1)(l’l+2) 11 a a=8 n=-3 b —=5120x3
2
1 .
10 Telescopingseries,Sn:l[l——1 + ——], Exercise 7D
212 n+!l n+2 1 1 3 |
1 1 o x+2 X 2x |x <2
S.=5 e ST
I 2 4 5
b —+—x+-—x>+—x, |x|<>
. sTs s T v =5
Exercise 7C 1 PR B
, € 3—ox—— o3 |y <9
1 a 1-2x+3x2 -4y x| <1 ¢ 216 3888
1 1 8
o 1] 24+ —x——x24+—3 2
b 1-3x+9:7 — 27, || < 3 24 gx— ot o ] <3
2 3 ! e i+ix+§xz+ﬂx3 | x| <3
¢ 1+8x+40x +160x,|x|<5 7 7 81 729 X
3 5 1 16 84 64 5
d I-2x+2x2-2x% x| <2 f —— - LA L N
PR e 5 65 Y T3 Y Tans YT
e l+x lx2+—x3,| |<l L1
2 2 2 a ———x2+—x% x| <2
2_3 .3 1 4 4 16
f 1-x—-x"-=x",|xI<=
: : 1 b 2-t2_ L | x| < 8
g 2+16x+96x2+512x3,|x|<»;r— 4 3277 3
‘ 153 153
h 1—9x+42x2—152x3,!x|\% ¢ 9V3-—= Xt e ==t x| <3
i é 2 3| l 9
1 1+2x+2x +4w,|_x’|<2 3 2__5_v+2 2+ 67 3
6 72 2592
_ 2 \(A'. <
2 a I=3x byl <l 4 a i-Fl)c+lxz,l—6x+27x2
b 1—2 322 < 248
SE2 o < —
3009 V2 b Lo T2 y<]L
¢ 1-6x%+6x%, |x|<5 2 4 8 3
75 125
3 243x+S4id 34 S a_z’b_R’Tx
2 4
6 a=-2
4 a Yes,(3x—1)2=(=1)2(1-3x)2 = (1-3x)2 “
) 2 4 8
b No,2x—-1=+-1J1-2x and /-1 isnota 7 a 1_;+F_"_3 b Proof
real number. . E_Lz_.ﬁ__ﬁ
5 —1—6x—24x% —80x3 2 4 8 16
6 Proof d —<1givesx<—2orx>2,§‘<1gives
roo x|
-2 < x < 2. The two ranges do not overlap.
177
7 k=—
2
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Exercise 7TE
1 23
1-x 1+4+2x
b —1+8x-—-10x2 +26x3
) a 2 1 3

+ —
1-3x 1-x (1-x)?
b x+10x2 +43x3
5 3x -1

—+
S DRV

b 4+8x+7x%—x3

6 5
—
1+2x 2-3x

237
p =22

8

3 3

4 x+3
7 91 ,
X

a 1+

x—
_7 —
4

FRTRRTT
5 1 3
+ -—
x+1 x-2 (x-2)
15 69 ,

T—6X+EX

ctnd-of-chapter review exercise 7

1

10

11

1+ 8x + 40x% + 160x3

1—2x—4x2—%x3

2 —7x +18x2

1+2x—%x2

3,27 5 135 4

N R
5(x—1) 5(x+2)

13 k=16
1 3 12

12

14 i

i ———x+-x

15 i -

i

16 i -

ii 3x—3x%-3x

8 Further calculus
Prercquisite knowledge

1 a 3cos3x

5
5x -3

C

1
2 — e+l 4
a 3 € C

c %ln(3x “2)+e

3 a 3 + ]
2(x+3) 2x-1)
5 5 5
x x-1 (x=1)7
Exercise 8A
2
1 s
T Tt
¢ S
x2+9
e 2x
x*+1
2 a o +tan”! x
b 2x — (4x% + 1) tan~! 2
x2(4x7 +1)

c ¥ ( 21+1 +tan‘1x)
X

3 x-4y=2-n

34T
5
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2
2xe* +1

2sec?2x + Ssinx

=

——ésin4x+c

il \S]

—tan3x + ¢
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Exercise 8B

1 a %tan‘l(gj

c %tan‘l(2xl
¢
e ﬁt'&!lf1 2\/§X
6 3
T I
2 i\ A b =
“ 2 4
3 2n?
Exercise 8C

1 a 2ln(x*-D+c
¢ 2In(x*> =Sx+1)+¢

e —%1n(2—x2)+¢

N

b In(l+sinx)+c¢

d In(sinx)+c¢

f In(l1+tanx)+c

2 a éln(g} b In5
1 5 1 7
C 5‘111(5) d EIH(E)
e %an f In3
3 Proof
4 Proof
5 p=+e?-1
Exercise 8D
1 Jx*-3+c¢
3x+2 1 3
2 - b ——(1-2x*)2+¢
6(x + 2)] g 1=2x)2+c
sin® x 2 3
3 : d —(e*"+2)2+r¢
s ¢ 3(6 )
e x+l—lln(5x+1)+c
T5 05
2 2 9 3
f —0Cx-D2+=@@Bx-D2+¢
g5 G- D27 B =D+
Bl
3 I
4
4 2 b 18In3-16
3
3 5 d 22
c Eln(3+2~«4)

N
@ga\ematics: Pure Mathematics 2 & 3

20 5
e 5 f 3—2(n+2)
( T
g -6\Z7T—3\/§) h E
5 b
4
6 2
15
i
7 -
3
8 6e—§
e
Exercise 8E

1 a %ln(i—%J+c
b 3la{x+2)-In(l-x)+c
¢ 2In(2x% - 9x - 95)

d In(x-3)+2tan' x+¢

e Shn(x+1)+1In(2-x)+ +c
2—-x
f 2x-3In(x—-1)+In(x+4)+c¢
2 a lnm b Inl0
27
93 7
NS d —(t-4In3
¢ In T 10 (1 n3)
e %+1n2 f %(n+ln4)
1 9 3
—+ In4 h 2In>-=
X% i3
9 1
1 hn—=——=
2 3
3 a 1+1n? b 4—1n% ¢ 2-1In2
4 Proof
5  Proof
6 Proof
Exercise 8F

1 a 3xe*—-3e*+c¢
b xsinx+cosx+c¢

1 5. 1
¢ —x*i2x—-=x2+c¢

2 4

d l}sin2x—%xcos2x+ c

l
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%x4lnx—%x4+c

2Jx Inx —4Jx +¢

(¢

)

1
2 — (-2
a T (m—2)

1 3
b Inlo——=1In2-=
n ) n 4
¢ i(e2+1) d In27-2
e 2_ 2 ¢ 8
9 9¢ 25
3 a 2(n2-1y b - (n2—-8)
32
c t-4 d le2
4
e 2 f l(1+e")
2
4 a %(1+2e3) b n
1 26
— d 2-=
M) et
5 lTc(e“—S)
4

End-of-chapter review exercise 8
11

1 2
4 2°
2  4(nd4-1)
14
3 =
9
4 i Proof ii Proof
5 i Proof ii %n - ?
6 i Proof ii 15In5-4
7 i R i
T+l x+3 ii Proof
iii Proof
8 a 3x+ %tan 2x+c¢
1 1 1
b gTC\/? - 5 11’1( ﬁ)
9 i Proof ii Proof
10 i J5-1 ii 24-8e

11 Proof

13

Answers

15
i 4ln2-—
1 n 16

ii p=340

Cross-topic review exercise 3

1

10
11
12
13
14
15
16
17

1+ 15x +135x2 + 945x3

Ly

4—6x +6x% —5x3

i 1+42x+6x32

2
2

i Proof

Proof
a Proof
a Proof

i Proof
SR
2—-x 4+x°
i Proof

1 3

ii 5
. 3,
ii 1—\/§x+5x

1
ii 8+2In—
ii n3

b Proof
b 6.56

ii 2e2-10
ii Proof

ii 1.94

1

+ —_
—x 2(1+2x) 2(1+2x)*
1

3
iii
3

_8
9
18 i 2

X+—=X

2
27
1

3

9. 5

39 ,

i —+-x+—x

4 2

19 a 3

!

16

3 bxti
x—1 2x7-1
b -2+ 3x—x%+9x3

- +
l-x 2-x (2-x)?

15

20 a A=-,B=4C=2 D=-2
a 2 2

b Proof

1 1 1
20 0 =, -1 i~ (23 +1
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22 i Proof i 1 Exercise 9B
1
23 i 5cos(6—0.6435) J38
i a 1.80,5.77 2 ad=2 b ON = 6i+4j+2k
b 2tan(6 — 0.6435)+ ¢ T
c Ti+Zj+=-k

1 a (=3j+ 7k) b 1=3

3 3 3
), -6 2 -8
Prerequisite knowledge 3 ai |ﬂ5| =ld-a|=|| -6 |-| 2 || =]|| -8
1 36.7° (correct to 1 decimal place) 0 0 0
0
2 a yzéx—l b y=--x-6 =128 =82,
2 =
3 a 4cm b 3’?‘— . 13 2 11
2 |4B| =|o-a|=|| 5 |-| 2 ||=|| 3
4 (2, 12) 4 0 4
= V112 + 32 + 42 = 146,
Exercise 9A . 5 13 3
) — (5] 5[ |BC| =|c-b|=|| -3 |-| 5 |[=|| -8
a -3 ) 4 4 0
=82,
b AC =( 10
-1 . 5) (-6 )
. (= D] =fe-af=|| =3 |-| -6 ||=]| 3
2 a EF = 3 4 0 4
oz (2) ()7 e
e L _)_> ii Opposite sides are parallel and equal in

3 OR=PR-PO=PR+0P=0P+PRQED length.

4 a XY=b-aandBC =2b-2a=2(b-a) e — (2] 4 7.5
BC is a scalar multiple of XY, therefore BC is b i OM=04+ 5 AB= 2 +5 3| 33
parallel to XY'. 0 4 2

1 so M(7.5, 3.5, 2)

b k = -2 1
: ii OP=0B+~BD

(12 3 3

N b |4 13 (=6 (13
\\ 0 2 — 5 +% _6 _ 5

6 ai q+s-—p ii p—-2g-r—s 4 L 0 4

b For example, angle AHC = 45° (Interior angle of 13 W —~19 20
a regular octagon = 135° and angle GHC = 90°) =| 5 | % -11 =% 4
and the exterior angle (at A) is 45° and so the line . —4 8
segments AB and HC are parallel. . { 20 4 8)
soP| —, -, =
k=1+42 (37373
7  Proof
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Answers

N

a |2i+6j—4k|= VAT 36416 = /56 = 214
b |04| = VT+4+25 = 30,

|0B| = /5 +16+1 = V26 and 30 +26 = 56
¢ %x 30 x 26 = 195
5 16+(q—2)>=22andso q=2+.6.

= 88.7° correct to

1
)

1 ascimal place.

BOA = cos‘l(

3 6a+(=2)4)+(5)=2)=0a=3

4 a SK2-3(k+2)-(Tk+9)=0
5k* =10k —-15=0 k> =2k-3=0

6 a2 25cm (k+1)(k-3)=0—>k=-lork=3
b ON =9.6i + 20j + 4.2k (w0} 5
7 VA+25+a® =1+ (1+a)P’+ (-3 s0a=9. b oP=|-3|,00=| 4
8 a OP = A0Q and using the y-component, A = l e
4 OP - 00 = 10(2) + (=3)(4) + (23)(=1) = —15
1 1 —
Hence, -6k = (2 +13), k=~ = and |0P| = 107 + (=3) + 237 = 638,
checking 8(1+ /c) = —( 30k) gives k = — 1. |5D| = ,/22 + 42+ (-1)? =20
2 — 60 =cos” 15 =974°
3 J638V21
b OP=! -2 |=3i-2j+4kand
4 5 NP =2j+3kand MP = -3i—2j+kandso
(2 NP - MP = 2(-2) +3(1) = -1.| NP| =
00 =| -8 |=12i-8j+16. |38 =
16 .
—_— = -1 — = = °
¢ PO =9i—6j+12k and NPM = cos (mm) 94.2509 ... =94.3
|PO| = 97 + (=6 + 127 =3y2) 6 a-j=(4)(0)+(=8)1)+(1)0)=-8
0 la| = 42 + (-8 + 1> =
9  Home is the null displacement 8 . Total 9 = COS_I(_?S) — 152733 = 152.7° correct to
) 13 1 decimal place.
vector sumis| § |soto get home the
0 7 a-bisascalar and the dot product is a product of
~13 two vectors.
displaceroentis| -8 |. The distance home is N —
0 8 a OM =2i+4j+4k, NG = —4i+3j+4k
10169 + 64 = 153cm, correct to the nearest co. b OM.-NC = 2(_4) +4(3) + 4(4) = 20,
) [oM| =6 = V41, cos‘l( 6J_) = 58.6°
Exercise 9C correct to 1 decimal place.
1 aab=0alb 9 AM = —77i + 30j + 36k and
12 =3 2 2
b 6=cos!| ———— |=814 DB|=+77% 4 35* =85s0
cos (13\/5\/@) |_>| DX, |
c ef=0.elf AN=60j+§BD=60j+§(—77i+36k)
OB -0A ~ 2377, + 60j + 36 k
2 0OB-0A=5)0)+0)H+3)2) =1 T s i 5
|04 = 34 AM - AN = —77(—75—7)+30(60)+36(356):3245
| 40| = 25V13
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| AN | = 3889
MAN = COS_I( 25(%5?/28@) = 54.7° correct to
1 decimal placc
O e R N
10 a AN =| 15 |||4N|==7-
g
cos‘l(ﬁ) = 74.5° correct to
1 decimal place.
. -3
b MN = 0
¢ PN-MN =0, PN = 1.5 |,
l\ 45-p 0
3(=3)+4.54.5- p)=0,p=25 0P=| 0
2.5
Exercise 9D
1 a r=-j+5k+AQ2i+6j-k)
b r=A47i-j-k)
¢ r=7i+2j- 3k + A(3i-4k)

2 a x=24 b x=74
y=-1+64 y=-2
z=5-2 7=-A

c x=7+34
y=2
z=-3-4A1

3 Direction of line through 9i + 2j— 5k and

i+ 7j+k is, for example, 8i — 5j — 6k. The
direction of this line is a scalar multiple of
16i —10j— 12k and so the lines are parallel.

4 a x=2+t¢t b x=2¢
y=13+1 y=10+5¢
z=1-t z=0

c x=1+2¢
y=-3+4+3t
z =4t
. 1
5 a AB=| -3 |so
8

N

6 a
b
7 a
b
8 a
b

N
@ga\ematics: Pure Mathematics 2 & 3

[0 1 ‘

AB=| 4 |+t| -3 |=| 4-3¢ |andso
| -2 8 2+ 8¢

X =1

y=4-3t

z=-2+8t¢

Oxyplane—>z=0,—2+8t=0,t=%

4 4 4
r=p+4)i+u-7j+Cuk
—r=4i-7j+ u(@i+j+3k) > direction is
i + j+ 3k which is not a scalar multiple of
6i + j + 2K, so the lines are not parallel.

—>x:l,y:4—§:£%(l,£,0)

/
cos™! '\-\/%\6/% ) = 44.7° correct to 1 decimal
niace.
X 5 4
y|=| -3 [+1t] -1
z 2 _3
1 4
BA-d; =| 4 |-] -1
0 -3
=1(4)+ (DD +(0)(-3)=0 v
I < R -3
AB=| -2 |soOB+tAB=| -1 |+¢t| =2
—SJ 2 -3
A ; -3t+3 3t+2
ON =| -2t+1 |,andthen CN =| —2¢-1
-3t+5 -3t+2

Since CN is perpendicular to L,

(3t+2)(-3)+(2t-1)(=2)+(-3t+2)(-3)

221—10=0,sot=i,
11
-3 18
ON =| 1 +%(—2 =1—11 1
5 | =3 30

N
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Exercise 9E
1 a Skew
b Parallel
¢ Interseciing (8, 5, 15)

=

2 p

Intersecting (5, — 1, 3)
=-80, P(5, —3, 16)

4i - 3k, —8i+4j, 12j+ 5k

55.8°, 72.3°, 51.9°

13, 414, 317

r = 3i+ 7j+ 9k + A(4i + 4i + 5k)
Proof

AB = —2i+2j+ 4k

e.g. r =i+ 5k + A(-2i + 2j + 4k)

cos” =56.938...° = 56.9° correct

(vam)

to 1 decimal place
0, 1,7

End-of-chapter review exercise 9

1 a

40
2| = 47.2466.. 0 = 47.2°
€08 (2JHJ6_2) ’ k

correct to 1 decimal place

r =2i+3j+7k + A2i - 5j-13k)

Not perpendicular as

OA - OB = (=2)(1) + (0)(=1) + (6)(4) = 22 £ 0

3
i A= -1

-2
ii  r=-2i+6k+ A3i-j-2k)
(45_292)

AH = —9i+15j+ 12k, NH = 2.5i + 15j + 6k

274.5
cos | —————— | =137.6695...°=37.7°
[—"1069 x 152 ]

2
correct to 1 decimal place

e.g. r=9i+A(=0i +15j+12k)

n=7

(=]

(g}

Answers

19
N =62.3923...° = 62.4°
B ( mm)

correct to 1 decimal place

8—4+5p:0%p=—i

5
i r=-3i+j+5k+A7i-j-k)
ii  Proof
6
r = —4i + 6j — 6k + A(=2i — 14j + 2k)
—5i—j- 5k
50.6°
) 2
AB-CR=| -4 || -4
6 )
= (2)2) + (—4)(—4) + (6)(-2) = 0V
—_— _10 —_— _2 —_— —_—
AD=| 20 |and BC=| 4 | 4D =5BC.
10 2

The lines AD and BC are parallel.

g El
OF =| 12 —i +12j + 4k + A(i — 10j + 3k)

r =
4
36.3°correct to 1 decimal place.

Point of intersection is (4, 0, 1)
Foot of peipendicularis N(3, 2, 4) and
|EN| =|-2i-j|=V27+12 =5

. -9.5 . —4.5
PO=| a4 |PS=| -6
2.5 =7.5
R(_57 07 _1)
Proof and side length = 7.5y2
T2, 1, 1.5)
i egr=v+A(t—-v)
5 -3
r=| 175 [+A]| -16.5
-13.5 15

ii  Proof
iii Right, squared-based pyramid
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3

10 a When A = -1 the position vector given is P. ¢ S = Gin(t+5)+C
b Vi8S d 1i;v'|=2t+corV=0
¢ 143.0° correci to 1 decimal place e in|y+1]|=1In|x|+C or y=-1
d Foot of perpendicular is (=3, 29, —4) so f —cosy=(l—x)sinx —cosx+C

perpendicular distance is </67.

— tan x
11 a r=7i+j+6k+A(3i+4j-5Kk) 2 a y=5e

b P(4,-3,11) and r = =5j+ Tk + u(4i + 2j + 4k) R CRE SR
¢ |P—Q"=6 2 5 3 5
12 a p=2g=-1 3 y =In(e* +1)
b 7i+4j+81; 4 a (cii_)yczsysx
N —=—= |=17.8584...°=17.9°
¢ cos (@@) 3 byzzg—lsj
5 - 5x
correct to 1 decimal piace. ; |
5 a ———+
3(2-x) 3(x+1)
b i :M
Prerequisite knowledge e’ +2
2 6
1 w=002" | Proof
x 2
60e4 7Tox=—_
2 Vv=- < 6_eZsmz
1+ 3e4
1 8 yertl-el="——Inx+C
3 a §1n|3x—1|+c
1, (x)\ =
b —1n|cosx|+c 9 yztan(itan I(EJWZ)
¢ —xe¥—eVt+¢ 10 1n|1_2y|:_1’:+B
2 ' e\
4 7(1n|x—2|—1n|3x+1:y)*—c 1 ooty
1 2
> 8 & 12 a e +C
X3 1 2 5l2 1
b = e+~
37 2° 72 7%
|
3
13 =
4 2-x?

14 k=In7, %ln(3x2 +xH =tIn7+1n2

LY

15 a In|lnx|+C

b k=12 b |y|=B|lnx| where B =€

16 48 hours (to the nearest hour)

Exercise 10A
X4

1 a y=—-6x+C .
4 Exercise 10B

b AZTCI’2+C ‘ q

e _ —kh?* where k > 0
ds
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b d—n:knwherek>0
dr
dv

c a=—kv(v+l) where k£ >0

d d—V=—kahelrek>0
di

€ d—C:kC3wherek>0
de

f ﬂ=£twherek>0
dt L

e2

dx

a a:—k\/)_c wherek > 0

b = 600-240/x

¢ 176 seconds correct to 3 significant figures

a ((11—1;1 = kA where k is a positive constant

b Proof
¢ $334 correct to 3 significant figures

a ((11—); = k(100 — x) where k is a positive

constant

b x=100- 75"
86.9°C

d 100°C

a Proof

dh _dv  dh 36
de  dr T dv T mh?

3
N z:-ﬂl(1125-ﬁ—
36 3

d 85.9 seconds correct to 3 significant figures

a i—f = kP where k is a positive constant
b Proof
¢ 5.42 minutes correct to 3 significant figures
2 dr _3.92
de  Jr

b r=3(588 —1.568)

¢ V¥ =10.3cm? correct to 3 significant figures

At about 6.34pn

Answers

9  Approximately ;—g or 74%

10 c:l—[; = k where k is a positive constant;
L=0.3r+20

11 a 7.47 minutes correct to 3 significant figures

b 24°C

12 a % = k«/n where k is a positive constant;
2Jn =kt +C
b 9

¢ t=11=n=12100and ¢ =12 = n = 14400

13 a (.458 hours correct to 3 significant figures

b Unlimited growth, unrealistic

End-of-chapter review exercise 10

1 y:-ln(%_ieZX_i_ger_%xZer)

t

2500e2

X = 7
4+e2

b Ast — oo, x — 2500
3 yt=17e% -1

4 a j—i=kx\/—;24\/;=93—5x2
5

5 a 10(n/10-x|-In|[5-x))+C

b i Proof
L
i v = 10(e:0 -1)
2el0 —1
iii 5 grams

6 > =xe* —e* +1025; y = 4.06 correct to
3 significaiit figures

<

1 =
X -1+C
a 5 y

b %«/)}4— =2x+In|x|++2 -2
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8 a dh = k(8 — h) where k > 0;
dt
Lii0s)
h=8— 7.5e(~‘ J

b Ast— o h—8

9 y=--InQ2-e*)
dx
10 — = —kxt
a & X
)
b nx=-—+C

¢ 47.4 seconds correct to 3 significant figures

1 a —(In|P|-In|5-P|)+C

| —

15
2 4 3¢
¢ Ast—o, P> 5

12 73.4 million correct to 3 significant figures

13 a —%cosx2+c
2

b y?:—%cosx2+l

» _ In(1 - 31In|cos x|)
3
dx 15 3x

15 — = k(2000 — t=—In —

a g oM X% 1= n( 2000—x)

b 30.3 hours correct to 3 significant figures

x2-4
x?+4

16 y

17 In|x+2| =§—ésin49+ln2, x = 1.09 correct

to 3 significant figures

Prerequisite knowledge
1 a 3a-2bx

2 a 22 b -1
¢ 2-3

h 2a% — abx — 3b%x?

3

B
4

b
5 a

€

2.29 radians correct to 3 significant figures
5

0.927 radians correct to 3 significant figures or
53.1° correct to 1 decimal place

i+ 11

Exercise 11A

1 a
c
2 a
c
3 a
c

Exercise 11B

1 a
C
2 a
c
e
3 a
c
4 a

12i b Ei
(34/10)i d 13i
8 b (9+2V2)i
5
V29 d <
7
-1 b XL
5 12
1
r)l
6-51 b 4+1
11+7i a -1 13
5
~1+(243)i b —2+i
%i%l d 3+i/6
4 J14. 5 V7.
——t f -+
37750 474"
x=3 y=-1 b x=1,y=3
x=1 y=2
5+ 5i b 41
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Answers

¢ 40-42i d 28-96i e (41 1.79) ¢ (2’ _2_1:)
e 5-2i f —l+i 3
15 g (3, 0.730) h (25, -2.86)
()
1 26. 4
5 a Proof b —— =1 o
5 5 4 a 10(cos(1.89)+isin(1.89))
6 a z2+49=0 b z2-22+26=0 J10(cos(0.322) + i sin(0.322))
¢ 2-4z+13=0 d z245:414=0 VI0( cos (<1.25) + i sin(~1.25))
: 3 b AC is a straight line, midpoint O as | z;| =| z3].
7 x=-, y=2 (1Y) =
2 2 Angle AOB = 1t — tan™!(3) — tan™ (5) =5
8 1+2i Triangles 403 and AOC are isosceles, since
9 22-10z+428=0 |21 =1z and|z | =z | QED.
10 3.2-2.4iamps 5 a —;— - %i b 1.91+4.62i
. 1 32 32
Exercise 11C ¢ -3 d = 5
All angles are given in radians correct to 3 significant 6 |2 = 73 Largz? = 3.02
figures where rounded. 97
1 a Im(z) A in _in
4
& 2] B 7 a Se¢ b 2e
_Smi
: V2e 12
T3 3 3 10 12345R(’) >
14 e(z
A 8 a= ﬂ, b = é
-2 X 2 2
9 a b cos26 +1isin26
b (-u)*=-5-2i 10 a Proof b Proof
2 a Im(z)“
Exercise 11D
All angles are given in radians correct to 3 significant
figures where rounded.
1 al
b =z, =1, z3 =1 and real
2 a z=7,z=4+i3, z=4-i3
—)7/6/ 54 3 2 b 22_2’22—25+1x/§,z:—25—1x/§
- 8 16 16
0
3 ﬁ (cos1.78 +1sin1.78),
b —3+2i 2
6 .
3 a (13, 2.75) b (5, gj % (cos(—1.78) + i sin(—1.78))
¢ (17, 1.08) d (61, —0.181) 4 z=3,z=5z=-5
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5 x=8 y=3 b 1111(2)4‘
6 z=-05 z=3+i, z=3—i ‘
7 z=3i,z=-3i,z2=142i, z=1-2i "o et
8 a —5+1,5-1
b -3-1V2, 3+i/2
0,-3) -
~ .3 .3 _n
C \/A_17,—\/§+1§ 3
d 4-3i —4+3i
¢ 1+i\/§’ —l—i\/§ Cc Im(z) A
. -3m. i
P :
2 2 6-
9 a z=2-1i b p=37, q=-40 o 5
C Im(2)A 4
21 3
2,
1 - X R
— vae > 1
0 T T - 5
203 4 s 6 1 8 9RO 7 6 -5 4 3 2 19 1 2 3Re)
14 X 4 ‘ 1
2 - 2

-~ d Im(z) A
15 |
10 a:16,b=—1,z:4i,z=—4i,z=%J-lI2—i, >
__1 15, ]
22 31
. 23&\
Exercise 11E 1
2 3 4

1 a A half-line from (2, — 3) at an angle of% '_T ol 5 6 7 Re(;)

radians.

b The region to the right of the perpendicular
bisector of the points (0, 6) and (10, 0) =3

Im(z) A

51 14415

¢ A circle, centre (-6, 1), radius 7. 3

d A half-line from (0, 0) at an angle of ?—7:
radians. \

2 a Im(z) A

2 3 5 Re(z)

T T T > 5
HEERER 5\7 Re(2)
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Answers

4 Im(z) A 8 In(z) A z=12+51
y=-4
154
% > 10
o Re(z) 5.
e T 10 15 ety
0,-4)
154
(0, -8)%
9 Im(z) 4
5 Im(z) A (x73)2+(y+6)2=9
302 19 1 2 3 4 5 5 7R
1A °
- /0
1.0
—3 v
_4_
_5
{ 15 a (x=5>+(y=57>=25
-6 ®
b Im(9)A
74
_8-
79_
°
—-10
6 Im(z) A No
S > 0 >
\(\5_15 0 Re(;) Re(z)

4-2) ¢ Leastargz =0, greatest arg z = g
@ (0,-5) . .
End-of-chapter review exercise 11
All angles are given in radians correct to 3 significant
figures where rounded.

Im(z) A 1 a -0.1-1.71

least = 6V5 b w=1-5i, w=1+5i

20 greatest = 10V5
‘ 'y Im(z) A

4 3 2 19 1 2 3Re
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'Y’L . _E.
2 a o keas o UE=36)-124 6 a (8) b 2yzel 3
z* k” +36 6
). ). ry A U .
b Z/IWZSG(_E): »u_zze(—ﬁ)l 7 a w I+1
W b i Im@A
3 a Im(2) A Isosceles triangle
) | P
o+
-1 o Re(i)
,]—_
2]
1+ 0
ol "
b £=\/§(cos(§n)+.s"nt§n)) | )
w 4 4
i z=4+(3+J3)1
4 a x=—,y=3 ( \/_)
b Im(2)A 5 Right-angled 8 a x=-3y=V2orx=3y=-V2
Cg=-=5
b i Proof
4_
31 . 1 i I i
=3, 5=——4+—, 53=————
2 e A R W
N 9 a z,=3+2i
TIIoNT 13 4 1 B 143
N et L T A
-2
5 10 a i £f(=3)=0
- ii Z=1,Zl—3,Z=—l+£i,
54 = 4 4
M SIE]
¢ i 2_20, o
29 29 b &

ii cos(—0.761) + isin(—0.761)
5 a z=-205+1 2 =201

b Im(z) A

],

—
23 Re(2) o "
ii Min. argz—-2
~1 T T m 5%,
B Max. =—+—+—=—==
111 ax. arg z ) 6 6 6
' I oai "+3:2+44=0

Reflection ip the real axis

¢ |z|=|z]| =13, argz = 2.86, argz, = -2.86
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Answers

1+i/3 1-i/3 3.1, L A3 1
= — = = 16 — 4\ -—+ =
b i z 1, 7 z > i > 21 ii > 21
ii 1Iin(z) A
Cross-topic review exercise 4
14 -5 6
4 1 ar=| 0 |+A| 7
. . 3 -1
e ii Proof
2 PP =4x2-))
3 a p=-2¢g=-25
Equilateral v
. 14 s
12 a Proof b i TH {(-10i+j-5k)
- ii Angle POQ = 90° 635
b |-Z|=1 are (;):—0.841 £ Q
z* z*
¢ 3:2-4:43=0 4 i lzl=2, argz=% or 30° or 0.524 radians
13 a k= 1| b argz = 0.862 i a 3V3+i
3
14 i 7-2i b % ¥ %
i 6.696%ni Im(z) A iii Im(z; f\
61 » | BO.\B)
N y=x "L
\\ 4 T ™ -1 T —>
™ Plv 23 4 s
3‘\ J y= %x +2 a Re(z)
X 5 x=.2:in20-1
\\\\
—> 4
3N 6 —
/) N, e 6 a 05=|-3
\\ 0
-2 \\\
\\
b 33, V26
15 i u=-2-2i,v=1+2i ]
¢ 065.8° 114.2° correct to 1 decimal place
i Im(z) A
4
e 7 i - % + %i
ii
B) R
12
Re(z)
Least!z —w| = 3sin(%)—l= %—1
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8

9

10

1

12

13

14

15

N

i |u|=\/§or2\/§,argu>—% or 45°

i mi) A /s

3 1 /

s

2 f;)
N/

i |z] = V8= 1=47

Im(z) A
3 .
27 1
148
Z| =
Pl 12 3 4 s
Re(2)
i Proof
ii —In(20 — x) = 0.05¢ = In20
iii 7.9

iv ¢ becomes very large, x approaches 20

a r=-2i+j-k+u(i+3k) b

265

5

i InR=Inx-0.57x+3.80 R = xe 077380

1

ii R=——¢1380=283850...
0.57

L
i 9e3

, T , T j—mi O
ii re'® =3e6 or re'® = 3e6 =3¢ 6
y =42 +e¥)

b 50.1°

a —7\
*|

—1;}

Iny=1Inx—-x>+1+In2and y = 2xe "+,

iou|=3
ii Half-line from (0, —3)

17

18

iii

ii

N
@ggmematics: Pure Mathematics 2 & 3

(T 32
Least | i = 35111(—) =—
! 4 2
Imiz) A
) o™ Re z’
\\ e(z)
\\
3— \,
T
4

Circle, centre 3 — 31, radius 1.
Im(z) A

™5 T —T>
,1717

-2 4

-
b @
—4 1

Greatest | z| = /3% +(-3)* +1=3J2 +

Im(z) A
71 o T >

—1 4 '\,

-2
-3 4
44,

m=-1, m=-4
m=-3

AB and CD do not intersect.

Proof
—6=<p=<?2
Im(z) A

4

3n

4 /T

4 -
4 0 4

Re(z)
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19

20

21

22

22

24

25

iii w*=2-4i
Im(z) A

lz—=5|=5
3el6x —
y= 3_316x2
i Proof
5 5 5 2 2
5 5 5 2 — 6042
ii %hzz_LHzH_%Hz tzu
5 150 5 2
H?2

il /=49.3933...=49.4
r = 2i+5j+ 7k + A(7i - 6j — 9K)
127.0°

i me) A,

Re(z)

|
L
£, )
Z
=
Y

OARC is a parallelogram.

%k
# 4 _08+0.6i
u

i Second rootis 1— (+2)i.

iii Proof

ii Other two roots are —1=+1.

a h=3
J10 .
b — (j+3k
0 @ )
94.9°
d r=5i+4j+A05-3K)
3
Y gyt o2 e3x+?, y=2.437. = 2.44

3 3
correct to 3 significant figures

26

27

28

29

30

Answers

i The roots are: =3 +iv/2 and 3 —iv2.

i |- (1+2i)| = L: circle, centre (1, 2) radius 1

arg(z —1) = %ﬂ:: half-line, above and to the left
of the point (1, 0)

Im(z) A

3 -

2

_
»~
— X
FN
2

o
w

Re(z)

b Least|w—z| =2 -1
a Proof

b m=-4

c 73.2°

1

—t
2
i N= ISOOe1
5+ efz
ii 1800

i Theroots are’ —/3 +1v/2 and —/3 +iv2.

ii Circle, centre (0, 3), radius 2. Greatest
value of arg z = 2.3005... = 2.30 correct to
3 significant figures.

Im(z) A
6 .

4 o 0 2 4
Re(z)
14
—=80-kV
! dt
g5k,
i k. = %; 0.14

iii 17 == 540cm? correct to 2 significant figures, V/

approaches the value given by %0 =570 cm?
correct to 2 significant figures.
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3 a=7 b=-12
4 -101.9°, 78.1°

1  Proof 5 2.J/il
1 5 2x-1
2 <_ =1 6 +
Y 5 o A x—-2 x%+5
|
3 146 p 27 _17x 17
1 1 10 20 200
4~ @Yy =-17 b7 7 a d—yzsin2x+2xcos2x
5 a 1-1.2003,1.1794,1.1895,1.1849, 1.1871, dx
1.1861, (1.1865, 1.863), ... — 1.19 b &
4
8x2 . 8 . .
b Answer x = obtains secx = — 8 a u=2+i w=23+9i
3sec x 3 ’
cosx = % 51,186 399 6 b AQL ~1), Bl 1), C(0, ~2); BC =10
1 9 a p= =3
2t
6 a —(2t+1)1-2e*) b y=2x-1
2 b i r=5i+2k+A%i-6j+k)
ii Proof
7 a 10sin(6 + 36.87)° b 7.56°, 98.7° 10 a Proof
¢ 13 | b Proof
8 a Pioof b Proof ¢ 0.1-0.07719, 0.07146, 0.069 98, 0.069 59,
0.069 49, 0.069 46 — 0.069
d 90.5°C
1 2652
2 Proof
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Glossar

*

A

Absolute value: the non-negative value of a number
without regard to its sign b
(x)
Algebraic improper fraction: the algebraic fraction - Q_\' L’),
(x
where P(x) and Q(x) are polynomials in x, is said to be
an improper fraction if the degree of P(x) = the degree

of Q(x)

Arbitrary constant: a constant that may be assumed to be
any value

Argument of a complex number: the argument of a
complex number x + iy is the direction of the position

X
vector

C

Complex number: a number that can be written in the form
x + 1y where x and y are real (this form of a complex
number is called the Cartesian form)

Compound angle formulae:
sin(A + B) = sin A cos B + cos A sin B

sin(4A— B) =sinA cosB —cosAsinB
cos(A + B) = cos A cos B—sin A sin B
cos(A— B)=cosAcosB +sin Asin R

tan(A + B) = tan A + tan B
l-tanAtan B
tan4 —tan b
tan(A_B)Eu__

l+tan A ten B

Converging: the sequence of values generated by an
iterative formula is convergent or said to be converging to
a root if the values in the sequence approach the actual
value of the icot

Cosecant: cosecO =

sin @

Cotangent: cot = ! = 0986
tan @ sin@

D

Decompose: split a single algebraic fraction into two or
more partial fractions

Degree: the highest power of . in the polynomial is called
the degree of the polynormai.

For example, 5x° — 6x” 4+ 2x — 6 is a polynomial of
degree 3.

Direction of a vector: this is represented by the arrow on
the vector and can be, for example, the angle of the path
that takes you from one point to another along the length
of the vector

Dividend: the quantity being divided by another quantity
Division algorithm for polynomials:
dividend = divisor x quotient + remainder

Divisor: the quantity by which another quantity is to be
divided

Double angle formnlae: sin24 = 2sin 4 cos 4
cos2A = cos> A —sin> 4

2tan 4

tan24d = ——
an 1—tan® 4

1D

Explicit functions: functions of the form y = f(x) are
called explicit functions as y is given explicitly in terms
of x

F

Factor: a portion of a quantity that, when multiplied by
other factors, gives the entire quantity

Factor theorem: if for a polynomial P(x), P(c¢) = 0 then
x — ¢ 1is a factor of P(x)

G

General binomial theorem:

(I+x)"=1+nx+ n(n —1) x? aln = (n = 2) o
2! 3!

where 7 1s rational and | x| <1

Cenceral solution: a solution for a differential equation that
works for any value of the constant C

I

Imaginary number: any multiple of the unit imaginary
number i where i’ is defined to be —1

Implicit function: when a function is given as an equation
connecting x and y, where y is not the subject

Integration by parts: [u dv dx =uv — jv du dx
J  dx dx

Integration by substitution: can be considered as the
reverse process of differentiation by the chain rule

Iteration: an iteration is one trial in a process that is
repeated such as when using an iterative formula (see
itcrative process)
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Iterative formula: this type of formiula is one that is used
repeatedly. The output from each stage is used as the input
for the next stage. It is commonly used in numerical
methods.

Iterative process: a process for finding a particular result
by repeating trials ol operations. Each repeat trial is called
an iteration and each iteration should produce a value
closer to the result being found.

L
Laws of logarithms:
Multiplication law Division law Power law

X m
log,(xy) = log, (;) = log,(x)™ =
log, x + log, y mlog, x

log,x —log,y

Locus: a locus is a path traced ¢t by a point as it moves
following a particular rule. The rule is expressed as an
inequality or an equation.

Logarithm: the power to which a base needs to be raised to
produce a given value

M

Magnitude of a vector: the length or size of the vector

Modulus: the magnitude of the number without a sign
aftached. The modulus of a number is also called the
absolute value.

Modulus of a complex number: the modulus of the
complex number x + iy is the magnitude of the position

X
vector

N

Natural exponential function: the function y = e*

Natural logarithms: logarithms to the base of e. Inx is
used to represent log,_ x

P

Parallel vectors: {wo vectors are parallel when one is a
scalar multiple of the other

Parameter: sometimes variables x and y are given as a
fuiiction of a third variable . The variable ¢ is called a
parameter and the two equations are called the parametric
equations of the curve.

Partial fraction: each of two or more fracticns into which
a more complex fraction can be decomposed as a sum

Particular solution: a solution for a differential equation
that works for a specific value of C

Polynomial: an expression of the form
a,x" + a, X" a, X" L rapx? + ax + a

Position vector: a means of locating a point in space
reiative to an origin

Principal argument: the principal argument, 6, of a
complex number is an angle such that -t <0 < n.
Sometimes it might be more convenient to give 6 as an
angle such that 0 < 6 < 2n. (Usually the argument is
given in radians.)

dv du

d
Product rule: — =u—+v—
uct ru i (uv) = u T vdx

Q

Quotient: a result obtained by dividing one quantity by
another
du dv

— Yy —

v
Quotient rule: 4 (ﬂ) _ M
dx (v v

R

Real number: the set of all rational and irrational
numbers

Remainder: the amount left over after a division

Remainder theorem: if a polynomial P(x) is divided by
X — ¢, the remainder is P(¢)

Resultant vector: the combination of two or more single
vectors

S

Scalar: a quantity (often a number) that is used to scale a
vector

Secant: sec = N\
cos@

T

Trapezium rule: this numerical method involves splitting
the area under the curve y = f(x) between x = ¢ and
x = b into equal width strips

U

Unit vector: a vector with magnitude or length one

\Y%

Vector addition: the process of finding the sum of two or
more vectors

Vector subtraction: the addition of the negative of a vector
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absolute value see moaulus function
area under a curve
trapezium rule 1268
see also integration
Argand diagrams 273
argument of a complex number 274

binomial expansion 181
of (a+ x)" where nis not a positive integer 177-8
of (1+ x)" where n is not a positive integer 174—6
and partial fractions 179-80

calculus see differential equations; differentiation;
integration
chain rule 88
change of sign method, numerical solutions 136
circles, loci 289-92
cobweb pattern, iterative processes 142
complex corjugate pairs 284
complex conjugates 270
complex numbers (z) 267, 269-70
argument of 274
celculating with 271, 2801
Cartesian form 273
cube roots of one 287
equal numbers 270
loci 288-94
modulus of 273
polar forms 277
roots of polynomials 2835
square roots of 286
complex plane
Argand diagrams 273
exponential form 277-81
modulus-argurient form 273-7
components of a displacement 212
compound angle formulae 58—60
cosecatit (cosec) 53-6
graoh of 54
cosine (cos)
compound angle formulae 58—60
derivative of cos x 96
derivative of cos(ax + b) 97
double angle formula 61, 62—4
graph of 55
integration 118-19, 122
cotangent (cot) 53-6
graph of 55
cube roots of one (unity) 287
cubic equations 2845

degree of a polynomial 11
differential equations 244-5
forming an equation from a problem 252-5
general solution 246
modelling growth 259-60
Newton’s law of heating or cooling 251-2
particular solution 246
separating the variables 245-9
differentiation
chain rule 88
derivative of e/ 88-90
derivative of e* 87-8
derivative of In f(x) 92-3
derivative of 'n x 91-2
derivative of tan~! x 1867
derivatives of trigonometric functions 95-8
implicit 99-101
parametric 103-5
product rule 81-3
quotient rule 84-6
displacement (translation) vectors 211-12
addition and subtraction 213-15
components of 212
magnitude of 215-16
notation 212, 213
unit vectors 217-18
dividend 12
division law, logarithms 33
divisor 12
dot product see scalar product

e (Euler’s number) 42
derivative of e/ 88-90
derivative of e* 87-8
integration of exponential functions 112-13
equations
exponential 38-9
of the form asin6 + hcosb = ¢ 68—70
involving the modulus function 3-6
logarithmic 35-6
parametric 103, 232-4
quadratic 283
see also differential equations; numerical solutions of
equations
Euler, Leonhard 42, 27
explicit functions 59
exponential equations 38-9
exponentiai form of the complex plane 277-81
exponcntial growth 259-60
exponential inequalities 401
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factor theorem 14-17

factors 12

first order differential equations 244
Fourier, Joseph 70

fractals 267

general binomial theorem 174
general solution of a differential equation 244, 246
golden ratio (L:¢) 153
golden spiral 153
graph sketching 135-7
graphs
of the modulus function 7
of reciprocal trigonometric functions 54-6
transforming a relationship to linear form 44-6
growth models 259-60

1267-9
imaginary numbers 2669
implicit differentiation 99-101
implicit functions 99
improper algebraic fractions 1667
partial fractions 171-2
indices, relationship to logarithms
in base 10 26-9
in other hases 30-2
incqualities
exponential 401
involving the modulus function 8-10
integration

of — L 115-17
ax +
of L 11517
X
1
of 187-8
x2 +a?

of exponential functions 112-13

of K1) 18990
f(x)
solving differential equations 245-9
trapezinm rule approximation 1268
of trigonometric functions 118-19, 121-4
use of partial fractions 194-6
using different techniques 201-2
integration by parts 197-200
integration by substitution 191-3
intersecting lines, vector equations 2367
iterations 141
iterative formulae 142
iterative processes 140-1
cobweb pattern 142
staircase pattern 145

subscript notation i42-3
trigonometric equations 149-52
using a calculator 143

worked examples 143-5

loci 288
circles with centre (0, 0) 289-90
circles with centre (a, b) 290-2
half-lines and part-lines 292-3
perpendicular bisectors 2934
logarithmic equations 35-6
logarithms (logs) 26
to base 10 26-9
to base a 30-2
laws of 33—4
natural 42
derivative of luf(x) 92-3
derivative of Inx 91-2
solving exponential equations 38-9
solving exponential inequalities 401
transtorming a relationship to linear form 44-6
logistic growth models 259-60

magnitude (modulus) of a vector 215-16
modulus function (absolute value) 2-3
graphs of y =|f(x)| 7
solving equations 3—6
solving inequalities 8—10
modulus-argument form of the complex plane 273-7
multiplication law, logarithms 33

Napier, John 42
natural exponential function 42
natural logarithms 42
derivative of i f(x) 92-3
derivative of Inx 91-2
Newton, Isaac 175
law of heating or cooling 251-2
numerical solutions of equations 135
iterative processes 1405
starting points 135-7

parallel lines, vector equations 236
parallel vectors 213
scalar product 227
parametric differentiation 103-5
parametric equations 103
of a line 2324
partial fractions 18]
application of 172-3
and binomial expansions 179-80
Heaviside’s cover-up method 174
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improper 171-2
with a quadratic factor in thie denominator that cannot be
factorised 171
with repeated lincar tactor in the denominator 169-70
use in integration 194-6
where the dencminator has distinct linear factors 168-9
particular solution of a differential equation 244, 246
perpendicular bisectors 2934
perpeudicular vectors, scalar product 227
polar coordinates 277
polar forms of a complex number 277
polynomials 11
complex roots 283-5
division algorithm 13
division of 11-13
factor theorem 14-17
remainder theorem 18-20
population growth models 252-60
position vectors 220
Cartesian components 220-3
power law 33, 46
principal argument of a complex number 274
problem solving, forming differential equations 252-5
product rule §1-3

quadratic equations, complex roots 283
quartic equations 285

quotient 12

quotient rule 84-6

reciprocal trigonometric ratios 53-6
remainder theorem 18-20

resultant vectors 21315

roots of polynomials 283-5

scalar product (dot product) 225-6
for component form 227-9
parallel vectors 227
perpendicular vectors 227

secant (sec) 53-6
graph of 55
integiation 118-19, 123—-4

separating the variables, differential equations 245-9

sine (sin)
compound angle formulae 58—60
derivative of sin x 95-6
derivative of sin(ax + b) 97
double angle formula 61, 62-4
graph of 54
integration 118-19, 122, 124

skew lines, vector equations 237-8

square roots of a complex number 286
staircase pattern, iterative processes 145
subscript notation, iterative processes 142-3
substitution, integration by 191-3

tangent (tan)
compound angle formulae 58—60
derivative of tan x 96
derivative of tan™' x 186-7
derivative of tan(ax + b) 97
double angle formula 62-3
graph of 55
integration 11819, 123
telescoping series 172-3
translation vectors sce displacement vectors
trapezium rule 126-38
trigonometry
compound angle formulae 58—60
derivaiives of trigonometric functions 95-8
double angle formulae 61-4
equations of the form asin@ + bcos6 = ¢
68-70
integration of trigonometric functions 11819, 121-4
proving identities 66
reciprocal functions 53—6
using iterative processes 149-52

unit vectors 217-18

vector equation of a line 231-2
intersection of two les 2367
parametric form 2324
skew lines 237-8

vector spaces 225

vectors
addition and subtraction 213-15
angle between 225
displacement (translation) vectors 211-18
magnitude of 215-16
multiplication by a scalar 213
notation 212, 213
parallel 213, 227
perpendicular 227
position vectors 220-3
scalar product 225-9
unit vectors 217-18
uses of 211
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